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Abstract: First-principle calculations have been adopted
in order to reveal and deeply understand the structural,
electronic, elastic, thermodynamic, and vibrational prop-
erties of full-Heusler X2TiAl (X = Au, Ru, and Zr) alloys in
the L21 phase. The fundamental physical properties such
as bulkmodulus, its pressure derivative, anisotropy factor,
shear modulus, Poisson’s ratio, Cauchy pressure, elastic
constants, heat capacity, thermal expansion coefficient,
and Young’smodulus are obtained and comparedwith the
literature. Debye temperature and Grüneisen parameter
are also evaluatedover the temperature rangeof 0–1500 K.
Electronic band structures and their partial density of
states and phonon dispersion curves are presented for all
alloys and used to interpret the electronic andmechanical
properties and stabilities of alloys in the L21 phase.

Keywords: DFT; Elastic Constant; Electronic Structure;
First Principle; Phonon.

PACS Number: 71.20.Lp; 74.25.Jb; 74.25.Ld; 74.25.Kc.

1 Introduction

Since the discovery of Heusler alloys in 1903, they
have been taking increasing attention by the researchers
because of their unusual thermal, electrical, magnetic,
and transport properties. For instance, ferromagnetic
alloys can be produced from non-ferromagnetic materi-
als [1]. These ternary alloys are in the form of X2YZ where
X and Y are generally transition metals and Z is a main
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group metal with sp electrons. The first studied Heusler
alloys were crystallised in L21 phase, consisting of four fcc
sub-lattice. Then, the C1b phase was discovered where it
is possible to leave one of the four fcc sub-lattice. Thus,
they are usually called half or semi Heusler alloys or just
Heuslers, while L21 phase alloys are known as full Heusler
alloys. These alloys have wide physical properties such as
half-metallicity [2–5], thermodynamic [6, 7], shape mem-
ory effect [8, 9], heavy fermion behaviour [10–12], mag-
netic ordering [13, 14], and superconductivity [15]. There-
fore, they are still of great interest for technological appli-
cations. However, it is not applicable to synthesise all
the possible alloys and investigate their properties exper-
imentally. Hence, a much efficient, reliable, and faster
tool, first-principle calculation method, is adopted by the
researchers that can provide accurate and substantial
information about these materials and allow one to go
through numerous intended materials without wasting
much time and resources. For example, by calculating
elastic constants of an alloy, various information about
atomic bondings, stability, and mechanical and thermo-
dynamic properties of the material can be extracted.

Because of the mentioned reasons above, Au2TiAl,
Ru2TiAl, and Zr2TiAl alloys have drawn our attention
owing to their lack of detailed properties in the literature
to the best of our knowledge. The structural properties
of Au2TiAl alloy were experimentally studied by Marazza
et al. [16] by means of X-ray diffraction. Their data sug-
gested a CsCl structure for this alloy. A few thermodynamic
parameters were also studied in literature; for instance,
Watson et al. [17] calculated the heat of formation for
many ternary transition metal aluminide alloys, includ-
ing Au2TiAl and Ru2TiAl. Ying and Nash [18] studied a
series of Ru-based Heusler compositions. They measured
standard enthalpy of formation using high-temperature
direct reaction calorimetry. Yang et al. [19] investigated
phase properties of Zr2TiAl alloy by electron probe micro
analyser and X-ray diffraction. Sornadurai et al. [20, 21]
studied the crystal structure,microstructure, andmechan-
ical and phase properties of the Zr2TiAl alloy by using
scanning electronmicroscopy and energy dispersive X-ray
analysis. They indicated that Zr2TiAl has three phases;
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however, the major phase was the stoichiometric Zr2TiAl
alloy. The electronic, magnetic, and mechanical proper-
ties of Zr2TiAl were investigated using full potential linear
augmented plane wave method by Reddy and Kanchana
[22]. Their result indicated a ductile nature for this alloy. A
few existing experimental and theoretical studies do not
present a full systematic information about these alloys
and will not be enough to design experiments to upgrade
these alloys’ related properties. Thus, in this work, their
structural, electronic, mechanical, and thermodynamic
properties are systematically investigated by means of
first-principle calculations for the Heusler alloys X2TiAl
(X = Au, Ru, and Zr). A series of physical parameters, such
as lattice constant, bulk modulus, bulk modulus pres-
sure derivative, elastic constants, Cauchy pressure, spe-
cific heat capacity, thermal expansion coefficient, Debye
temperature, Grüneisen parameter, and anisotropy fac-
tory, are presented. Band structures, density of states,
and phonon dispersion curves are also evaluated and pre-
sented in this study for the first time.

2 Method of Computation

All the calculations based on ab initio density functional
theory [23, 24] was carried out by using the Quantum-
Espresso software package [25]. Perdew-Burke-Ernzerhof
generalised gradient approximation (PBE-GGA) was used
for the exchange correlation potential [26]. The electronic
wave functions were expanded in plane wave basis to
set up a kinetic energy cutoff to 40 Ry, while the cut off
energy for the electronic charge density was set to 400Ry.
A 10 × 10 × 10 k-point mesh was utilised to sample the
Brillouin zone. A Methfessel-Paxton [27] smearing para-
meter with awidth of σ = 0.02 Rywas applied for the inte-
gration up to the Fermi surface. The lattice dynamic cal-
culations were done within the framework of the density
functional perturbation theory [28, 29]. The phonon fre-
quencies were calculated on a 4 × 4 × 4 q-point mesh in
order to obtain eight dynamicmatrices. Fourier deconvolu-
tion was applied to this mesh to evaluate these dynamical
matrices at arbitrary wave vectors. Specific heats at a con-
stant volume versus temperaturewere computed using the
quasi harmonic approximation [30].

A cubic crystal is generally represented by three
independent elastic constants (namely, C11, C12, and
C44). The simple way of obtaining these constants is to
calculate them from the energy difference between an
unstrained medium and a distorted medium in a con-
stant volume. Bulk modulus B, C44, and shear modulus,

C′ = (C11 − C12)/2, were computed using hydrostatic pres-
sure, e = (δ, δ, δ, 0, 0, 0), tri-axial shear strain, e = (0,
0, 0, δ, δ, δ), and volume-conserving orthorhombic strain,
e = (δ, δ, (1 + δ)−2 −1, 0, 0, 0). The strain (δ) was taken
as 0.02 for 21 sets of calculations

(︁
∆E
V

)︁
. Then, the bulk

modulus was obtained as follows:

∆E
V =

9
2Bδ

2 (1)

where V corresponds to the lattice cell volume before
strain, ∆E expresses energy change due to strain and is
represented by a vector; e = (e1, e2, e3, e4, e5, e6). The rela-
tionship between energy change and shear modules, C′,
can be given as follows:

∆E
V = 6C′δ2 + 0δ3 (2)

C11 = (3B+4C′)/3 and C12 = (3B − 2C′) /3 are obtained
from (2). C44 is computed from the following equation:

∆E
V =

3
2C44δ

2 (3)

The shear modulus (G; resistance of the material towards
elastic deformation) is the ratio of shear stress to shear
strain and given by

G =
Gv + GR

2 (4)

where Gv is Voigt’s shear modulus and GR is Reuss’s shear
modulus. Gv and GR correspond to the upper and lower
bounds of G, respectively, and are expressed as follows:

Gv =
C11 − C12 + 3C44

5 (5)

GR =
5 (C11 − C12) C44

3 (C11 − C12) + 4C44
(6)

The anisotropy factor (A) is given as follows:

A =
2C44

(C11 − C12)
(7)

As the value of A becomes closer to unity (1), the mate-
rial becomes isotropic. For an isotropic material, Young’s
modulus can be calculated by using bulkmodulus (B) and
shear modules (G) as follows:

E =
9BG

3B + G (8)

In addition, the Poisson’s ratio can be computed by using
Young’s and bulk modulus as follows:

σ =
1
3

(︂
1 − E

3B

)︂
(9)



S. Al et al.: Investigations of the Properties of X2TiAl Alloys | 861

The thermodynamic properties including Debye temper-
ature, heat capacity Cv, thermal expansion coefficient,
and Grüneisen parameter are calculated in the quasi har-
monic approximation using Gibbs2 code described in [31].
Helmholtz free energy is given as follows:

U = nkBT
[︂
9
8
θD
T + 3 ln

(︂
1 − e− θD

T

)︂
− D

(︂
θD
T

)︂]︂
(10)

where the D
(︁
θD
T

)︁
function is given by

D
(︂
θD
T

)︂
= 3

(︂
T
θD

)︂3
θD
T∫︁

0

x3

ex − 1dx (11)

3 Results

3.1 Structural and Elastic Properties

The crystal structures of Au2TiAl, Ru2TiAl, and Zr2TiAl
alloys are shown in Figure 1. The total energy for different
volumes around the equilibrium volume is calculated for
the L21 phase. The calculated total energy is then fitted to
Murnaghan’s equation of state [32] in order to obtain their
equilibrium lattice constants, the bulk modulus B, and its
pressure derivative B′. The optimised lattice constant (a),
bulk modulus (B), its pressure derivative B′, elastic con-
stants (Cij), and Cauchy pressures (C12–C44) for Au2TiAl,
Ru2TiAl, and Zr2TiAl alloys are presented in Table 1. The
lattice constants of all alloys are in a good agreement
with theoretical and experimental values [16, 17, 21, 22].
The deviations of the computed lattice constant values of
Au2TiAl and Zr2Tial alloys are about 1.14% and 0.16% from
the experimental values [16, 20], which indicates that a
satisfactory level of precision can be achieved in the den-
sity functional theory calculations. The computed bulk

Figure 1: The crystal structure of the full-Heusler X2TiAl (X = Au, Ru,
and Zr) alloys.

modulus of Zr2TiAl is only ∼2.93%, inconsistent with the
calculated result of [22].

Elastic constants are known as numbers that quan-
titatively reflect the elastic or non-elastic response of the
material when a stress is applied on it. The elastic prop-
erties of a cubic crystal are generally characterised by
three independent constants, namely, C11, C12, and C44.
The obtained values of C11, C12, and C44 for three alloys
are given in Table 1, along with the available data in lit-
erature. To the best of our knowledge, the experimental or
theoretical elastic constants of Au2TiAl and Ru2TiAl alloys
have not yet been presented in the literature. Therefore,
the results of two alloys in the L21 phase may serve as a
base for future investigations. The three elastic constants
for Zr2TiAl are found to be larger than that of the results
of Reddy and Kanchana [22] by about 7.80%, 0.35%, and

Table 1: The calculated values of lattice constants, bulk modulus, its pressure derivative of bulk modulus, Cauchy pressures, and elastic
constants of X2TiAl (X = Au, Ru, and Zr) alloys.

Alloy Reference a B B′ C11 C12 C44 C12–C44

Au2TiAl This work 6.473 129.6 4.93 151.467 138.170 74.543 63.627
Exp. [16] 6.400
FLASTO [17] 6.346

Ru2TiAl This work 6.088 217.7 5.23 341.667 158.427 93.052 65.375
FLASTO [17] 6.010
VASP [38] 6.087

Zr2TiAl This work 6.821 98.5 3.09 117.514 91.100 63.565 27.535
FP-LAPW [22] 6.840 96.875 – 109.006 90.782 58.129 32.653
Exp. [21] 6.820
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9.35%, respectively. The mechanical stability evolution of
alloys is also carried out based on their elastic constants.
The necessity of mechanical stability in a cubic crystal
makes the following constraints on the elastic constants
[33]:
(C11 + 2C12)> 0, C44 > 0, C11 > 0, and C11 − C12 > 0

(12)

Table 1 exhibits that all alloys fulfil the stability con-
dition of (12), including the fact that the values of C11 is
higher than that of C12. Equation (12) also leads to a restric-
tion that the equilibrium bulk modulus should have a
value between C11 and C12 (C11 < B > C12), which is con-
firmed for all three alloys. Thus, it can be concluded that
X2TiAl alloys are stable in the L21 phase. The value of C11
also provides information about compressive resistance
along the x-axis [32]. The value of C11 of Zr2TiAl is lower
than that of Au2TiAl and Ru2TiAl, indicating that Zr2TiAl
is more compressible along the x-axis than the other
alloys. Cauchy pressures of three alloys, which describe
the nature of bonding at the atomic level in metals and
compounds, are calculated from the elastic constants. If
Cauchy pressure has a value ofmore negative, the bonding
is directional with angular character and shows a char-
acteristic of a covalent material [34, 35]. In the opposite
case (positive), the bonding is more metallic and non-
directional [36, 37]. Table 1 indicates that Cauchypressures
of alloys are positive, suggesting a metallic bonding for all
alloys.

For further analysis of the mechanical properties of
X2TiAl alloys, the brittleness and ductility properties are
also investigated via the bulk modulus to shear modulus
(B/G) ratio and the Poisson ratio (σ), which are obtained
by using Cij. In general, the bulk modulus of a solid rep-
resents the resistance to a volume change and a mea-
sure of the average bond strength of atoms, whereas shear
modulus represents the resistance to plastic deformation.
According to Pugh’s [35] criteria, X2TiAl alloys are duc-
tile because the B/G values of the three alloys are bigger
than 1.75 as shown in Table 2. It can be also noticed
that the Poisson’s ratios of the three alloys are around
0.33; hence, all alloys have a ductile nature. The conclu-
sions of both B/G and Poisson’s ratio support each other.

Additionally, the Poisson’s ratio is used to estimate the
bonding properties within the material and measure the
stability of crystal against shear. As the Poisson’s ratio
increases, the plasticity of the crystal becomes better. The
Poisson ratio is suggested as 0.1 for covalent materials and
0.25 for ionic materials in the literature [38]. The Pois-
son’s ratios for Au2TiAl, Zr2TiAl, and Ru2TiAl alloys are
found to be0.39, 0.34, and0.31, respectively,which implies
that the alloys have ionic-metal interaction. These results
are in well accordance with Cauchy pressures of alloys
mentioned previously. The total magnetic moment calcu-
lations indicate that Zr2TiAl has a total magnetic moment
of 2.02 µB per formula unit. This is in well accordance with
the results of Reddy and Kanchana [22]. However, Au2TiAl
and Ru2TiAl alloys do not show any magnetic moment;
thus, these alloys are nonmagnetic materials.

The Young’s modulus (E) of a material, which is a
ratio of tensile stress to tensile strain, defines the stiffness
and tensile elasticity of a material. From the calcula-
tions, Young’s modulus of Au2TiAl is 86.774GPa, which
is smaller than that of Zr2TiAl (92.326GPa) and Ru2TiAl
(243.266GPa). As the value of E increases, the material
becomes stiffer. It can be seen from Table 2 that Ru2TiAl
has the largest Young’s modulus value among the three
alloys; hence, Ru2TiAl is the stiffest alloy among them. The
anisotropy factor A is obtained as a measure of the degree
of the elastic anisotropy of the crystals and presented in
Table 2. For a complete isotropic material, the anisotropy
factor value is 1. Deviation from this value defines the
elastic anisotropy degree. As Table 2 illustrates, the calcu-
lated anisotropy factors of all alloys are higher than unity,
showing that the studies alloys are elastically anisotropic.
However, Ru2TiAl’s anisotropy factor is very close to
unity.

According to Table 2, Au2TiAl and Zr2TiAl possess
anisotropy; thus, two-dimensional directional depen-
dence of Young’s modulus has been computed for all
alloys using EIAM code [39] and presented in Figure 2.
It is known that for an isotropic material, the shape is
spherical. Deviation from this shape indicates degree of
anisotropy [40, 41]. It is clear from Figure 2 that Ru2TiAl
is isotropic at all planes, whereas Au2TiAl and Zr2TiAl are
anisotropic.

Table 2: The computed shear modulus G (GPa), B/G ratio, anisotropy factor A, Young’s modulus E (GPa), Poisson’s ratio, and total magnetic
moment of X2TiAl (X = Au, Ru, and Zr) alloys.

Alloy Reference B G B/G A E σ µB

Au2TiAl This work 142.603 31.022 4.596 11.212 86.774 0.39 0
Ru2TiAl This work 219.507 92.476 2.373 1.015 243.266 0.31 0
Zr2TiAl This work 99.905 34.297 2.912 4.81 92.326 0.34 2.02
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Figure 2: Two-dimensional directional dependence of the Young’s modulus of X2TiAl (X = Au, Ru, and Zr) alloys.

3.2 Electronic and Phonon Properties

The electronic band structures of X2TiAl alloys are pre-
sented in Figure 3, along the high-symmetry directions in
the Brillouin zone.

Figure 3 illustrates that the band lines and finite DOS
cut the Fermi energy level for all alloys; therefore, these
alloys have ametallic character. It is shown that there is no
gap at the Fermi level, and total density of states are 1.329
and 2.25 states eV−1 cell for Au2TiAl and Ru2TiAl, respec-
tively. The bands that cross the Fermi level can be seen
in both majority and minority spin states determining the
metallic nature of Zr2TiAl alloy (see Fig. 4).

The band states for these alloys are determined by cal-
culating the total and partial densities of states. The main
characters of the computed results for the three alloys are
in well accordance with the previous reported studies of
electronic structure [22, 42]. There are peaks above and
below the Fermi level from the total andpartial densities of
Au2TiAl and Ru2TiAl, as shown in Figure 4. The main con-
tributions to the bands below the Fermi level are due to Au
5d states for Au2TiAl and Ru 4d states for Ru2TiAl, whereas

above the Fermi level, they are mainly due to Ti 3s states
for both alloys. For Zr2TiAl, it is seen that the majority and
minority spin contributions of the DOS in the Fermi level
are due to the ‘d’ electrons of the Zr and Ti atoms.

The phonon dispersion curves along the Γ-K-Γ-W-L
directions in the first Brillouin zone are computed for
X2TiAl alloys and shown in Figure 5. There are no imagi-
nary phonon frequencies in the whole Brillouin zone for
X2TiAl alloys. This suggests that three alloys are dynam-
ically stable in the L21 phase. As X2TiAl alloys have four
atoms in their unit cell, the phonon spectrum should have
12 branches; three of them is being acoustic (lowest three)
and nine of them is being optical. The frequencies of
the optical phonon modes of X2TiAl at the zone centre
are calculated as 2.567, 5.750, and 6.754 THz for Au2TiAl;
5.812, 6.395, and 9.876 THz for Ru2TiAl; and 3.312, 4.625,
and 7.723 THz for Zr2TiAl. It can be seen that the opti-
cal phonons of Au2TiAl overlap and fall in the frequency
region between 4.74 and 7.6 THz. On the other hand, for
Ru2TiAl and Zr2TiAl alloys, optical phonon frequencies are
separated. Examination of the atomicmasses of Au, Ru, Zr,
Ti, and Al allows us to understand this difference between
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Figure 3: The electronic band structure of X2TiAl (X = Au, Ru, and
Zr) alloys.

the alloys. The phonon partial density of states of alloys
shows that the upper optical frequency is due to the lighter
Al atoms, whereas the lower frequency region is due to
the heavier Au (Ru and Zr) atoms. Ti atoms vibrate in the
middle phonon frequency region for all alloys.

3.3 Thermodynamic Properties

The thermodynamic properties are obtained within the
quasi-harmonic approximation for different temperatures
from the energy-volume relation. One of the important
thermodynamic property for a solid is the Debye tem-
perature, which provides information about many other
quantities such as specific heat, melting temperature, and
elastic stiffness. It is also related to the maximum ther-
mal vibration frequency of a solid. Figure 6 demonstrates
the dependence of the Debye temperature on tempera-
ture. As can be seen from the figure, the Debye temper-
ature decreases slowly over the temperature range of 0–
1500K for all alloys. This variation in Debye temperature
with temperature indicates that the thermal vibration fre-
quency of the particles changes with temperature. The
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Figure 4: The total and partial densities of states of X2TiAl (X = Au,
Ru, and Zr) alloys.

slow variation reflects the small effect of temperature on
Debye temperature. In addition, vibrational frequency is
proportional to the square root of the stiffness within the
harmonic approximation; the ‘stiffness’ of solids can also
be estimated fromDebye temperature and called as ‘Debye
stiffness’ [43]. Based on that, it can be said that Debye stiff-
ness of Ru2TiAl is higher than that of the Au2TiAL and
Zr2TiAl alloys.

The vibrational contributions due to temperature
change to the specific heat capacities of X2TiAl alloys
at a constant volume (CV) is estimated using ab initio
calculation with the quasi-harmonic approximation, too.
The results are presented in Figure 7. A rapid increase
is observed up to 200K, and then saturation is reached,
which is called Dulong-Petit limit as seen in the figure.
The values of specific heat capacities are close to those
reported by Dulong-Petit [44] at high temperatures. How-
ever, below 200K, heat capacity is strongly dependent
on the temperature. The heat capacity reaches to zero
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quickly as the temperature reaches to absolute zero. Unfor-
tunately, there is no experimental data in the literature to
compare these findings for these alloys to the best of our
knowledge.

The variations in volume thermal expansion coef-
ficients of all the three alloys versus temperature are
shown in Figure 8. As it is clearly seen from the figure,
thermal coefficients of all alloys rapidly increase up to
300K. After this point, it increases gradually and becomes
flat. Another important parameter that is obtained from
the quasi-harmonic approximation is the Grüneisen para-
meter, which describes the anharmonic effects in the
vibrating lattice and can be used to estimate the anhar-
monic properties of a solid. Grüneisen parameters of all
alloys are presented in Figure 9. It seems that Grüneisen
parameters seem to stay flat and show little sensitivity to
temperature. One can notice that the Grüneisen parame-
ter is not zero at 0K, suggesting that thermal expansion

coefficient and heat capacity approach zero in the same
asymptotic way. In fact, the Grüneisen parameter at 0 K is
proportional to the logarithmic derivative of T3 coefficient
in the heat capacity with respect to volume [45].

4 Conclusion

In this study, we have performed pseudopotential cal-
culations to investigate stabilities, mechanical, elec-
tronic, thermodynamic, andmagnetic properties of X2TiAl
(X = Au, Ru, and Zr) alloys. The obtained values of lat-
tice constants of alloys are found to be in good agreement
with the existing experimental and theoretical data. The
computed elastic constants illustrated that all three alloys
are mechanically stable. Electronic band structures and
their total and partial densities of states for all the three
alloys are in line with the existing data. The band struc-
ture diagrams confirm the metallicity of alloys in the L21
phase. Full phonon dispersion spectra and their total and
projected densities of states for alloys in the L21 phase
have been calculated for the first time in the framework
of density functional perturbation theory. Several thermo-
dynamic properties such as the specific heat capacities,
thermal expansion coefficient, and Debye temperatures of
alloys are obtained within the quasi harmonic approxima-
tion using the Gibbs2 code.
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