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Abstract

In this paper, we have determined the relaxation behavior of one dimensional dipolar chain with the Glauber dynamics both in time
and frequency domains using Monte Carlo simulation. Two algorithms are developed to simulate the decay function for a single dipole
and for the whole dipolar chain in the time domain. MC simulations of the whole dipolar chain show that both exponential and KWW
type behaviors for the decay function /(t) = exp[�(t/s)b] 0 < b < 1 are possible. The frequency domain transformation is also computed
by using the Fourier transform of the corresponding time domain response of the decay function which is obtained by MC simulations.
We have determined the components of the normalized complex dielectric permittivity. The observed behavior of loss curves are in full
agreement with experiments performed on glass-forming materials in which two loss curves – called a- and b-relaxation processes – are
observed.
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1. Introduction

Application of the Glauber’s kinetic Ising model to the
dipolar chain molecules has been used as a model for
dielectric relaxation in time and frequency domains
[1–12]. One of the first observation of non-Debye behavior
in Ising systems based on Glauber’s kinetic Ising model
was reported by Anderson [2] and later by others [3–5],
all of which were in the context of dielectric relaxation of
infinite and/or finite dipolar chains where the dipole
moment of each dipole is assumed to take either the value
(+l) or (�l) [1–9]. These authors [2–5] have studied the
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frequency behavior of the complex permittivity which is
expressed in terms of the Fourier transform of the dipole
moment auto correlation function of a single dipole located
in the middle of either an infinite or a finite chain. The com-
plex permittivity e(x) is related to the correlation function
/(t) describing the dielectric response, by the expression
[13]

vðxÞ ¼ eðxÞ � e1
es � e1

¼ 1� ix
Z 1

0

e�ixt/ðtÞdt: ð1Þ

Here es is the equilibrium value of the total permittivity at
zero frequency and e1 only represents the permittivity of
the system at high frequency arising from the rapid polar-
ization responses. The normalized complex permittivity
can be written in terms of its real and complex components
as v(x) = v 0(x) � iv00(x). /(t) is defined by [13]
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/ðtÞ ¼ hMð0ÞMðtÞihMð0ÞMð0Þi

¼
P

j hljð0ÞljðtÞi þ
P

k 6¼jhljð0ÞlkðtÞi
h i
P

j 1þ
P

k 6¼jhljð0Þlkð0Þi
h i ; ð2Þ

where the lj’s are the individual dipole moments along the
chain and M(t) is the dipole moment for the whole chain at
time t. For a chain containing equivalent dipole moments
which may be expressed in terms of rk by lk = l0rk where
l0 is the magnitude of a single dipole and rk = ±1, the di-
pole correlation function is conveniently expressed as

/ðtÞ ¼
P

j hrjð0ÞrjðtÞi þ
P

k 6¼jhrjð0ÞrkðtÞi
h i
P

j 1þ
P

k 6¼jhrjð0Þrkð0Þi
h i ; ð3Þ

rk(t) is a stochastic function of time making random tran-
sitions between values ±1, due to interactions with a pho-
non bath. Analysis of dielectric relaxation of chain
molecules with Glauber dynamics has been carried out by
many authors and for the spin–spin time correlation func-
tions. It is concluded that at low temperatures the complex
permittivity approaches the Cole Davidson function with
an exponent bCD = 1/2 in frequency domain [2–10]. Conse-
quently, this has been the value used to characterize the
relaxation of the spin autocorrelation function in the one
dimensional Ising model with Glauber dynamics.

Relaxation in kinetic Ising models has been extensively
studied and stretched exponential behavior has been found
for different choices of the transition rate. Shore and Zwan-
zig [6] studied the dielectric properties of a one dimensional
lattice of interacting spins. They found a non-exponential
decay function similar to KWW form. A new one dimen-
sional kinetic Ising model was introduced by Skinner [7]
to study the cooperative dynamics of linear chain mole-
cules where relaxation functions are well represented by
KWW function. Bauer and co-workers [8] studied dynam-
ics correlation functions of one and two dimensional
kinetic Ising models where they consider simultaneously
high and low frequency behavior of observables and inves-
tigate, among others, the extent of non-exponential relaxa-
tion occurrence suggested by KWW function for such
systems. In the low-temperature limit, an asymptotically
valid continuous space equation was derived for the one
dimensional Ising model with Glauber dynamics by Brey
and Prados [9]. Monte Carlo (MC) simulations for the zero
temperature dynamics have been studied by Derrida et al.
[11] and Menon et al. [12]. However, these nearest-neigh-
bors Ising model theories seem to explain only limited
departures from Debye behavior, but not the major ones
such as one found in the much broader and asymmetric
loss peaks in a number of dielectric materials [14,16]. This
type of behavior has been represented perfectly by a KWW
function which is given by [17]

/ðtÞ ¼ exp½�ðt=sÞb�; 0 < b < 1: ð4Þ
In the present study, the relaxation behavior of one
dimensional infinite dipolar chain with Glauber dynamics
both in time and frequency domains are presented using
MC simulation. This is an extension of a study on the sub-
ject previously carried out by the same authors [19]. In the
previous study the correlation function for a single and
dipolar chain in the time domain only was obtained. In
the present study, this work is extended to the frequency
domain where the number of particles used in the simula-
tions is increased significantly to allow the presence of
more points in the time domain needed for the Fourier
transforms. In addition, using the Fourier transform of
the decay function, the real and imaginary components of
the complex dielectric permittivity is obtained. The latter
are the main results of the present work. The plan of the
paper is as follows: MC simulation of one dimensional
dipolar chain with the Glauber dynamics is presented in
Section 2. Section 3 contains the result of MC simulation
of a linear chain of molecules in time domain. Dielectric
relaxation in frequency domain is presented in Section 4.
Finally, Section 5 contains summary and conclusions.

2. MC simulation of the dielectric relaxation of a chain

molecule with Glauber dynamics

The relaxation behavior of one dimensional dipolar
chain with Glauber dynamics has been determined by
MC simulation in an earlier study by the present authors
[19]. The simulation results shown in this section are the
same as before but this time the number of particles N used
in simulation is increased to 40000 to both observe the
behavior of the system in more detail and to have as many
data points as possible for the Fourier transforms to be
performed in Section 5. We will just summarize the two
algorithms used before for the sake of completeness. We
start with an initial configuration where all dipoles are
aligned up (they take value +1) and then it is allowed to
relax to its global minimum energy configuration. The
probability of jth dipole to flip its alignment depends on
the dipole moments of its neighbors and on its interaction
with the surrounding heat bath. The probability pj(rj) of a
dipole to flip its orientation to align itself antiparallel to its
neighbors therefore can be taken to be of the form [19]

pjðrjÞ ¼
1

2
1þ 1

2
crj rj�1 þ rjþ1

� �� �
; ð5Þ

which may be seen to take on only three possible values
depending on the orientation of its neighbors. Here c is a
function of the temperature T of heat bath given by
c = tanh(2K) where K = J/kBT and J is the coupling con-
stant describing the strength of interaction between nearest
neighbor dipoles.

We have developed two algorithms to simulate the
dipole behavior in time domain. In one algorithm (Algo-
rithm A), the decay function of a single dipole and in the
other (Algorithm B), the decay function of the whole dipo-
lar chain is considered. For the details see [19] and the
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references therein. The main difference between the two
algorithms just mentioned is that only a single dipole is
considered and updated in a MC step and then the total
numbers of dipoles that are not flipped up to that time
are counted in Algorithm A. The ratio of the number of
dipoles which never flipped to the total number of dipoles
gives the decay function /1(t) [12–19] for a single dipole. In
Algorithm B, however, all dipoles in the system are consid-
ered and their orientations are updated at each MC step
and then the total number of dipoles which have never
flipped until time t are counted. In this case, the ratio of
un-flipped dipoles to the total number gives the decay func-
tion /N (t) for the whole chain.
Fig. 2. The same as Fig. 1 but with a parameter value of K = 1.0. There
are three regimes in which the behavior is exponential at early times, shifts
to stretched exponential at intermediate and late times with different
exponents.

Fig. 3. The same as Fig. 2 but with a parameter value of K = 1.8. In this
3. Dielectric relaxation in time domain

Let us first start with the decay function of a single
dipole in the dipolar chain, namely with /1(t). We have
plotted ln[�ln(/1(t))] vs ln(t) using the calculated values
of /1(t). If the slope b of the curve is 1, then it means that
/1(t) is in the form of an exponential function. If the slope
is 0 < b < 1, then /1(t) is in the form of a stretched expo-
nential, which is the KWW form. The results of MC simu-
lations using Algorithm A given above are shown in Figs.
1–3 for the parameter values K = 0.01, 1.0 and 1.8, respec-
tively. For all three values of the parameter K, the slope of
the curve at early times is exactly 1.0 as one can see in Figs.
1–3. Therefore the behavior for all parameter values at
early times is Debye-type in the time domain. As the value
of K increases, the exponential behavior is still observed at
short times as we have already indicated. But at intermedi-
ate and late times it shows stretched exponential behavior
but with different exponents. The slope at intermediate
times is about 0.5 for Fig. 2 and it is about 0.3 for
Fig. 3, the corresponding late time values of the exponent
Fig. 1. The decay function of a single dipole as obtained from MC
simulations using Algorithm A mentioned in the text with a parameter
value of K = 0.01. The axes are arranged to make the degree of the
correspondence between Eq. (4) and the results of the simulation visible
where the slope gives the value of exponent b in Eq. (4). The behavior is
clearly exponential in time domain.

case the non-exponential behavior becomes more dominant compared to
the case of small values of K.
are 0.7 for Fig. 2 and 0.5 for Fig. 3. This behavior is similar
to the one found in Ref. [9] for the Ising model with Glau-
ber dynamics and in Ref. [6] for the one dimensional lattice
model.

Now let us consider the decay function for the whole
chain. Unlike the decay function for a single dipole, the
results obtained using Algorithm B mentioned above
shows exponential behavior only for small values of
parameter K. For large values of K the behavior resembles
more that of a KWW function. The results are depicted in
Figs. 4–6 for parameter values K = 0.01, 1.0 and 1.8,
respectively, on a logarithmic scale to test their correspon-
dence with the KWW function in Eq. (4). For small values
of K, the exponent b is close to unity, indicative of an expo-
nential behavior as shown in Fig. 4. As K increases, the
decay function deviates from exponential behavior and is
not really in the form of stretched exponential. The average
slope, which is a measure of the exponent b in Eq. (4) begin



Fig. 4. The decay function of the whole dipolar chain as obtained from
MC simulations using Algorithm B mentioned in the text with a parameter
value of K = 0.01. The axes are arranged to make the degree of the
correspondence between Eq. (4) and the results of the simulation visible
where the slope gives the value of exponent b in Eq. (4). The behavior is
close to exponential in time domain.

Fig. 5. The same as Fig. 4 but with a parameter value of K = 1.0. The
behavior is not actually in the form of a stretched exponential. The slope
at early times is 0.5 and at late times it is 0.7.

Fig. 6. The same as Fig. 5 but with a parameter value of K = 1.8. The
slope at early times is 0.3 and at late times it is 0.5.
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to decrease as can be seen in Fig. 5 (K = 1.0). The slope at
early times is approximately 0.5 and at late times it is 0.7 in
that figure. When K is increased further, it appears that the
dynamics takes place in two different regimes in time
domain. The results for K = 1.8 are depicted in Fig. 6
where the slope at early times is about 0.3 and it is 0.5 at
late times. For this latter case, it appears that there are
two regimes of relaxation process in the time domain,
one at early times and another at late times but with a lar-
ger exponent compared to early times. These results indi-
rectly suggest that b is a temperature dependent exponent.
4. Dielectric relaxation in frequency domain

This section is devoted to the numerical calculation of
the components of the dielectric permittivity and forms
the main results of this study. The frequency domain
response of dielectric relaxation is the normalized dynamic
permittivity as a function of frequency v(x) which is
derived from the Fourier transform of the corresponding
time domain response /(t). Using Eq. (1) and the definition
v(x) = v 0(x) � iv00(x), we can find the real and complex
components of the normalized complex dielectric permit-
tivity, respectively, as

v0ðxÞ ¼ 1� x
Z 1

0

/ðtÞ cosðxtÞdt;

v00ðxÞ ¼ x
Z 1

0

/ðtÞ cosðxtÞdt:
ð6Þ

The method we have used in the calculation of the com-
ponent of the normalized dielectric function is as follows:
To be able to obtain the Fourier transforms in Eq. (6),
one needs to know the decay function /(t). We have used
the decay function obtained for the whole chain whose
behavior for different values of K is shown in Figs. 4–6.
The decay function for a single dipole is not used in the cal-
culation of the components of the normalized dielectric
function. The decay function depends on the parameters
b and s as given in Eq. (4). The b values are obtained from
the slope of ln[�ln[/(t)]] vs ln(t) curve and the s values are
determined from the intercepts of the slopes with the verti-
cal axis. Fig. 1 shows that the decay function is exponential
with b = 1 for small values of the parameter K. The inte-
grations in Eq. (6) are performed numerically using the
trapezoidal technique [20]. When the Fourier transforms
of Eq. (6) are carried out with b = 1, the result obtained
for this case is shown in Fig. 7 where the dielectric loss fac-
tor v00(x) values are plotted as a function log(xt). Since the
decay function is a perfect exponential, the behavior in fre-
quency domain is of Debye-type.

When it comes to large values of parameter K, the situ-
ation is different since for these cases there are different
regimes of the evolution and therefore there are various
values for b. For the case of K = 1.0, the value of b was
found to be 0.5 at early times and 0.7 at late times. We have
performed the Fourier transforms in (6) using these two



Fig. 7. Frequency domain transformation of the decay function as
obtained from MC simulations given in the text with a parameter value of
K = 0.01 as a function of log(xs). The behavior is in the form of Debye-
type.

Fig. 9. The same as Fig. 8 but the decay function obtained from MC
simulations with a parameter value of K = 1.8 is used. For large values of
K (low temperatures), the loss curves show two peaks, one with a lower
frequency but higher amplitude that corresponds to higher values of
exponent b and another at higher frequencies which is broader with a
smaller amplitude.
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values separately. The results for this case are depicted in
Fig. 8. As one can see in that figure there are two loss
curves corresponding to the two values of b. When
K = 1.8, again there are two regimes of the decay function
with parameter values of b = 0.3 at early times and b = 0.5
at late times. When the Fourier transforms in (6) are taken
using the decay functions corresponding to each of these
values of b (=0.3 and 0.5) separately, the curves shown
in Fig. 9 are obtained for the dielectric loss factor in fre-
quency domain. Note that the single curve shown in
Fig. 7 is now split into two separate curves for large values
of K as shown in Figs. 8 and 9. One can easily see that one
of the curves in Figs. 8 or 9 is broader than the other.
The broadening increases as K increases (compare Figs. 8
and 9). Furthermore, as K increases the amplitude of the
broader curve decreases while amplitude of the other curve
increases.
Fig. 8. The same as Fig. 7 but decay function obtained from MC
simulations with a parameter value of K = 1.0 is used. Note that the single
curve shown in Fig. 7 is now split in to two separate curves for large values
of K where there are two loss curves corresponding to the two values of b.
Our parameter K is temperature dependent through
J/kBT. Therefore a large values of K correspond to low
temperatures and small values of it to high temperatures.
This aspect of K and the loss curves we have shown in
Figs. 8 and 9 – appear to be in full agreement with exper-
imental results for glass-forming materials [14–16,21–23].
The so called a peak in frequency domain in these materials
in fact corresponds to low frequency peaks in Figs. 8 and 9.
The other observed relaxation process, called b process,
corresponds to high frequency broader peaks in Figs. 8
and 9.

5. Conclusions

In this study, we have determined the relaxation behav-
ior of one dimensional dipolar chain with Glauber dynam-
ics using Monte Carlo simulation both in time and
frequency domains. The decay function of a single dipole
and the whole chain are obtained with suitably constructed
algorithms. The decay functions for a single and also for
the whole dipolar chain are always exponential for small
values of parameter K. For the same parameter values,
the decay function for the whole dipolar chain resembles
more that of a KWW behavior. For the latter case, it
appears that there are two regimes of relaxation process
in the time domain, one at early times and another at late
times but with a larger exponent compared to early times.

We have also presented the results of numerical calcula-
tions of the normalized dynamic permittivity as a function
of frequency which is derived from the Fourier transform
of the dipole correlation functions. For large values of K

(low temperatures), the loss curves show two peaks: one
with a lower frequency but higher amplitude that corre-
sponds to higher values of exponent b and another at higher
frequencies which is broader with a smaller amplitude (see
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Figs. 8 and 9). As the temperature increases (small values of
K) this split of loss curves begin to merge to a single curve.
This observed behavior of loss curves are in full agreement
with experiments performed on glass-forming materials in
which two loss curves – called a- and b-relaxation processes
– are observed.
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