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1 Introduction

Norm inequalities for several classical operators of harmonic analysis have been widely
studied in the context of Orlicz spaces. It is well known that many of such operators
fail to have continuity properties when they act between certain Lebesgue spaces and,
in some situations, the Orlicz spaces appear as adequate substitutes. For example, the
Hardy-Littlewood maximal operator is bounded on L? for 1 < p < oo, butnoton L',
but using Orlicz spaces, we can investigate the boundedness of the maximal operator
near p = 1, see [3,5,6,9] for more precise statements.

Let T be the classical singular integral operator, the commutator [b, T'] generated
by T and a suitable function b is given by

(. T1f =bT(f) = T(bf). (1.1)

A well known result due to Coifman, Rochberg and Weiss [2] (see e.g. [8]) states
that b € BMO(R") if and only if the commutator [b, T'] is bounded on L”(R")
for 1 < p < oo. In 1978, Janson [8] gave some characterizations of the Lipschitz
space A g(R™) (see Definition 4.1 below) via commutator [b, T'] and proved that b €
Aﬁ(R”)(O < B < 1) if and only if [b, T'] is bounded from L? (R") to L?(R") where
Il <p<n/Band 1/p —1/q = B/n (see also Paluszynski [11]).

Let 0 < o < n. The fractional maximal operator M,, is given by

My f(x) = sup|3|—1+%/ |f()ldy
B>x B

and the fractional maximal commutator of M, with a locally integrable function b is
defined by

Myo f(x) = sup |B| "'+ /B 1bGe) = BOYIFO)Id,

B>x

where the supremum is taken over all balls B C R" containing x. If « = 0, then
M = M, is the Hardy-Littlewood maximal operator and M;, = M, ¢ is the maximal
commutator of M.

On the other hand, similar to (1.1), we can define the (nonlinear) commutator of
the fractional maximal operator M, with a locally integrable function b by

(D, Mo )(f)(x) f = b(x)Ma(f)(x) — M (bf)(x).

For more details about the operators M}, o and [b, M, ], where 0 < o < n, we refer to
[1,13] and references therein.

Our main aim is to characterize the functions involved in the boundedness on Orlicz
spaces of the fractional maximal operator M. Actually, such a characterization was
done in [3, Theorem 1]. But our technique of the proof and characterization different
from the ones in [3]. As an application of this result we consider the boundedness of
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My, and [b, M, ] on Orlicz spaces when b belongs to the Lipschitz space, by which
some new characterizations of the Lipschitz spaces are given.

Throughout the whole paper, the notation A < B means that there exists a constant
C > 0 such that A < CB, where C is independent of appropriate quantities. If
C1B < A < (3B for some positive constants C and C,, we shall write A ~ B.

2 Preliminaries

Before we proceed with the proofs of the main results, we shall introduce some pre-
liminary denitions and properties concerning Orlicz spaces.

Definition 2.1 A function ® : [0, c0) — [0, oo] is called a Young function if ® is
convex, left-continuous, lim,_, 49 ®(r) = ®(0) = 0 and lim, _, 5, () = 0.

From the convexity and ®(0) = 0 it follows that any Young function is increasing.
The set of Young functions such that

0<®@r)<oo for O0<r <oo
will be denoted by V. If & € ), then ® is absolutely continuous on every closed
interval in [0, co) and bijective from [0, 0o) to itself.
For a Young function ® and 0 < s < oo, let
O () =inf{r >0: &) > s).
If ® € Y, then ®~! is the usual inverse function‘ of ®. It is well known that
r<® 'nd ')y <2r, r>0, 2.1
where ®(r) is defined by

sup{rs — ®(s) : s € [0, 00)}, r € [0, 00)
0, r = o0.

d(r) = {

A Young function @ is said to satisfy the Aj-condition, denoted also as ® € Aj,
if

OQ2r) <CP(r), r=0

for some C > 2. If ® € A,, then ® € ). A Young function @ is said to satisfy the
V,-condition, denoted also by ® € V,, if

1
P(r) < %CD(C}"), r>0

for some C > 1. We can verify the following examples: The function ®(r) = r
satisfies the As-condition but does not satisfy the V,-condition. If 1 < p < oo, then
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@ (r) = r? satisfies both the conditions. The function ®(r) = ¢" — r — 1 satisfies the
V,-condition but does not satisfy the A;-condition.

Definition 2.2 (Orlicz Space). For a Young function @, the set
L®[R") = {f €Ll (R : / @ (k| f(x))dx < oo for some k > 0 }
Rn

is called Orlicz space. If ®(r) = rP, 1 < p < oo, then L®>(R") = LP(R"). If
&) =0, (0 <r <1)and ®(r) = 0o, (r > 1), then L*(R") = L®°(R"). The
space L> (R") is defined as the set of all functions f such that fx s € L®(R") for

loc

all balls B C R”".

L®(R") is a Banach space with respect to the norm

Ifll Lo =inf{k >0:/n¢(|f;x)|>dx < 1}.

For a measurable set 2 C R”, ameasurable function f and¢ > 0,letm (2, f, t) =
{x € 2 :|f(x)| > t}|. In the case 2 = R", we shortly denote it by m(f, 1).

Definition 2.3 The weak Orlicz space
WLER") = {f € Lioe®") : | fllwre < o0}

is defined by the norm

I fllw e =inf{k >0 : supCD(t)m(%, t) < 1}.

t>0

We note that || fllw,e < [IfllLe

sup ®(t)m(2, f, t) =suptm(2, f, dJ_l(t)) =suptm(2, ®(f], t)

t>0 t>0 >0

and

/Q@(m—x)')dxf 1, supdD(t)m(Q S t)gl, 2.2)

||f||L¢(Q) t>0 7 ”f”WL‘P(Q)’

where ||f||L<l>(Q) = [fxqllze and ||f||WL<l>(Q) =/ xollwre-
The following analogue of the Holder’s inequality is well known (see, for example,

[12]).
Theorem 2.4 Let Q C R” be a measurable set and functions f and g measurable on

Q. For a Young function ® and its complementary function D, the following inequality
is valid

[ 17 @gwldr =20 Iz el 0
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By elementary calculations we have the following property.

Lemma 2.5 Let ® be a Young function and B be a set in R" with finite Lebesgue

measure. Then |

o~ (1BI71)
By Theorem 2.4, Lemma 2.5 and (2.1) we get the following estimate.

IxgllLe = lIxsllwee =

Lemma 2.6 For a Young function ® and B = B(x,r), the following inequality is
valid:

[ 17y 218107 (1B17) 1712
B

3 The boundedness of fractional maximal operator

In this section, we shall give a necessary and sufficient condition for the boundedness
of M, on Orlicz spaces and weak Orlicz spaces. We begin with the boundedness of
the maximal operator on Orlicz spaces.

Theorem 3.1 [10] Let ® be a Young function.
(i) The operator M is bounded from L®(R") to W L® (R"), and the inequality

IMfllwre < Coll fllLe (3.1

holds with constant C independent of f.
(ii) The operator M is bounded on L®(R"Y), and the inequality

IMflipe < Coll fliLe (3.2

holds with constant C independent of f if and only if ® € V;.

We recall that, for functions ® and W from [0, co) into [0, oo], the function W is said
to dominate @ globally if there exists a positive constant ¢ such that ®(s) < W(cs)
forall s > 0.

In the theorem below we also use the notation

Tp(s) = / P B P ) dr, (33)
0

where 1 < P < ooand \/171: (s) is the Young conjugate funtion to Wp (s), where B;l (s)
is inverses to

S W(t)
BP(S) :A Wdl

In [3], Cianchi found the necessary and sufficient conditions for the boundedness
of M, on Orlicz spaces.
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Theorem 3.2 Let0 < a < n.

(i) My is bounded from L®(R™) to WLY (R") if and only if

@ dominates globally the function Q,

3.4)
whose inverse is given by
0~ () =),
(ii) My is bounded from L®(R") to LY (R") if and only if
A0 . .
/(; mdr < 00 and ®dominatesgloballythefunctionW,, /¢ (3.5

Here, W, 4 is the Young function defined as in (3.3).

In order to prove our main theorem, we also need the following lemma.

Lemma 3.3 If By := B(xo, ro), then |Bo|% < My xB,(x) for every x € By.
Proof For x € By, we get

Mo x,(x) = sup | B~ |B N Bo| > |Bol~" By N Byl = |Bol".
B>x

]
The following result completely characterizes the boundedness of M, on Orlicz
spaces.

Theorem 3.4 Let 0 < o < n, ®, ¥ be Young functions and ® € ). The condition

rrrdTl(r) < cwTl(r) (3.6)

forallr > 0, where C > 0 does not depend on r, is necessary and sufficient for the
boundedness of My from L®(R") to WLY (R"). Moreover, if ® € Vs, the condition

(3.6) is necessary and sufficient for the boundedness of My from L®(R") to LY (R™).
Proof For arbitrary ball B = B(x, r) we represent f as

f=n+rn A0 =FfDMxs®), Q)= f(y)xc(w)(y),

r >0,
and have

Mo f(x) = My f1(x) + My f2(x).

Let y be an arbitrary point in B. If B(y, 1) N E(B(x, 2r)) # 0, then ¢t > r. Indeed,
ifze B(y,t)N C(B()c,2r)),thent >ly—zl>|lx—z|=-|lx—=y|>2r—r=r.
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On the other hand, B(y,) N E(B(x, 2r)) C B(x,2t). Indeed, if z € B(y,t) N

C(B(x,2r)), then we get |x — 2] < |y — 2| + |x — y| <1 47 < 2t.
Hence by Lemma 2.6

Mo{fZ()’) 5 sup a

—1,/ o |f(2)ldz
>0 [B(y, )"~ » JB(y.HnN"(B(x.2r))

1
Ssp——— [ jpz
t=>2r |B(x,t)|" "7 JB(x.,0)

SAfllge sup @ (B, 0.

r<t<oo

Consequently from Hedberg’s trick, see [7], and the last inequality, we have

Mo f) SrOMFO) + 1 fllge sup 2@ L™,

r<t<oo
Thus, by (3.6) we obtain
(Y (| L
Mo f ()] S Mf () ——= + I fll e ¥ 7).
O—L(r—m)
Choose r > 0 so that @~ (") = ML) Thep
Coll fll o

-1 Mf(x)
vl (Yo Pz )

CI)fl(r*”) - M (x)
Coll fll o

Therefore, we get

M (x) )
Coll flle/"

Let Cp be as in (3.1). Then by Theorem 3.1, we have

Mo f ] = Crll fllzs (¥ o &)(

My £ (1) My £ (1)
v B, ————— = B, yYv|l—),
o Ll ’c1||f||Lq>’r> fi%’”"( ’ <C1||f||L<I>) ")
Mf(x) Mf(x)
Sf‘ilérm(B’q)(Confnm)’r) = f‘i%@(r)m(annWm’r) =h
ie.
IMe fllwre ) S N fllpe- (3.7)

By taking supremum over B in (3.7), we get

IMe fllwry S I fllpe.
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since the constants in (3.7) don’t depend on x and r.
Let Cg be as in (3.2). Since & € V,, by Theorem 3.1, we have

/w('M“f(x)|>dx§/q>< Mf(x) >dx§f cI>( Mf(x) )dxfl,
B Cillflipe B Coll fll o n IMfllLe
i.e.

Mo fllpvy S Ifllpe. (3.8)

By taking supremum over B in (3.8), we get

Mo fllpe SIS les
since the constants in (3.8) don’t depend on x and r.

We shall now prove the necessity. Let By = B(xg, r9) and x € By. By Lemma 3.3,
we have rg < CMgy xB,(x). Therefore, by Lemma 2.5, we have

g SWTNBol ™Y I Maxsollw e sy S W (1Bol ™)1 Maxa, llw i

v
SENUBo D xse e S ——2—
! ®~1(rg™)
and
rg SWNUBol ™I Maxsy v 8y S W (1Bol ™) 1Mo x B, Il v
g ")
SUNIBo D lixsyll e S ——2=.
’ 1"
Since this is true for every ry > 0, we are done. O

We recover the following well known result by taking ®(¢) = ¢” at Theorem 3.4.

Corollary 3.5 Let 0 < o < nand 1 < p < n/a. Then the condition 1/q = 1/p
—a/nis necessary and sufficient for the boundedness of M, from LP (R™") to W L4 (R")
and for p > 1 from L? (R") to L4(R").

From Theorems 3.2 and 3.4 we have the following corollary.

Corollary 3.6 Let 0 < o < n, ®, ¥ be Young functions and ® € ), then:

(1) Condition (3.4) holds if and only if condition (3.6) holds.
(2) Moreover if ® € Vj, then condition (3.5) holds if and only if (3.6) holds.

4 Characterization of Lipschitz spaces via commutators

In this section, as an application of Theorem 3.4 we consider the boundedness of M, ,
and [b, M,] on Orlicz spaces when b belongs to the Lipschitz space, by which some
new characterizations of the Lipschitz spaces are given.
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l?eﬁnition 4.1 Let 0 < B < 1, we say a function b belongs to the Lipschitz space
A g(R") if there exists a constant C such that for all x, y € R",

Ib(x) — b(y)| < Clx — y|P.

The smallest such constant C is called the Aﬁ(R”) norm of b and is denoted by
||b||Aﬂ(Rn)‘

To prove the theorems, we need auxiliary results. The first one is the following
characterizations of Lipschitz space, which is due to DeVore and Sharply [4].

Lemmad4.2 Let0 < B < 1, we have

1
11 ey = sng/B £ (o) — faldx,

where fg = %fB F(Ody.

Lemmad43 Let0 < B < 1,0<a<nO<a+B<nandb € Aﬂ(R"), then the
following pointwise estimate holds:

Mp.a f(x) < ClIbI i, oy Moy f ().

Proof If b € Ag(R"), then

My (f)(x) = sup [B]~' %

B>x

/B 1b(x) = b(WMILf(¥)Idy

,]+M
< ClIbll 4 4w ;up | B " . [f(Dldy
53X

= ClIbll ., ny Mot £ ().

Lemmad4.4 [fb e LIIOC(R”) and By := B(xg, ro), then

|Bol 7 |b(x) — bp,| < Mp.qx,(x) forevery x € By.

Proof For x € By, we get
Mp o xBy(x) = sup IBI*H%/ [b(x) — b(y)IxBy(¥)dy
B>x B

— sup |BI"*H f 1b() — by > |Bol ™' / 1bCo) — b()dy
B>x BNBy BoNBy

v

||Bo|—‘+%/3 (b(x) — b()dy| = |Bol* [b(x) — b .
0
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The following theorem is valid.

Theorem4.5 Let0 < B <1,0<a<n O<a+B<nbe LIIOC(R"), O, W be
Young functions and ® € ).

1. If ® € V, and the condition

5o (1) < cu (1), @1

holds. for allt > 0, where C > 0 does not depend on t, then the condition
b € Ag(R") is sufficient for the boundedness of My, o from L®@®R") to LY (R").
2. If the condition

vl () < co oy 42)

holdq for all t > 0, where C > 0 does not depend on t, then the condition
b € Ag(R") is necessary for the boundedness of My, o from L®@®R") to LY (R™).

3. If® e Voand V(1) = q:-l(z)f"nﬂ, then the condition b € Ag(R") is
necessary and sufficient for the boundedness of My, o from L® (R") to L¥ (R™).

Proof (1) The first statement of the theorem follows from Theorem 3.4 and Lemma
4.3.

(2) We shall now prove the second part. Suppose that W1 (r) < &~ (r)r~@+A/n
and M) 4 is bounded from L®(R") to LY (R"). Choose any ball B in R”, by
Lemmas 2.5 and 2.6

1 1 1
|B|1+ﬁ/3|b<y>—b3|dy=| |1+M/‘|B|la/(b(y)—b(z))dz dy
= W/ Mp 4 XB)()’)dy
_ 2w lgB1Th

|B|a+lg 1 Mp.o(x5) v B)

c v l(BI™hH
~ st e taBITh T

Thus by Lemma 4.2 we get b € Aﬂ(R").
(3) The third statement of the theorem follows from the first and second parts of the
theorem.
O

If we take o = 0 at Theorem 4.5, we have the following result.
Corollary 4.6 Let0 < < 1,b € LIOC(R”), @, U be Young functions and ® € ).
1. Ifd? € V, and the condition ®~'(t)t=P/" < WLt holds, then the condition
b € Ag(R") is sufficient for the boundedness of My, from L®@®R") to LY (R).

2. Ifwle) < oY)t =P/, then the condition b AB(R") is necessary for the
boundedness of My, from L®(R") to LY (R").
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3. If® € Voand V' (t) = @ ()t 7P/", then the condition b € Aﬁ(R") is
necessary and sufficient for the boundedness of My, from L®(R") to LY (R").

If we take @ () = tP and W (¢r) =19 with1 < p < ooand 1 < g < oo at Theorem
4.5, we have the following result.

Corollary4.7 Let 0 < 8 < 1,0 <a <n 0O <a+B <n b el
l

loc (Rn)
1 <p<gqg <ooand 11) - == a+ﬂ . Then the condition b € Aﬁ(]R”) is necessary
and sufficient for the boundedness of Mp.o from LP (R") to LY(R").

Remark 4.8 For a = 0, Corollary 4.7 was proved in [15].

The following theorem is valid.
Theorem4.9 Let0 < B < 1,0<a<n O<a+B<nbec L}OC(R”), O, U be
Young functions and ® € ).

1. If condition (4.1) holds, then the condition b € A;;(R") is sufficient for the
boundedness of My o from Lq’(R”) to WLY (RM).

2. If condition (4.2) holds and t— \y([) is almost decreasing for some ¢ > 0, then the
condition b € A g(R") is necessary for the boundedness of My,  from L®@®R") to
WLY(R").

3. Ifvl ) = o) @tB/n gpg iy() is almost decreasing for some & > 0,

then the condition b € A g(R™) is necessary and sufficient for the boundedness of
Mp. o from L®(R") to WLY (R").

Proof (1) The first statement of the theorem follows from Theorem 3.4 and Lemma
4.3.

(2) For any fixed ball By such that x € By by Lemma 4.4 we have | Bo|*/"|b(x) —
bpy| < Mp o xB,(x). This together with the boundedness of M}, o from L®@R"Y)
to WLY (R") and Lemma 2.5

IA

|{x € Bo : |Bol*/"|b(x) — byl > 2} < [{x € By : Mo x,(x) > A}|

1 1

< =
- 2 A0 1(Bo| D)’
v (C||XBO||L®) v ( c )

Let r > 0 be a constant to be determined later, then

o0
/ |b<x>—b30|dx=|Bor°‘/"f l(x € Bo: 1b(x) — bgy| > [Bol /" A}1dx
By 0
t
_ |Bo|—“/”/ (x € Bo: [b(x) — bgy| > |Bol~*/"A}|d2
0
o0
+ |Bo|—“/"f l(x € Bo: 1b(x) — by | > |Bol /" 1} 1d
t

oo 1
1—a/n —a/n
< t]Bol' """ + | Bl ft—w(m_lwo_l)>dk
C
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|Bo|~*/"t
1@ 1B~ D’
w ()

. I+e . atp .
where we use almost decreasingness of {p—(:) in the last step. Sett = C|Bp| » in
the above estimate, we have

< t|Bo|' /" 4

f 1bC) — by ldx < |Bo|! A/,
By

Thus by Lemma 4.2 we get b € A g(R") since By is an arbitrary ball in R".
(3) The third statement of the theorem follows from the first and second parts of the
theorem.

If we take @ = 0 at Theorem 4.9, we have the following result.

Corollary 4.10 LetO < B < 1,b € Ll (R™), @, ¥ be Young functions and ® € ).

loc
1. If the condition &~ (1)t=P/" < WU—LY(1) holds, then the condition b € A,g(]R")
is sufficient for the boundedness of My, from L® (R™) to WLY (R").

2. Ifvln) < O~ (1)r=P/" and {I,I% is almost decreasing for some ¢ > 0, then

the condition b € A g(R") is necessary for the boundedness of My, from L®(R")
to WLY (RM).

3. IFvl) = o) P/ and f;% is almost decreasing for some ¢ > 0, then

the condition b € A g(R") is necessary and sufficient for the boundedness of M
from L®(R™) to WLY (R").

If we take © (1) =t” and W(¢) = t? with1 < p < ooand 1 < g < oo at Theorem
4.9, we have the following result.

Corollary4.11 Let 0 < f < 1,0 <a <n, 0 <a+ B <n b € L. (R"),

1<p<gq<ooand % — é = anﬁ Then the condition b € A;;(R”) is necessary

and sufficient for the boundedness of My, o from LP (R") to W L9 (R").
Remark 4.12 For o = 0, Corollary 4.11 was proved in [15].

To state our results, we recall the definition of the maximal operator with respect
to a ball. For a fixed ball By, the fractional maximal function with respect to By of a
function f is given by

1
Man (D@ = s — [ 1fO)ldy, 0=a<n,

Bo2B3x | By

where the supremum is taken over all the balls B with B C By and x € B.

Theorem4.13 Let 0 < 8 < 1,0 <o <n, 0 < a+ B < nandb be a locally
integrable non-negative function. Suppose that ®, ¥ be Young functions, ® € Y NV,

atpB
and V1 () = L)t~ G . Then the following statements are equivalent:




Fractional maximal function and its commutators on Orlicz... 177

1. be Ag@R").
2. [b, My is bounded from L®(R") to LY (R").
3. There exists a constant C > 0 such that

sup |BIP/mw =Y (IBI7Y 1b() — |BI™ " Ma, s D))l vz < C.  (43)

Proof (1) = (2): The following estimate was proved in [14]. Let b be any non-
negative locally integrable function. Then

b, Mo 1(H)()] < Mpo(f)(x), xeR" 4.4)

holds for all f € Ll (R™).

loc

It follows from (4.4) and Theorem 4.5 that [b, M,] is bounded from L®(R") to
LY (R") since b € Ag(R™).
(2) = (3): For any fixed ball B C R” and all x € B, we have (see (2.4) in [13]).
My (x8)(x) = |B|*/" and My (bxp)(x) = My, p(b)(x).
Then,

|BI7P/mu = (1BI)16() — |BI™*/ " Ma,5(B) ()l v 5y

L -1
=|B|” » W (|BI")Ib(-)Ma(x8)() — Ma(bxs) () Lv (p)
= 1B- 5w (1B b, Mo )(xp)ll v ) 4.5)
< 1B 5w (1B Ixsll o
<C

which implies (3) since the ball B C R” is arbitrary.
(3) = (1): From [14] we have,

1

B
|B|l+;

2

B
|B|l+;

/Blb(X)—bBldx = /Blb(X)—IBI_“/"Ma,B(b)(x)IdX~

it follows from Lemma 2.6 and (4.3) that

1 4 _ _ _
. [B|b<x>—b3|dxs| |ﬂw YIBITIBC) — 1Bl Mo, () ()l v () < C.
B n Bln
Thus by Lemma 4.2 we get b € /\,3 (R™). O

If we take = 0 at Theorem 4.13, we have the following result.

Corollary 4.14 Let 0 < B < 1 and b be a locally integrable non-negative function.

B
Suppose that ®, ¥ be Young functions, ® € Y NV, and ULty = &~ L(t)tn. Then
the following statements are equivalent:
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1. be Ag@®n).
2. [b, M) is bounded from L®(R") to LY (R").
3. There exists a constant C > 0 such that

sup |BI7 P (1B [1b() = M) v s < C.

If we take () = tP and W (¢r) =19 with1 < p < ooand 1 < g < oo at Theorem
4.13, we have the following result.

Corollary 4.15 Let0 < 8 < 1,0 <a <n O<a+pB <nbe LIIOC(R"), b bea
locally integrable non-negative function, 1 < p < q < oo and % — ql = # Then
the following statements are equivalent:

1. be Ag@R™).

2. [b, My] is bounded from LP (R") to L9(R").

3. There exists a constant C > 0 such that

! ( ! / b(x) — |BI™/" My p(b)(x)|7d )w <C
sup ——— | — X) — B X X <cC.
s |BIF/" \|B| Jp “

Remark 4.16 For o = 0, Corollary 4.15 was proved in [15].

Remark 4.17 From the proof of Theorem 4.13 one can see that the assumption » > 01is
not used in (2) = (3) and (3) = (1). This means (2) and (3) are sufficient conditions
for b € Ag(R"). But we don’t know if (2) and (3) are necessary for b € Ag(R").

Indeed, we have obtained the following result.

Corollary4.18 Letr 0 < B < 1,0 <a <n, 0 < o+ B < nand b be a locally
integrable function. Suppose that ®, W be Young functions, ® € YNVo and ¥~ (1) =
o1 (t)t*#. If one of the following statements is true, then b € Aﬂ (R™):

1. [b, My] is bounded from L®(R") to LY (R™).

2. There exists a constant C > 0 such that

sup |BI7P"w= (1B 1b() = Bl My, g(B) ()l Lo () < C-

Theorem 4.19 Let b > 0 be a locally integrable function, 0 < B < 1,0 < o < n,
0<a+pB <nandb e Ag(R"). Suppose that ®, ¥ be Young functions, ® € Y and
condition (4.1) holds. Then [b, My] is bounded from L® (R") to W LY (R").

Proof Obviously, it follows from (4.4) and Theorem 4.9. O

If we take ®(r) =t” and W (¢) =17 with1 < p < ooand 1 < g < oo at Theorem
4.19, we have the following result.

Corollary 4.20 Let b.2 0 be a locally integrable function, 0 < B < 1,0 < a < n,
O<a+ﬁ<n,beAlg(R"),1§p<q§ooand%—ql=°‘nﬁ.Then[b,Ma]is
bounded from LP (R") to W L4 (R").

Remark 4.21 For o = 0, Corollary 4.20 was proved in [15].
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