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Abstract

Let L =-Ap, +V be a Schrédinger operator on the Heisenberg group H,,, where the
nonnegative potential V belongs to the reverse Holder class RH,, for some g; > Q/2,
and Q is the homogeneous dimension of Hi,,. Let b belong to a new Campanato
space Aﬁ(p), and let I/L3 be the fractional integral operator associated with L. In this
paper, we study the boundedness of the commutators [b,IE] with b e A%(p) on
central generalized Morrey spaces LM%(HN), generalized Morrey spaces /\/I%(Hn),
and vanishing generalized Morrey spaces \/M%(Hn) associated with Schrodinger
operator, respectively. When b belongs to Ag(p) with8 >0,0<v < 1and (¢, 92)
satisfies some conditions, we show that the commutator operator [b,I/g] is bounded
from LMZ{;‘,{] (H,) to U\/lg"'(/f2 (H,), from Mg% (H,) to /\/I‘q)‘l'(‘,f2 (H,,), and from \/M%w H,) to
\/M%z (H,), 1/p-1/g= (B + v)/Q.

MSC: 22E30; 35J10; 42B35; 47H50

Keywords: Schrodinger operator; Heisenberg group; Central generalized Morrey
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1 Introduction
Heisenberg groups, in discrete and continuous versions, appear in many parts of mathe-
matics, including Fourier analysis, several complex variables, geometry, and topology. We
state some basic results about the Heisenberg group. More detailed information can be
found in [5, 12, 13] and the references therein.

Let us consider the Schrodinger operator on Heisenberg group H,

L=-Ag,+V onH,n>3,

where V # 0 is nonnegative and belongs to the reverse Holder class RH,, for some g > Q/2,
that is, there exists a constant C > 0 such that the reverse Holder inequality

1 1/q
_ Vi(h) dh) <
<|B(gr 7’)| B(g,r) |B(gr }")| B(g,r)
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holds for every g € Hl, and 0 < r < 0o, where B(g,r) denotes the ball centered at g with
radius r.

We also say that a nonnegative function V' € RH, if there exists a constant C > 0 such
that

sup V(h) <

V(h) dh
heB(g,r) [B(g,7)| JBen

forallg e H, and 0 < r < 0.

In particular, if V' is a nonnegative polynomial, then V € RH.

We define the auxiliary function 0 < p(g) < oo for a given potential V € RH, with g >
Q/2:

1
p(g) = sup{r: o) /B(g’r) V(h)dh < 1}

r>0

for g € H,, (for example, see [36]).
Let 6 >0 and 0 < v < 1. In view of [24, 26], the Campanato class associated with the
Schrédinger operator A%(p) consists of locally integrable functions b such that

1 r\?
_ b(h) — bg| dh — .
|B(g, r)|1+/Q /B(g,r>| (k) - bs| dh < C<1 ’ P(g)) (12

for all g € H, and r > 0, where bg is the mean integral of b in the ball B(g, r). A seminorm
of b € A%(H,, p), denoted by [b](é, is given as the infimum of the constants in inequality
(1.2).

Note that if 6 = 0, then AY(H,, p) is the classical Campanato space; if v = 0, then
A%(H,, p) is the space BMOy(H,,, p) introduced in [3]; see also [25].

For brevity, we further use the notations

r o
Q[g:;(f;g; r) = (1 + p—@) V_Q/P(p(g, r.)—l Hf”Lp(B(gyr))

and

o
r _ _
Qlf.fgﬁ"v(f;g,r) = (1 + —) (g, 1) I e eny-

r@)

We give the definition of central (local) and global generalized Morrey spaces (including
weak version) associated with the Schrodinger operator; it was introduced by the first
author in [18] in the Euclidean setting (see also [1, 3, 39]).

Definition 1.1 Let ¢(r) be a positive measurable function on (0,00),1 < p < 00, > 0,and
V € RH,, g > 1. We denote by Mz;(/‘,’ = M;‘;X (H,,) and LMZ,'(/‘J/ = LM;‘:;/ (H,,) the generalized
Morrey space and the central generalized Morrey space associated with the Schrodinger

)4

operator, the spaces of all functions f € L (H,,) with finite quasinorms

Ifll v = sup ﬁ;:;/(f;g, r) and |fll, e = sule;:;/(f; er),
PY geHy,,r>0 pe >0

respectively. Here e is the identity element in H,,.
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Also, by WMZ,'(/‘)/ = WMZ,'(/‘,/ (H,,) and LWMZ;())/ = LWM;:; (H,,) we denote the weak gen-
eralized Morrey space and central weak generalized Morrey space associated with the
Schrédinger operator, the spaces of all functions f € WL (H,,) with

loc

W,V
|[f||WM;,;;/ = Eﬂup leq)’; (f;g,r)<oo and
’ gety,r>

W,V r,
I llswaggy = sup Apy (fre1) <00,

respectively.

Remark 1.1
(i) When o =0 and ¢(r) = r®-Q'p, M;‘"(X(R”) is the classical Morrey space M,, , (R")

introduced by Morrey [28], and LM;‘:;/ (IR") is the central Morrey space LM, (R")
studied by Alvarez et al. [2] in the Euclidean setting.

(i) When ¢(r) = r®-Q, Mg,'q‘]/ (R") is the Morrey space associated with Schrédinger
operator M;‘AV (R") studied by Tang and Dong in [39] on the Euclidean setting.

(iii) When a =0, M;‘:X (H.,) is the generalized Morrey space M,,,(H,) studied by
Guliyev et al. [20], and LM;,'(/‘;/ (H,) is the central generalized Morrey space
LM, ,(H,) studied by first author in [14]; see also [10, 15, 17, 19, 21, 23, 34, 35].

(iv) M;‘:X (R") and LM;‘:X (R™) are the generalized Morrey space and the central
generalized Morrey space associated with the Schrédinger operator, respectively,
studied by first author in [18] in the Euclidean setting; see also [1].

Definition 1.2 The vanishing generalized Morrey space VM;‘:X (H.,,) associated with the
Schrédinger operator is defined as the space of functions f € M;‘;;’ (H,) such that

- o, Vg, _
l1r% sup A} (f;g,r)=0. (1.3)

r—>04cH,

The vanishing weak generalized Morrey space VWM;‘;X (H,) associated with the
Schrodinger operator is defined as the space of functions f € WM;‘:X (H,) such that

lim sup le,;""v(f;g, r)=0.

r_)ogEIHI

The classical Morrey spaces M, (R") were introduced by Morrey in [28] to study the
local behavior of solutions to second-order elliptic partial differential equations. For the
properties and applications of classical Morrey spaces, we refer the readers to [7, 9, 11, 28,
31]. The generalized Morrey spaces are defined with r* replaced by a general nonnegative
function ¢(r) satisfying some assumptions (see, for example, [16, 20, 27, 29, 37], etc.).

In the case a = 0, p(x,r) = r>=P VMZ‘,’(X (R”) is the vanishing Morrey space VM, in-
troduced in [40], where applications to PDE were considered.

We refer to [1, 8, 22, 32, 33] for some properties of vanishing generalized Morrey spaces.

Definition 1.3 Let L = —Ag,, + V with V' € RH,. The fractional integral associated with
L is defined by

Tif @ =L""f () = /0 et dr
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for 0 < B < Q. The commutator of Ié is defined by

[6,Z5]f (g) = blg)ZEf (&) - T5(Bf)(g).

Note that, if L = —Ap, is the sub-Laplacian on H,,, then IfL; and [b,Ié] are the Riesz
potential /g and the commutator of the Riesz potential [, 4], respectively, that is,

h b(g) - b(h
wo- [ i - [ SEan

When b € BMO, Chanillo proved in [6] that [b,]g] is bounded from L,(R") to L,(R")
with 1/g = 1/p — B/n, 1 < p < n/B. When b belongs to the Campanato space A,,0<v <1,
Paluszynski [30] showed that [b, Ig] is bounded from L, (R”) to L,(IR") with 1/qg = 1/p— (8 +
v)/n, 1 <p<n/(B+v). When b € BMOy(p), Bui [4] obtained the boundedness of [b,Ié]
from L,(R") to L,(R") with 1/g=1/p— B/n, 1 <p < nlp.

Inspired by the results mentioned, we are interested in the boundedness of [b,Ig] on
the generalized Morrey spaces M;"V

P

VM;;;/ (H,,) when b belongs to the new Campanato class A%(p).

In this paper, we consider the boundedness of the commutator of Ié on the central

(H,) and the vanishing generalized Morrey spaces

generalized Morrey spaces LMZ}’X (H,), the generalized Morrey spaces MZ}';/ (H,), and the
vanishing generalized Morrey spaces VM;;;’ (H,,). When b belongs to the new Campanato
space AJ(p), 0 < v <1, we show that [b, Z}] are bounded from LM (H,,) to LM} (H,),
from M%) (H,) to Mg (H,), and from VM%) (H,) to VM%) (H,) with 1/g = 1/p — (B +

V)/Q,1<p<Q/(B+V).

Our main results are as follows.

Theorem 1.1 Letxo € H,,, b e A%(p), V € RH, ,q1>Q/2,0<v<1,a>0,1<p<Q/(B+

V), 1/g=1/p— (B +Vv)/Q, and let 1, ¢ € SZ;,’ZZC satisfy the condition

— < CQ¢2(g0, I"), (14)

Q
* essinfy o0 01(g0,5)s7 di
2 t
r t q

where ¢y does not depend on gy and r. Then the operator [b,IfL;] is bounded from M;‘"Xl (HL,,)

to Mg,y (H,) for p > 1 and from M‘fq‘)/l (H,) to WM*",  (H,,). Moreover, for p > 1,
’ ’ 2

106, Z5)f e =< CIBLI Ny

and forp =1,

52 iy, < CION e
Th 2 '

where C does not depend on f .
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Corollary 1.1 Let b € A%(p), V € RH, , q1>Q/2,0<v<1l,a>0,1<p<Q/(f+V),
1/q=1/p— (B +Vv)/Q and let g, € Y, ¢y € Q¥ satisfy the condition

Q
*° essinf, ,8)s? dt
f infyese00 1(8,5)8 % or(er) (L5)
.

Q
ta
where ¢y does not depend on x and r. Then the operator [b, Iﬁ] is bounded from M*Y (H,,)

p1
to M‘;%(Hy,)forp > 1 and from M‘f(/‘)/l (H,,) to WM"“‘{2 (H,,). Moreover, for p > 1,
g : om )

118, Z5)f gz, < ClBloNf Ny

and forp =1,

” [b'Iélf” WMO&W = C”f”M‘f;le'
Q-p-v'72

where C does not depend on f.

Theorem 1.2 Let b € A%p), V€ RH,,, q1 >Q/2,0<v<1,a>0be Al(p), 1<p<

Q/(B+v),1/lg=1/p— (B +V)/Q, and let ¢, € QZ”Y, @ € QZIV satisfy the conditions

o0 dt
cs :=/ sup ¢1(g, ) — <00
s geH, t

for every § >0 and

/ p1(g,t) _dr_ < Copa(g,7), (1.6)

t1-B-v
where Cy does not depend on g € H,, and r > 0. Then the operator [b,Ié] is bounded from
VM) (H,) to VM) (H,,) for p > 1 and from VM, (H,) to VWM”;'Y%VW (H,).
Remark 1.2 Note that Theorems 1.1 and 1.2 and Corollary 1.1 were proved in [19, Theo-
rems 1.1, 1.2; Corollary 1.1] in the Euclidean setting.

In this paper, we use the symbol A < B to indicate that there exists a universal positive
constant C, independent of all important parameters, such that A < CB.

2 Some preliminaries
Let H, be a Heisenberg group of dimension 2# + 1, that is, a nilpotent Lie group with
underlying manifold R?” x R. The group structure is given by

n
(%, t)(y,8) = (x +y,t+s+2 Z(x,,ﬂ'y,» - x,»y,,ﬂ»)).

j=1
The Lie algebra of left-invariant vector fields on H, is spanned by

d ad ad ad d
X2n+1:_, )(j:—+2x

— i=— —2x—, Jj=1,...,m.
ot 896] g at " ax;ﬁj lat /
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The nontrivial commutation relations are given by [Xj, X,,,;] = -4Xy,,1,j = 1,...,n. The
sub-Laplacian Ay, is defined by Ay, = leznl ij. The Haar measure on Hj, is simply the
Lebesgue measure on R?" x R. The measure of any measurable set E C H, is denoted by

|E|. The homogeneous norm on Hj, is defined by
1
lgl = (Ix[* +1£1°)*,  g=(x1) € H,,

which leads to the left-invariant distance d(g, &) = |g~*k| on H,,. The dilations on H,, have
the form §,(x,t) = (rx,7%t), r > 0. The Haar measure on this group coincides with the
Lebesgue measure dx = dx; ...dx,, dt. The identity element in H, is e = 0 € R?**1, whereas
the element g~! inverse to g = (x, £) is (—x, —¢).

The ball of radius r and centered at g is B(g,r) = {h € H, : |g"' k| < r}. Note that |B(g, )| =
rQ|B(0,1)|, where Q = 27 + 2 is the homogeneous dimension of H,. If B = B(g, r), then AB
denotes B(g, Ar) for A > 0. Clearly, we have |AB| = A2|B|.

For background on the analysis on the Heisenberg groups, we refer the reader to [13,
38].

We would like to recall the important properties concerning the critical function.

Lemma 2.1 ([24]) Let V € RHy,. For the associated function p, there exist C and ko > 1
such that

|hg|
o(g)

g\
) 2.1)

—ko
) fp(h)§Cp(g)(l+ -

Cl,o(g)<1 +
forallg,h e H,,.

Lemma 2.2 ([1]) Suppose g € B(go,r). Then, for k € N, we have

1 < 1
25 \N Y 2k \N/(ko+1)
@+ 2! @ )™

The BMO space BMOy(H,, p) associated with the Schrodinger operator with 6 > 0 is
defined as the set of all locally integrable functions b such that

1

0
r
— b(h)—b dh§C<1+—>
1B(g, 7| B(g,,)| 5|

p(g)

for all g € H,, and r > 0, where bp = ﬁ fB b(h) dh (see [3]). The norm for b € BMOy(H,,, p),
denoted by [b]y, is given by the infimum of the constants in the inequality above. Clearly,
BMO(H,,) C BMOy(H,, p).

Let 0 >0and 0 < v < 1. The seminorm on Campanato class A%(p) is

1
[b]%:= sup BT fB(g'r) o0~ bul <00
Y geH,,,r>0 1+ pL(g))@
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The Lipschitz space associated with the Schrodinger operator (see [26]) consists of the
functions f satisfying

- F@) —f(B)
Li T - _
Py (e) geHnr>0 |h-1g|v(1 + l};éfl + l};(zggl )?

It is easy to see that this space is exactly the Lipschitz space when 6 = 0.

Note that if 6 = 0 in (1.2), then A%(p) is the classical Campanato space; if v = 0, then
A%(p) is the space BMOy(p); and if § = 0 and v = 0, then it is the John—Nirenberg space
BMO.

The following embedding between Lipf(,o) and AY%(p) was proved in [26, Theorem 5].

Lemma 2.3 ([26]) Let 6 >0 and 0 < v < 1. Then we have the following embedding:
. k
Af(p) S Lipf(p) € ALY (p),
where k is the constant appearing in Lemma 2.1.

We give some inequalities about the Campanato space associated with Schrodinger op-
erator A%(p).

Lemma 2.4 ([26]) Let 6 >0and 1 <s<oo.Ifb € A(p), then there exists a constant C >0
such that

1 1/s ’ o’
— | |b(h) - bg|° dh blor —
(|B|/B‘() d ) = Clblr (“p(g))

forall B=B(g,r)withg e H, andr > 0,where 8’ = (ko+1)0, and kg is the constant appearing
in (2.1).

Let Kj be the kernel of Ié. The following result gives an estimate of the kernel Kg(g, y).

Lemma 2.5 ([4]) If V € RHy,, then, for every N, there exists a constant C such that

C 1

. (2.2)
lilgl\N |l1g| QP
+ 20 W hg]

[Kp(g.9)| <
1

Finally, we recall a relationship between essential supremum and essential infimum.

Lemma 2.6 ([41]) Let f be a real-valued nonnegative measurable function on E. Then

-1 1
essinf )) =esssup —.
(essintr (@)~ =esssup 705
Lemma 2.7 Let ¢ be a positive measurable function on (0,00), 1 < p < 00, @ > 0, and
VeRH, qg>1.1If

SIS

(1 r )a r f £50 (2.3)
Sup + — — =0 or somet >0, .
t<r<oo ple)) o(r)

then LMZ‘;X (H,) = ©, where © is the set of all functions equivalent to 0 on H,.
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Lemma 2.8 ([1]) Let ¢ be a positive measurable function on (0,00), 1 < p <00, > 0, and

V €RHy; g > 1.
UM
-
r
sup <1 + —) =00 forsomet>0and forallg e H,, (2.4)
t<r<oo ,O(g)
then Ml‘jy’(/‘;/ (H,) =0
(i) Zf
sup (1 + @) @(r)™ =00 forsomet >0 and forall g € H,, (2.5)
O<r<t
then Mz”; (H,) =

Remark 2.1 We denote by Q° 1‘;
such that, for all £ > 0,

(5)
ple)) o(r)

Moreover, we denote by QZ'V (see [1]) the sets of all positive measurable functions ¢ on
Q
p

(0, 00) such that, for all £ > 0,
r \“r *
1+ — 1+ — | o)™
< p(g)> (r) ( p(g))
For the nontriviality of the spaces LMy, V(H ) and My V(]HI ), we always assume that ¢ €

QZ IZC, pe Q;"V, respectively.

the sets of all positive measurable functions ¢ on (0, 00)

< Q.

Lo (t,00)

< oQ.
Loo(0,8)

sup
gety

<oo and sup
Loo(t,00) gety

Remark 2.2 'We denote by Q“ the set of all positive measurable functions ¢ on H, x
(0, 00) such that

-
inf inf — y .
glell%ﬂy, inf (1+ (g)) ¢(g,r)>0 forsomed >0 (2.6)

and

(5) &

lim(1+— =

r—0 r@/) egr)

For the nontriviality of the space VM;‘,’V‘J/ (H,,), we always assume that ¢ € Qzlv .

3 Proof of Theorem 1.1
We first prove the following conclusions.

Lemma 3.1 Let0<v<1,0< B +v<Q,andbe A(p), then the following pointwise esti-
mate holds:

(6. Z5)f @) < 1) 15 (I ) ©)-
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Proof Note that

[6,75)1(@) = b@)TH @) - THN@ = [ [60) - b, )y

n

If b € A%p), then from Lemma 2.5 we have

b7t @] < [ 1660~ b0 |Knte,m I

S [ el 1Kot o] | dy = B, (1) 0. -
From Lemma 3.1 we get the following:

Corollary 3.1 Suppose V € RH,, with q1 > Q/2 and b € A(p) with 0 <v < 1. Let 0 <

B+v<Q,andletl <p<q<ocosatisfyl/q=1/p— (B +v)/Q. Then, for all f in L,(H,), we
have

I[&:Z5 )., S W,

when p > 1 and

L
16, Z5 ) |, < 1y
when p = 1.
To prove Theorem 1.1, we need the following new result.

Theorem 3.1 Suppose V € RH,, with q, > Q/2,b € Af(p),0>0,0<v<1. Let0<B+v <
Q,andlet1 <p<qg<oosatisfyl/g=1/p— (B +v)/Q. Then

Q [ IfllL, B dt
10250 L & Voo 0D 5% [ 22
q

forallf € I? (H,). Moreover, forp =1,

loc

5 [T WLy dt
1% | P T ()| P =

Q-p-v Q-p-v

forallf e LL (H,).

loc

Proof For arbitrary gy € H,, set B = B(go, r) and AB = B(gy, Ar) for any A > 0. We write f as

f =fi +fo, where fi(h) = f () xB(g,2r) (1), and. xg(g,,2r) denotes the characteristic function of
B(go,2r). Then

I [b,IﬂfHLq(B(go,r)) N H[ﬁ+v(lf|)||Lq(B(gg,r))

< MpofillL, oy + MprufallLyBigon-
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Sincef; € L,(H,), from the boundedness of I5., from L,(H,) to L,(H,) (see [38]) it follows
that

g +ufi Ly B0 S I Nl Bieo2r)

(3.1)

Q % dt Q (W llz, B dt
Sri ”f||Lp(B(g0v2l”))/ 2 <”/ —3 s
2r

Q41 7

Q
2r  taq ta

To estimate ||Zg.,,f3|1,(8(g,1), ObVerse that g € Band & € (2B)° imply |i™'g| ~ |~ g|. Then
by (2.2) we have

sup|lgfa(9)| S / VO < i 2kt yy P |f ()| dh.
geB @By | 1go|QF~ o ok+1p

By Holder’s inequality we get

oY) Q ok+1,
1-<Q
sup‘l,swfz ‘ Z'UC”L 2I<+13 2k+l ) pﬂS/ dt
geB o1 2ky
< > /‘ r I lL,( B(got ) dt /"Q f Il Bgotn dt (32)
~ 2k t ~ 2r 2 ¢ ’ )
k=1 t”l ta
Then
Wz, B0 dt
Mg osfille ey < 7 / V0o (33)
2r tq t
for 1 < p < Q/B. Therefore by (3.1) and (3.3) we get
Q [ IfllL, B dt
|26 (FD 1, (B(go,r))srq/ 3 —— (34)
q 2w tg t
for1<p<Q/B.
When p = 1, by the boundedness of Iz, from L;(H,) to WL_o (H,) we get
Th
_ f N2y Bgoty) @t
e T R
Q-p-v 2r
By (3.3) we have
g [ WLy dt
Usehilve o e < Msnhile o o SrEP f Wy oy 2
[oma TH a0 ¢
Then
[o¢]
Q- N2y B0 4t
“IﬂW(W)H WL g  (B(gos) ,Sr V/Zr Qp-v  p° O

Q@pv
Proof of Theorem 1.1 From Lemma 2.6 we have

1 1
= esssup

. Q Q
€SS 1nft<s<oo 1 (g: S)sp tes<oo 1 (gr S)Sp
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Since |[f llL,(B(g.) is @ nondecreasing function of ¢ and f € M} (/‘7/1 (H,), we have

(1 + p(go))a”f”Lp 0:t)) < esssu (1 + p(go )a”f”Lp(B(go "
Q
€8S 1nft<s<<>o 1 (go, S P t<s<oo 01 (go,
< 1+ m)a”.f”LP(B(go,S
~ Sup Q |Lf”Mg‘X1
0<s<00 ) (go’ S)S 7

Since o > 0 and (g1, ¢7) satisfies condition (1.5), we have

© NNl B0 dt
Ty

2r ta
Q
p

_/ (1+,,(g0 WLy Bleo.t) ess infycsens ©1(g0,S)s
2r

dt
jrd t

. Q
€ss 1nft<s<oo (01(g0,S)S” (1 + ﬂ(f!o)

Q
/"o ess inf; g0 01(go, S)s? dt
2r

< ”.f”M“V . Q t
(1 + m)at‘l

P91

Q
p

S ”f” ov |1+ . T [Fess inf;esco0 ¢1(g0; s)s ﬂ
~ Mpin p(g()) r g L

£q

|lf||MaV (1 + P )>_a<ﬂ2(goﬂ’)-

Then by Theorem 3.1 we get

16 ZEV Ly, S Mo (D) iy

qtﬂz

a
r
S sup (1 + @) @2(g0’r)71r7Q/q||Iﬂ+V(lf|) ||Lp(B(g0,r))

go€H,,r>0

< sup (1 s >¢2(go,r) / ”f”LpB(gOt a

go€H,,r>0 t

<
~ |[f|| Mﬁ:v‘ﬁ‘
Letq =57~ /3 . Similarly to estimates (3.5), we have

N Ly By dt -
/2‘ W_<|V||M“V L+ —— (g) ¢2(g0, 7).

7

Thus by Theorem 3.1 we get

12 Z5) e,

Qﬂuwz
< VU,
mr‘PZ
< 14— algo o e (1))
NEOESH:I]EDO +10(g0) pe T o lf WL%(B(@”))

Page 11 of 14

(3.5)
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r\" Nz By dt
S sup (1 + ) ogor)yt [ Ve &
go€H,,r>0 ,O(g()) 2r tQ_ﬂ_U t
< V. 0
~ ||f|| M«f(;/l
4 Proof of Theorem 1.2
We derive the statement from estimate (3.4). The estimation of the norm of the operator,

that is, the boundedness in the nonvanishing space, immediately follows by Theorem 1.1.
So we only have to prove that

fim sup 2, (fige) =0 = ling sup 2, ([, Tgfgr) = 0 (4.1)
and

: o,V r, _ : W,a,V L ¢, _

}1_1)1(1):611]1}13 A7, (f;87)=0 = }gl(l)gselg) A G p)rn ([b,l'ﬂ]f,g, r) =0. (4.2)

To show that sup,g, (1 + 55)¢2(g, )P b, Ty f ||y < € for small r, we split
the right-hand side of (3.4):

(1 + pL(g)> 02(g,1) [ b, I§V||Lq<3(g,r» < ClIs (g 7) + 5@ 1], (4.3)

where 8y > 0 (we may take § > 1), and

(L+-5)% o o
© -5-1
Ly(gr):=—22— | 497 fllL, @ dt
O(g ¢2(g, 7") . lf Lp( (gt))
and
I+ 55)" [ o
© !
Js0(g57) 224,)/ £ f Iz, @) 4t
0 (/)Z(gr V) 5 p(B(g.t))

and we suppose that r < §o. We use the fact that f € VMZ,% (H,) and choose any fixed §o > 0
such that

t\"” 1
sup ( 1+ —> 0@ P |y ey <
gEH,,( p(g) (g 17( )

3

2CCy’

where C and Cj are constants from (1.6) and (4.3). This allows us to estimate the first term
uniformly in r € (0, §y):

sup Cly,(g,7) < E, 0<r<dp.
g<Hy, 2

The estimation of the second term now can be made by the choice of r sufficiently small.
Indeed, thanks to condition (2.6), we have

r o

1+ 5
]50 (g’ r) S Cﬂ() - N ”f” VMZ:‘Xl )

(01(3»1”)
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where ¢, is the constant from (1.3). Then, by (2.6) it suffices to choose r small enough

such that
_r )
(1 + p(g)) I
sup =< )
xern 92(g7) 2¢4 ”f”VMZ,%

which completes the proof of (4.1).
The proof of (4.2) is similar to that of (4.1).

5 Conclusions

In this paper, we study the boundedness of the commutators [, Ié] with b € A%(p) on the
central generalized Morrey spaces LM;‘;X (H,,), generalized Morrey spaces M;‘,’;/ (H,), and
vanishing generalized Morrey spaces VM;‘,’X (H,,) associated with the Schrédinger opera-
tor. When b belongs to A%(p) with 6 >0, 0 < v < 1 and (g1, ¢») satisfies some conditions,
we show that the commutator operator [b, Z5] is bounded from LM (H,,) to LM, (H,,),

P91 92

o,V o,V o,V o,V _
from My, (H,) to Mg, (H,), and from VM. (H,) to VMg, (H,), 1/p - 1/q = (B +v)/Q.

Our result about the boundedness of [b,Zg] with b € A%(p) from LM%} (H,) to
LM;‘,’(XZ (H,,) (Theorem 1.1) is based on the local estimate for the commutators [b, Ig] (The-
orem 3.1).
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