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1. Introduction

We study in generalized local Morrey spaces LMpg’;g7 (R™) and generalized Morrey spaces MP#(R™)
the boundedness of Hardy-Littlewood maximal operator in terms of Sharp Maximal Function and, as
consequence, the boundedness of Commutators of the type

[a7K](f) = a(va) - K(a,f),

where K is a Calderéon-Zygmund singular integral operator, f is in a Generalized Local Morrey Space
LMp:;f}(R”) and the function a belongs to the Bounded Mean Oscillation class (B.M.O.) at first defined by
John—Nirenberg.

The Generalized Morrey Spaces MP¢(R™) are obtained by replacing in the classical Morrey Space
MPA(R™), r* by a function .
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The classical Morrey spaces were introduced by Morrey [19] to study the local behavior of solutions to
second order elliptic partial differential equations (see e.g. [17,22]). For the properties and applications of
classical Morrey spaces, we refer the readers to [8,9,14,19]. Mizuhara [18] and Nakai [21] introduced gener-
alized Morrey spaces. Later, Guliyev [14] defined the generalized Morrey spaces MP¥(R™) with normalized
norm.

We point out that ¢ is a measurable non-negative function and no monotonicity type condition is imposed
on it. Commutators in Generalized Morrey Spaces have not been studied up to now and this paper seems
to be the first in this direction.

We observe that in this paper we extend results contained in [7], basic tool in the subsequent study of
regularity results of solutions of partial differential equations of elliptic and parabolic type and systems (see
e.g. [8,6,23,24] and others). Also, Corollary 4.3 can be viewed as a generalization of a well known inequality
by Fefferman and Stein, see [10] p. 153, and Theorem 4.5, is true under more general hypotheses that can be
found in literature, see [28] pp. 417-418. Aim of the authors is to continue the study of this kind of operators
and apply the new results contained in the present paper to partial differential equations of different type.

2. Definitions and useful tools

We set, throughout the paper,
B(z,r)={yeR": |z —y| <r}

a generic ball in R™ centered at x with radius r.
We find it convenient to define the generalized Morrey spaces in the following form.

Definition 2.1. Let ¢(x,r) be a positive measurable function on R™ x (0,00) and 1 < p < co. We denote
by MP¥ = MP¥(R"™) the generalized Morrey space, the space of all functions f € LP (R") with finite

loc
quasinorm

_ _1
[ fllaeme = sup  o(z, )" B, m)| "7 | fllLr(B@.r)-
zER™ r>0

Also by WMP¥ = WMP?(R"™) we denote the weak generalized Morrey space of all functions f €
W LPloc(R™) for which

— _1
Ifllwaree = sup  o(z, )7 B2, r)|"7 | fllwer ) < o0
z€R™ r>0

where WLP(B(x,r)) denotes the weak LP-space consisting of all measurable functions f for which
HfHWLP(B(:L’,r)) = ||fXB(a:,r)HWLP(R") < Q.

According to this definition we recover, for 0 < A\ < n, the Morrey space MP* and weak Morrey space
A-n

W MP* under the choice p(x,7) =77 :

MPA = MP# Aen WMP> = W MP¥ -
p(z,r)=r 7 plar)=r 7

The vanishing Morrey space V LP*(R™) in its classical version is introduced in [29], where applications
to PDE were considered. We also refer to [5,27] for some properties of such spaces.

We are ready to give the following definition of Vanishing generalized Morrey spaces, inspired by the
classical one of Vanishing Morrey spaces given by Vitanza and deeply treated in [29] and [30].
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Definition 2.2 (Vanishing generalized Morrey space). The vanishing generalized Morrey space V MP-#(R"™)
is defined as the space of functions f € MP¥(R™) such that

. _ 1
lim sup o(z,r) 1 |B(z,7)|"7 | fllLe(B(z,r)) = O-

r—0 TER™

Definition 2.3 (Vanishing weak generalized Morrey space). The vanishing weak generalized Morrey space
VW MP#(R"™) is defined as the space of functions f € WMP#(R"™) such that

. - 1
lim sup @(z,7) " [B(z,r)|"7 [|fllwLe B =0-

r—0 TER™

Everywhere in the sequel we assume that

1

—— =0 2.1
0 inf,ern @(z,7) 21)

and

1
sup ——— < 00, 2.2
0<r<oo lnszR" QO(:L'? T) ( )

which makes the spaces VMP#(R"™) and VW MP#(R™) non-trivial, because bounded functions with compact
support belong then to this space.
The spaces VMP¥(R™) and WV MP¥(R™) are Banach spaces with respect to the norm

— _1
[ lvarre = [ fllare = sup oz, r) 7 B, r) 77 || fllze (B,
z€R™ r>0

_ _1
Iflvwarre = 1 fllware = sup (@, 7) " Bz, r)|77 || fllw e (B,
z€R™ r>0

respectively.
We will also use the notation

- 1
MPE(fra,r) = o, )" B, )7 | flle s

and

_ _1
mg[,/@(f;x’r) = (z,7) ! |B(z, )| » HfHWLP(B(x,r))

for brevity, so that

VMP#(RY) = {f € MP#(R™) : lim sup MP?(f;z,r) = 0}

r—0 zcRn

and similarly for VW MP-#(R"™).
Besides the modular 9P (f; x,r) we also use its least non-decreasing dominant

MP#(f;2,7) = sup MP(fr,1), (2.3)

o<t<r

which may be equivalently used in the definition of the vanishing spaces, since

lim sup MP?(f;z,r) =0 < lim sup g)Jv?p"”(f;x,r) =0.

r—=0 zcRrn r—=0 zcRrn
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Let us consider, for f € L} (R"), the Hardy Littlewood Maximal Operator M as

loc

1
— _— d
M f (x) BS(I;B) B |B(/) | f(y)|dy,

where B(x,r) is the ball centered at x of radius r (see [26], pp. 8-9).

Remark 2.4. We observe that the properties stated for M hold for the larger “uncentred” maximal function
M f defined by

N f(z) = sup‘;ﬁ/my)\dy,

zeB

where the supremum is taken, not just over all balls B centered in x but to all balls B containing x.
It is true because, for every x, we can write

(M f)(z) < (M[)(x)
and also exists a constant ¢ greater than 1 such that

(Mf)(x) < (M f)(x).
For these observations see [26] p. 13 (also [28] p. 80).

Two variants of Hardy—Littlewood Maximal function M, are the following Sharp Maxzimal Function
# 1
(@) = sup — [ | f(y) — fsldy,
B

where the supremum is taken over the balls B containing z (see [26], p. 146) and the Fractional Mazimal
Function M, f used, for instance, by Muchkenhoupt and Wheeden in their relevant results contained in [20]:

1
M, f (&) = zggWB/f@Mdy,

where f € L}OC(R"), 0 <n <1 and the supremum is taken over the balls B containing x.
Let K be a Calderén—Zygmund singular integral operator (see e.g. [22]). Useful in the sequel is the
following Commutator between the operator K and the multiplication operator by a locally integrable

function a on R":

o, K](f) 2 = a(2) (K f)(z) — K (a f)(2),

for suitable functions f. Later, is useful to consider the function a in the space BMO of Bounded Mean
Oscillation functions (see [16]).

Lemma 2.5. (See [7], Lemma 1.) Let K be a Calderén—-Zygmund singular integral operator, 1 < ¢ < s <
p < 400, 0< A< nanda € BMO(R").
Then there exists a constant ¢ > 0 independent of a and f such that

(Lo KO @) < ellal. {(Mps) @) + (M11°) " @)

for a.a. € R"™ and every f € MPA(R™).
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The proof of this Lemma is similar to that one contained in [28], pp. 418-419, due to J.-O. Stromberg,
it could be generalized for a function f € MP#?(R™).

In the sequel we need the following supremal inequalities.

Let v be a weight. We denote by L$°(0, 00) the space of all functions g(t), ¢ > 0 with finite norm

191l oo (0,00) = sUp v(t)|g(t)|
>0

and L(0,00) = L$°(0,00). Let (0, 00) be the set of all Lebesgue-measurable functions on (0, 00) and
9T (0, 00) its subset of all nonnegative functions on (0, c0). We denote by (0, oo;1) the cone of all functions
in 97 (0, 00) which are non-decreasing on (0, c0) and

A= {<p € M (0,00;1) : tli%1+¢(t) = O} .

Let u be a continuous and non-negative function on (0,00). We define the supremal operator S, on g €
(0, 00) by

(Sug)(t) == llugllL (o), t € (0,00).
The following theorem was proved in [4].

Theorem 2.6. Let v1, va be non-negative measurable functions satisfying 0 < [|vi||r_(t,00) < 00 for any
t > 0 and let u be a continuous non-negative function on (0,00). Then the operator S, is bounded from
Loo v,(0,00) t0 Lo u,(0,00) on the cone A if and only if

ral -1
[oa5u (lallzt o), oy < (2.4)
3. Generalized local Morrey spaces and vanishing generalized local Morrey spaces

Definition 3.1. Let ¢(z, ) be a positive measurable function on R™ x (0,00) and 1 < p < oo. We denote by
LMP¥ = LMP%(R") the local generalized Morrey space, the space of all functions f € LY (R™) with finite

loc
quasinorm

_ 1
1 llzarre = sup (0, ) HBO, )7 1l (B0

Also by WLMP¥ = WLMP¥(R"™) we denote the weak generalized Morrey space of all functions f €
WL (R™) for which

1
Ifllwrarre = St;gso(O,r)’l [BQO, )7 [ fllw e (B0,r) < 00

Definition 3.2. Let ¢(x,r) be a positive measurable function on R™ x (0,00) and 1 < p < co. For any fixed
o € R™ we denote by LM fa;f} =LM f;f}(R") the local generalized Morrey space, the space of all functions
f € Lt (R™) with finite quasinorm

loc

||f||LMf;;} = [l f(xo + )|l Larre.

Also by WLMf;s} = WLM@‘S}(R") we denote the weak generalized Morrey space of all functions f €
WL (R™) for which
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I lwiagzs, = 1F(@o+ Yllwzamse < oo,

According to this definition we recover, for 0 < A < n, the local Morrey space LM f:;’;} and weak local

A—n

Morrey space WLM?I’?:} under the choice p(zg,r) =r

DA Dy PA Dy
EMpgy = IMpy | oy se WEMpgy = WEMp | 25
Wiener [31,32] looked for a way to describe the behavior of a function at the infinity. The conditions he
considered are related to appropriate weighted L7 spaces. Beurling [3] extended this idea and defined a pair
of dual Banach spaces A, and By, where 1/¢+1/¢" = 1. To be precise, A, is a Banach algebra with respect
to the convolution, expressed as a union of certain weighted L? spaces; the space By is expressed as the

intersection of the corresponding weighted L, spaces. Feichtinger [11] observed that the space B, can be
described by

_kn
1fllg, =sup 2™ @ [|f Xkl Lag@n), (3.5)
k>0

where xg is the characteristic function of the unit ball {z € R™ : |z| < 1}, x4 is the characteristic function
of the annulus {x € R™ : 2871 < |z| < 2F} k = 1,2,.... By duality, the space A,(R"), called Beurling
algebra now, can be described by

> _kn
11, = D27 7 I xkllogen)- (3.6)

k=0
Let B,(R™) and A,(R™) be the homogeneous versions of B,(R™) and A,(R") by taking k € Z in (3.5)
and (3.6) instead of k > 0 there.
If A < 0, then LM@Z‘}(R") = O, where O is the set of all functions equivalent to 0 on R™. Note that
LMPO(R") = LP(R") and LMP"(R™) = B,(R").
Alvarez, Guzman-Partida and Lakey [2] in order to study the relationship between central BM O spaces
and Morrey spaces, they introduced A-central bounded mean oscillation spaces and central Morrey spaces

By A (R™).
The following lemma, useful in itself, shows that the quasi-norm of the local Morrey space LMP*(R™),
A > 0 is equivalent to the quasi-norm B, x(R"):
_ka
1, = sup2 21 fxelln,.
keZ
where yy is the characteristic function of the annulus B(0,2%) \ B(0,2*71), k € Z.

Lemma 3.3. For 0 < p < oo, A > 0, the quasi-norm || f||pam» @8 equivalent to the quasi-norm ||fHBp‘A.

Proof. Let 0 < p < 0o, A >0 and f € LMP*(R"). Then
_2 _2
1fls,, < sup(2¥) "7 || fll 1, (B(o.2x)) < supr P | fllL, B0, = Il Lares-
’ kEZ >0
On the other hand, for 0 < p < oo,

VI on =sup  sup 7 / () Pdy
kEZ 2k—1<pr<2k
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< 2 sup(24) / ) Pdy
keZ
B(0,2F)

k
=2 sup2~ ) 2miam / [f(w)Pdy

keZ —_
me=Tee B(0,2m)\B(0,2m~1)

< 2>‘( sup 27" / |f(y)|pdy) sup (27}6)\ Xk: Qm)\)

meZ kEZ .
B(0,2m)\B(0,2m 1) =
=2 e
T 1 =2 2B,
So for 0 < p < o0

A oy — 1
1 fllpars <27 (1=272) "7 fllg, , -

A similar argument shows that

Ifllzare s <Ml - B

The quasi-norms || f||5 , in the case A = n were investigated by Beurling [3], Feichtinger [11] and others.
The following statement was proved in [12] (see also [13-15]).

Theorem 3.4. Let g € R, 1 < p < 00 and (¢1,p2) satisfy the condition

7 dt
/Sﬁl(xoyt)T < Cpa(z0,7), (3.7)

r

where C' does not depend on r. Let also K be a Calderon—Zygmund singular integral operator. Then the

operator K is bounded from LMf;g}f to LM@“S? for p > 1 and from LM{lg’Cfi to WLM{IQ’Efi forp=1.

The following statement, containing results obtained in [18,21] was proved in [12] (see also [13,14]).

Corollary 3.5. Let 1 < p < 0o and (p1,92) satisfy the condition

oo

/@1(96%)% < Cpa(z,7), (3.8)

r

where C' does not depend on x and r. Let also K be a Calderon—Zygmund singular integral operator. Then
the operator K is bounded from My ,, to M, ,, for p>1 and from My, to WM, ,, forp=1.

4. Results
Theorem 4.1. For any fized v € R™, r >0, f € LL (R") and 1 < g < +00
1M £l oo,y < €78 e 5 4 f oo
>2r

<ers supt™ o || ¥ La(sao.e), (4.9)
t>2r
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and for all zo € R™, r >0 and f € L{ (R")

loc
| M fllw et (Bzo,ry) <cr™ Sup " [ fll 1 (B(zo,t))

<ecr"supt " ||fﬁ|\L1(B(l.07t)), (4.10)
t>2r

where ¢ is independent of f, xo and r.

Proof. Inequalities (4.9) and (4.10) are consequence of Lemma 3.3 in [1] and the following inequality

I flLo(B o) < IFHILa(B (o)
is contained in [10]. O

Theorem 4.2. Let zp € R™, 1 < q < 0o and the functions o1, @2 satisfy the condition
ess inf @1 (29, 7) T4

sup =TS < Cpa(xo,71), (4.11)
r<t<oo ta

where C' does not depend onr. Then for 1 < g < co the maximal operator M is bounded from LM?;% (R™) to

LM?;ﬁ (R™) and for 1 < q < oo the operator M is bounded from LM{q;gi (R™) to WLM?;ﬁ (R™). Moreover,

forl<g<oo

HMfHLMf’T“’Z < cllflpaeer < cllfFllagmer s
20 } {zo} {z0}

where ¢ does not depend on xg and f and for 1 < q < oo

||MfHWLM§""2 <c ||fHLM‘“"1 < C”fﬁ”LMq""lv
g} {zo} {zo}

where ¢ does not depend on xg and f.

Proof. By Theorems 4.1 and 2.6 we get

| M f|| paees < csuppa(ag,r)” ! supt™ @ Il Lo (B(zo.t))
tzo} r>0 t>2r

< csupi(zo,m) 7 || fll La(Bao)
r>0

— :
=c ||f||LMg;51} <clf HLM?;?}’

where ¢ does not depend on xgy and f, if 1 < ¢ < oo and
1M flwpareez < ¢ suppa(wo,r) ™" sup 7 || fllLa(Bmo.0)
oo} >0 t>2r
Ssupei(@o,r) ™ 5 | fllLa(Bon)
r>0
= Hf”LM?lﬁ <c ||fﬁ||LM§;g§a

where ¢ does not depend on xp and f,if 1 <g<oco. O
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Remark 4.3. Let 1 < g < oo and the functions ¢1, @2 satisfy the condition
ess inf @1 (z,7) T4

sup TS < Cpa(z,T), (4.12)
r<t<oo ta

where C does not depend on x and r. Then for 1 < ¢ < oo the maximal operator M is bounded from
M®#1(R™) to M?#2(R™) and for 1 < ¢ < oo the operator M is bounded from M%#*(R™) to WM%#2(R™).
Moreover, for 1 < ¢ < oo

1M fllaroes < cllflaroer < cllffllaraen,

where ¢ does not depend on f and for 1 < ¢ < oo

1M fllwarass < cllfllaraes < el f*]laaer,
where ¢ does not depend on f.

Remark 4.4. Let us consider zp e R", 1 <p < 4+00,0 <X < n.
Then, there exists a nonnegative constant ¢ independent of xy and f such that

HMfHLMp*’\ <c ||f||LMP”\ < C”fﬂHLMPv'\
{zo0} {zo0} {z0}

for every f € LM@;‘}(R”).

An improvement of the above theorem is the next result in the Vanishing Generalized Morrey Spaces.

Theorem 4.5. Let us consider 1 < q < +00, @o satisfy the condition (2.1), the functions @1, pa satisfy the
conditions

¢s = sup sup ¢1(z,t) < oo (4.13)
5<t<oo zER™

for every 6 > 0 and

2 15
r<t<oo < Cy, 4.14
PREE I (4.14)

where Cy does not depend on x € R™ and r > 0. Then, for 1 < g < oo the mazimal operator M is bounded
from VMT¥1(R™) to VM2%2(R™) and, for 1 < q < oo, from VM9 (R™) to VIWML#2(R™).

Proof. The norm inequalities follow from Remark 4.3, so we only have to prove that

lim sup M@ (f;2,r) =0 = lim sup M (M f;x,r) =0, (4.15)

r—0 pcRrn r—0 zcRn

when 1 < g < oo, and

lim sup M (fr2,7) =0 = lim sup MG (M f;z,7) =0, (4.16)

r—0 TER™ T—>0$€Rn

when 1 < ¢ < co. In this estimation we follow some ideas of [25], but base ourselves on Theorem 4.1.
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We start with (4.15). We rewrite the inequality (4.9) in the form

Supys, t ¢ || fllLa(B(a,t))

M2 (Mf;x,r) <C 4.17
(M f;m,7) 2 7) (4.17)
To show that sup IMMT¥2(M f;x,r) < € for small r, we split the right-hand side of (4.17):
zER™
M2 (M frx,r) < C s, (z,7) + Jso (x,7)], (4.18)

where §p > 0 will be chosen as shown below (we may take dg < 1) and

SUP,cics, t ¢ | fllLa(B(a,t)

Is, (z,7) := o2 (7]

b

supyss, t ¢ || fllLaBa.t)

JIso(xy7) i= o2l T)

and it is supposed that r < §y. Now we choose any fixed dy > 0 such that

€
TP fx,t) < ———, forall t<$é
mseuﬂglm (f,x,)<2CCO, orall 0<t<dp,

where C' and Cj are constants from (4.18) and (4.14), which is possible since f € VM%#1(R"™). Then
[ flLa(Ba.t) < 36 #1(,t) and we obtain the estimate of the first term uniform in r € (0, dp):

sup Cls,(x,r) <
TER™

, 0<r<iy

DN ™

by (4.14).
The estimation of the second term now may be made already by the choice of r sufficiently small thanks
to the condition (2.1). We have

Cso | fll 901

Js(z,r) < P

where ¢35, is the constant of (4.13) for 6 = dy.
Then, by (2.1) it suffices to choose r small enough such that

3
su

p <
zERR <P1(9U77”) 2C<So||f||M‘M"1 ’

which completes the proof of (4.15).
The proof of (4.16) is, line by line, similar to the proof of (4.15). O

The following theorem was proved by Guliyev in [15].

Theorem 4.6. Let zg € R, 1 < g < oo, K be a Calderén—Zygmund singular integral operator and the
functions 1, e satisfy the condition
oo . n
/%gw%ﬁ“

PR

dt < C pa(zo,71), (4.19)

T
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where C' does not depend on r. Then for 1 < q < oo the operator K is bounded from LM?;S(R") to
LMEZ(RY) and for 1 < q < oo the operator K is bounded from LM{*3 (R") to WLM "3 (R™). Moreover,
forl<qg<oo

||Kf||LMf;"2 <c Hf”LM"’?’l <c Hfﬁ”LMq’“"lv
0} {z0} {zo}

where ¢ does not depend on xg and f and for 1 < g < oo

||Kf||WLM§;g§ < C”f”LM?lﬁ <c ||fﬁ||LM§;g§a

where ¢ does not depend on xg and f.
The following theorem is valid.
Theorem 4.7. Let xg € R", 1 < g < s < p < +00, K be a Calderén—Zygmund singular integral operator
and the function ¢ satisfy the condition
ng
P

ess inf @(xo,7) T

sup A ng < C¢($Oa T’), (420)
r<t<oo tr

ns
ess inf o(xg, 7) 7P
t<‘r<oo(p( 0:7)

sup s < Co(zo,T) (4.21)
r<t<oo tr
and
® ess inf oo, 7) TP
T
/ e dt < Cplan.1), (4.22)

r

where C' does not depend on r.
If a € BMO(R™) then, the commutator

la, K|(f) = aKf — K (af)

is a bounded operator from LMf;cf}(R") in itself. Precisely, Vf € LMY\ (R"), we have

{zo}

o K)Dllcarzes, < ellall Ifzagze, < e lalls 175 Lageees

for some constant ¢ > 0 independent of a and f.

Proof. Using Lemma 1 in [7] and Theorem 4.2 we get, for 1 < ¢ < s < p < o0,

Na KDl agpee, < e 13 (la, K]

<c-| [a, KJF Loz,

}

1 1
<cllall - I(MIEA7) T+ (MIFF) " loarg,-

Note that from the boundedness of the maximal operator M from LM {Ex’f} (R™) in itself and from
LM% (R™) in itself, 1 < ¢ < s < p < oo the sufficient conditions are (4.20) and (4.21), consequently

{zo}
(see, Theorem 4.2).
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Also, from the boundedness of the Calderén—Zygmund singular integral operator K from LM fg’vf} (R™) in
itself the sufficient condition is (4.19) (see, Theorem 4.6).
Then, we have

1

I(MIKAT) “ Noagze, < (IIM(IKfIQ)IILMp )

q’

{zo}

1
q
<c. (IIKflqll )
LM
0
<cll|K f|HLMf;;

<c| f”LM{p“"
Qo

}
}

and

1
|LOK 714l oarzr, < e W laarp,

} }

In the same way one can easily see that

1
1AL A1) F llzarpe, < e Ifloams -
z0 zq
we get
”[avK](f)HLM?;ﬁ} < CHCZH* Hf||LM?;Eﬁ}~

So, the theorem was proved. O

Corollary 4.8. Let zop € R", 1 < p < 400, K be a Calderon—Zygmund singular integral operator and the
function p(xg,) : (0,00) = (0,00) be an decreasing function. Assume that the mapping r — o(xo, 1) re s
almost increasing (there exists a constant ¢ such that for s < r we have @(xo,s)s» < cp(xo,r)rs ). Let
also

o0

/w(xo,t) % < Cp(zo,7), (4.23)

T

where C' does not depend on r.

If a € BMO(R™), then the commutator [a, K] is a bounded operator from LM@O}(Rn) in itself.

From Theorem 4.7 we get the following corollary.

Corollary 4.9. Let 1 < g < s < p < 400, K be a Calderén—Zygmund singular integral operator and the
function ¢ satisfy the condition

. ng
ess inf p(z,7)7?
t<T <00
sup g < Co(z,r),
r<t<oo te

ess inf (z,7) T 7
sup TS < Colx,r)
r<t<oo te

and
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t<T<o0
tptl

ess inf @(z, T) 7'%
] < Coten

r

where C' does not depend on x and .
If a € BMO(R™), then the commutator |a, K] is a bounded operator from MP#(R™) in itself. Precisely,
Vf e MP#(R"™), we have

la, K)(H)llaere < ellall | fllarme < e lall |5 ]larme,
for some constant ¢ > 0 independent of a and f.

Corollary 4.10. Let 1 < p < 400, K be a Calderon—Zygmund singular integral operator and the function
o(z,r) : R™ x (0,00) — (0,00) be an decreasing function on r. Assume that the mapping r +— cp(x,r)r% is
almost increasing on r (there exists a constant ¢ such that for s < r we have o(x,s)s? < co(x,r)rv ). Let
also

o0

dt

/ga(x,t) " < Cop(z,r), (4.24)

I

where C' does not depend on x and r.
If a € BMO(R™), then the commutator [a, K] is a bounded operator from MP¥#(R™) in itself.

Remark 4.11. Note that, the Corollaries 4.8, 4.9 and 4.10 are news.
Remark 4.12. Note that the condition (4.12) in Theorem 4.3 is weaker than the condition (4.19) in Theo-

rem 4.6 and the condition (4.19) in Theorem 4.6 is weaker than the condition (4.23) in Corollary 4.8. Indeed,
if condition (4.23) holds, then

f » i
/ﬁﬂ&%um)pﬁ</@mmﬂﬁ
tptl - Tt
T T
so condition (4.19) holds.
Also, if condition (4.19) holds, then for any 7 € (r, 00)
ess inf o1 (20, 5)s 7 ess inf o1 (20, 5)s 7
t<s<oo t<s<oo
Cpa(wo,7) 2/ pE dt > / P dt
T T
oo . n
s inf a(ro, st [ A I A0
'r<€<c><><)01 0: t%+1 T% ’
T
so that
ess inf w1(zo % Oottegs inf oy (g, s)s?
sup =2 o / s pryrm dt < C pa(x0,71),
r<T<00 Tr tv

so condition (4.12) holds.
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On the other hand, the functions

v1(r) = L o) =175 (1+ r’B) (4.25)

 X(teo ()T

for 0 < g < % satisfy condition (4.12), for 0 < 8 < % satisfy condition (4.19), but for 0 < 8 < % do
not satisfy condition (4.23). Also for 3 = 2 the pair function (4.25) satisfies condition (4.12), but does not
satisfy condition (4.19).
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