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Abstract

In this paper, a main theorem dealing with |N, py,|; summability method has been generalized for ¢ — |N, pp; 8|; summability
by using different and general summability factors of Fourier series.
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BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

Let > a, be a given infinite series with partial sums (s,,). Let A = (a,,) be a normal matrix, i.e., a lower triangular
matrix of nonzero diagonal entries. Then A defines the sequence-to-sequence transformation, mapping the sequence
s = (s,) to As = (A,(s)), where

An($) =) amsy, n=01,.... (1.1)
v=0
Let (p,) be a sequence of positive numbers such that
Pn=ZpU—>oo as n—>oo, (PLj=p_;=0, i>1). (1.2)
v=0

The sequence-to-sequence transformation

1 n
=7 ZO Pusy (Py #0), (1.3)
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defines the sequence (o) of the (N, pn) mean of the sequence (s,), generated by the sequence of coefficients (p,)
(see [1]). The series Y a, is said to be summable ‘N, Pnlys k > 1, if (see [2])

o0

k—1
Z (ﬁ) | Ao, ¥ < oo. (1.4)

n=1 Pn
In the special case when p, = 1 for all values of n (resp. k = 1), then \1\7 , Pn
(resp. |N , pn|2 summability.
The ¢ — ‘N s Pns 8} ‘ summability method is defined by Seyhan (see [3]). The series Y a, is said to be summable
¢ —|N, pu; 8|, k= 1and§ > 0, if

|k summability is the same as |C, 1|,

o0

Sk+k—1 k
> @l oy — 0]t < o0, (1.5)
n=1

If we take 6 = 0 and ¢, = 1%’ then ¢ — ‘1\7, DPns S}k summability is the same as |N, Pn
Let f be a periodic function with period 27 and integrable (L) over (—m, ).
Without loss of generality we may assume that the constant term in the Fourier series of f is zero, so that

g

| , Summability.

f)dr =0, (1.6)
and
f(@) ~ ) (aycosnt + b, sinnt) = > Cy(t). (1.7)

n=1 n=1

2. Known result
Many papers dealing with |1\_/ , Pn | . summability factors and ¢ — ‘N , Pns 6 | . summability factors of Fourier series

have been done (see [4—10]). Among them, Bor [5] has proved the following theorem.

Theorem A. If (A,) is a non-negative and non-increasing sequence such that Y p,r, < 00, where (p,) is a sequence
of positive numbers such that P, — o0 as n — 00, and Y _PyCy(t) = O(Py), then the series Y C,(t) Py, is
summable |N, p,l;, k > 1.

3. Main result
The aim of this paper is to prove a more general theorem which includes the above mentioned result as special

cases. Now, we shall prove the following theorem.

Theorem B. Let (p,) and (),) be sequences satisfying the conditions of Theorem A and let (¢,) be a sequence of
positive real numbers such that

Oupn = O(Py), 3.1
- sk—1 1 sk 1
T——=0 - 3.2
T o) 6
> @ puka = 0(1) as m — oo, (3.3)
n=1
ZgaflkP,,A)Ln =0({) as m— oo. (3.4)

n=1

Then the series Y C,(t)P,), is summable ¢ — |1\_/, Pni 6

k,kzland0§5k<1.

We need the following lemma for the proof of Theorem B.
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Lemma 1 (/5]). If (A,) is a non-negative and non-increasing sequence such that Y p,A, is convergent, where (p,)
is a sequence of positive numbers such that P, — oo asn — 00, then P,,, = O(1)asn — oo and »_ P, A\, < 0.

Remark 1. It should be noted that if we take § = 0 and ¢, = If “ in this theorem, (3.4) is satisfied by Lemma 1.
Condition (3.3) is satisfied by a hypothesis of Theorem A. Also in this case conditions (3.1) and (3.2) are obvious.

4. Proof of Theorem B
Let I,(¢) be the sequence of (N, pn) means of the series > C,,(¢) P,A,. Then, by definition, we have

l n v l n
I(0)= 23 pv Y CiOPihi = o= 3 (P = Poo)Co(0) P,
T oy= i=0 " y=0

Then, for n > 1, we have

L) — I, 1(t) = Pﬂ’;’; - 1 Co(t) Py

By Abel’s transformation, we have

1(6) = Lya(1) = 52 ZA(PU IAU>ZPC<t>+””AnZPC(r>

nnl =1

n—1
= 0(1 P,A, wAv — PyAys1) Py ODp, A,
(){wn_l g( —p +1) }+ (Hp

ZPUPM + P n}

=0(1){PPH IUX::PPAA

- 0(1) { n, l(t) + In Z(t) + In 3(0}

To prove Theorem B, by Minkowski’s inequality it is sufficient to show that

nnl

Zw“*k Lo OF <o, for r=1,2.3.

First, using the hypotheses of Theorem B, we have that

m+1 m+1
Z(ptsk-'rk 1|1 (t)|k Z(p5k+k 1 ZP P A}\’
n n 1
m+1 1 n— 1 n—1 k—1
< D=t P, P, Ak, P, P, A,
A = {Z g

m+1 et 1 n—1
—0(1)Z¢ P ZP,,PUAAU

m+1

_O(I)ZPPAA Z k= 1—

n=v+1 Pui

= 0(1)Z<p;jkpumv =0() as m— .

v=1

Now, when k > 1, applying Holder’s inequality with indices k and k¥’ where % + % = 1, we have that

PP Z]Pvpvv

m+1 m+1 k

Z(pﬁk-‘rk l|[ (l)| Z Sk+k—1
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m+1 k-1
<Z(p5k 1_ - Zpkpv)"k x
m+1
— O(I)Zpkkkpv Z (pék 1
n=v+1

1
- 0(1)2 PAAk pgdt— B

= 0<1)Z¢:§k<PvAv>k—‘mv

v=I
= 00)2% poky=0(1) as m— oo,

by virtue of the hypotheses of Theorem B and Lemma 1. Finally, using the fact that P,A, = O(1), by Lemma [, we
obtain that

m m
LA =Y ol paalf

n=1 n=1

<Y ook (purn) T (puta)
n=1

=> oM @upn) T AT (patn)
n=1

O Y @k (Puda) ™ (pui)

n=1

=0 @t (pudn)=0(1) as m— oo,

n=1

by virtue of the hypotheses of Theorem B. This completes the proof of Theorem B.
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