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SOME OPERATORS ARISING FROM SCHWARZ BVP IN
COMPLEMENTARY LOCAL MORREY-TYPE SPACES ON THE
UNIT DISC

V.S. GULIYEV, K. KOCA, R.CH. MUSTAFAYEV, T. UNVER

ABSTRACT. In this paper, we prove the boundedness of a class of operators
arising from Schwarz BVP in complementary local Morrey-type spaces in the
unit disc of the complex plane.

1. INTRODUCTION

Let C be the complex plane and D = {z € C: |z| < 1} be the unit disc in C.
The Schwarz boundary value problem (Schwarz BVP)

g: = finD, Reg =+ on ID, Img (0) = ¢, (1.1)
is one of the major boundary value problems in complex analysis. It is uniquely
solvable for analytic functions [24], and for polyanalytic functions [7]. The solv-
ability of the Schwarz problem for some higher-order linear elliptic complex partial
differential equations were investigated in [3] and [2].

Cauchy-Riemann-Poisson-Pompeiu formula given by

1 CH+zd¢ .
92) =5m; [ HOTZG +ie

1 FOC+z | f(O1+2C -
_%//D< Cc—=2"7¢ 1_Z<> dedn, z€D, (=&+in (12)

is the unique solution to the Schwarz BVP, where f € L'(D), v € C(0D,R), c € R
(see [7]).

The domain integral appearing on the right-hand side of , denoted by Tl,
is a modification of the Pompeiu operator

1 d&dn
1.1 =1 [[ HOF, zeD,
™ D C —Z
which was studied by Vekua in [26]. The operator T 1 is important for treating com-
plex first-order equations (see, for instance, [26] 11} 4, [5]). Iterating this operator
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with itself by the rule Ty f(2) = T1(Th—1f(2)) generates the operators

~ —1)k - k- N iG) 2C
s gl [f et (10582 TOL)
D

for k € N with Ty f(2) = f(2).
The two partial derivative operators % and % are defined by

o _ 12_-2 o _1(9 .9
92 2\ar oy 9z~ 2\ozr oy

0 o (o1t o o (o1
77 " oz (&zll)’ 77~ oz (mu)
where z = z + iy.

The operators Tk f satisfy

and

o'
alT’“f Tooof, 1<1<k, (1.3)
o'
alTk]u() on D, 0<I<k-1, (1.4)
o'
Im o Tef(0) =0, 0<I<k—1, (1.5)

see [3]. Note that 8iTk is a weakly singular integral operator for 0 < [ < k — 1,
while

e f(z) == (;9’; Tiof(= A // K > (Cf—(CZ))z

1

- k— e
+<C—Z+C_—Z§_1> (1{(021 “dn  (16)

-2 20)

is a strongly singular integral operator. It is known that ||[IT; || 2y = 1 (see [26} [IT]).
II; are shown to be bounded in the space L? for 1 < p < co and in particular their
L? norms are estimated in [I]. These operators are investigated by decomposing
them into two parts as Il = T_j i + Py, where

T prf(2 D% // ( ) (gf—(cjy dédn, (1.7)

which are investigated extenswely in [6] and [1, respectively, and the boundedness
of T_j  and Py in L,(D) are proved.

It is mentioned in [6] that the integral in must be viewed as a Cauchy
principal value integral,

T_ kkf = lim // K_ kk Z— (C) d{dn, (19)

e—0

and
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where . is the domain D\{¢ : |¢ — z| < €}, and the limit is taken in the norm of
L?(D). Here

—1)*k
K_pi(z) = %z’k’lzk’l.

These integrals can be analyzed with the well-known theory of Calderén and Zyg-
mund [9} 10} 22] concerning singular integrals. The boundedness of Py in L,(D) was
proved in [I] using Schur’s test (see, for instance, [27]) and Forelli-Rudin lemma in
[12].

The well-known Morrey spaces M,, » introduced by C.B. Morrey in 1938 [19]
in relation to the study of partial differential equations, were widely investigated
during the last decades, including the study of classical operators of harmonic and
real analysis - maximal, singular and potential operators - in generalizations of
these spaces (so-called local Morrey-type spaces).The local Morrey-type spaces and
the complemenary local Morrey-type spaces introduced by Guliyev in the doctoral
thesis [16] (see also [I7]). The main purpose of [I6] (also of [I7, [I§]) is to give
some sufficient conditions for the boundedness of fractional integral operators and
singular integral operators in complementary local Morrey-type spaces CLMpg,w (@)
defined on homogeneous Lie groups G.

The research on complementary local Morrey-type spaces mainly includes the
study of classical operators in these spaces (see, for instance, [§]). However, recently
in a series of papers, authors started to study the structure of complementary local
Morrey-type spaces and relation of these spaces with other known function spaces
(see, for instance, [13] 14} 20]).

The aim of this paper is to study the boundedness of integral operators
in ‘LM, (D). Our main result is Theorem This statement allows us to
obtain apriori estimate for the solution of Schwarz BVP (|1.1)) with v = ¢ = 0 in
CLMpg)w (D) (see Theorem .

The paper is organized as follows. Some notations and definitions are given in
Section 2] Some local estimates of sublinear operators satisfying Soria-Weiss con-
dition (see below) are obtained in Section |3 (see Theorem [3.1). The bound-
edness of such operators in complementary local Morrey-type spaces are proved in
Section {| (see Theorem [4.1). Finally our main results are presented in Section

2. NOTATIONS AND PRELIMINARIES

Now we make some conventions. Throughout the paper, we always denote by
c or C a positive constant which is independent of the main parameters, but it
may vary from line to line. However a constant with subscript such as ¢; does not
change in different occurrences. By a < b, (b 2 a) we mean that a < A\b, where
A > 0 depends on inessential parameters. If a < band b < a, we write a =~ b and say
that a and b are equivalent. For a measurable set E, xg denotes the characteristic
function of E. We define the Lebesgue measure of E by |E|. For 0 < p < 1, let
B(z,p) :={¢ €D: |z — | < p} be the open ball centered at z € D of radius p and
“B(z,p) == Bz, p).

The symbol 9" stands for the collection of all measurable functions on (0, co)
which are non-negative, while 90+ is used to denote the subset of those functions
which are non-increasing on (0, 00).

For 0 < p < o0 and w a weight function on a measurable subset E of C,
that is, locally integrable real-valued non-negative function on E, let us denote by
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Ly, (E) the weighted Lebesgue space defined as the set of all measurable functions
f: E — C for which the quantity

(ffE|f ) Pw(¢ dfdn)% for p < oo,

A esssup| f(O)lw(¢)  forp= oo
CeEE

(2.1)

is finite. When w = 1, we write simply L,(FE) and |- ||z, (g) instead of L, ,,(E) and

1z, ()
Recall the definition of weak Lebesgue space:

WL,(E) := {f : B — Cmeas. : [|fllwr, ) = iugﬂ{z €E: |f(z)]> t}|% < oo}.
>

Convention 2.1. We adopt the following conventions:
e Throughout the paper we put 000 =0, co/oo =0 and 0/0 = 0.
e For a fixed p with p € [1, 0], p’ denoted the dual exponent of p, namely,
oo if p=1,
pri=q 7 if 1<p<oo, (2.2)
1 if p=oc.
Recall the following complete characterization of the weighted Hardy inequality
on the cone of non-increasing functions. We will use the notations:

U(t) := /Ot u(z) dz, V(t) = /Otv(a:) dx, W.(t) := /too w(z)dz, t>0.

Theorem 2.2 ([I5], Theorems 2.5, 3.15, 3.16). Let 0 < ¢, p < 0o and u, v, w be
weight functions on (0,00). Then inequality

()L w0,00) < €llfllz, .00 f €M, (2.3)

where
t
Haglt) = [ g@u)ds,  gem,
0

with the best constant ¢ holds if and only if the following holds:
(i) 1<p<g<ooand Ay + A1 < oo, where

Ao+ = sup (/Ot U9 (r)w(r) d7> V),

=t [/ (53) vor)’”

and in this case ¢ = Ay + Aq;
(ii) max{q, 1} < p < o0 and By + By < oo, where

1

(o o)
(o[22 e )

and in this case ¢ = By + By;
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(iii) ¢ <p <1 and By + Cy < 00, where

= (f (a3 whowoa)

and in this case ¢ =~ By + Co;
(iv) p < min{q, 1} < 0o and Dy < oo, where

|-

Q=

Doi=supvH o [ vrtmingruirar )

t>0

and in this case ¢ = Dy;
(v) p<1and g= o0 and Ey < co, where

Ey := esssup Vo (t) (ess sup U(min{r, t})w(T))’
t>0 7>0

and in this case ¢ = FEy;
(vi) 1 < p < oo and ¢ = oo and Fy < oo, where

b= esssmpu) ([ t (/ Cu)V ) dy)p/vm i)

and in this case ¢ = Fy;
(vil) p=o00 and 0 < ¢ < 00 and Gy < oo, where

o= ([ (] ) o)

and in this case ¢ = Go;
(viii) p = ¢ = o0 and Hy < oo, where

t
d
Hj := esssup (/ uly) dy )w(t),
>0 0 €SSSUP,¢ (g, V(T)

and in this case ¢ = Hy.

e

For the sake of completeness we recall the definition of spaces we are going to
use, and some properties of them.

Definition 2.3. Let 0 < p, 8 < co and let w be a non-negative measurable function
n (0,1). We denote by CLMpgyw(D), the complementary local Morrey-type space,
the space of all measurable functions f on ID with finite quasi-norm

(Al °LMpg,o (D) — ||W(7”)||f||Lp(CB(o,r))HL9(0,1)~
Definition 2.4. Let 0 < p, 6 < oo and let w be a non-negative measurable function
n (0,1). We denote by W 'L M, ., (D), the weak complementary local Morrey-type
space, the space of all measurable functions f on D with finite quasinorms
||f||W“LMp9,w(D) = ”w(r)HfHWLp(CB(O,T))||Lg(0,1)-
Remark 2.5. In view of the inequalities
”w(r)”fHLp(CB(O,T))HLg(O,l) > ||W(7")||f||Lp(CB(o,r))HLg(o,t)
> [lwllze.6) 1 1L, eB0.4))s te(0,1),
o fllw iz, B llLe©.1) = o Fllwe,cBomlLe©.
> lwllzy0.0) 1 fllwe,eBo,6))> t€(0,1),



135

it is clear that
LMppo(D) = W LMpyo,(D) = {0} when |lw(r)||Ly0,) = +00 forall ¢ e (0,1).
Here {0} is the set of all functions equivalent to 0 on D.

Definition 2.6. We denote by Q2 the set of all non-negative measurable functions
w on (0,1) such that
0< HwHLe(O,t) < oo, te (0, 1).
When considering ‘LM, (D) and W ‘LM, (D) we always assume that w €
0.
We recall that the spaces CLMpg,w coincide with some weighted Lebesgue spaces.

Theorem 2.7. ([I6,[17]) Let 1 <p < +oo and w € Q,. Then
Lp@(‘.‘)(]D) = LMpp . (D),

and norms are equivalent, where
-
w(T) ::/ w(t)P dt.
0

3. LOCAL L,-ESTIMATES OF SUBLINEAR OPERATORS

Suppose that T represents a linear or a sublinear operator, which satisfies

il [[ H dean (3.1)

for any f € L1(D) and z ¢ supp f with a constant independent of f and z.

We point out that the condition , when f is defined on R", was intro-
duced by Soria and Weiss in [2I]. The Soria-Weiss condition is satisfied by many
interesting operators in harmonic analysis, such as the Calderén-Zygmund singu-
lar operators, Carleson’s maximal operators, Hardy-Littlewood maximal operators,
C. Fefferman’s singular multipliers, R. Fefferman’s singular integrals, Ricci-Stein’s
oscillatory integrals, the Bochner-Riesz means and so on (cf. [21], 23] 22| 25]).

Theorem 3.1. Assume that T is a sublinear operator satisfying condition (3.1)).
i) Let 1 <p < oo an e bounded on . is such tha
i) Let 1 d T be bounded on L,(D). If f i h that

/0 tﬁflﬂfHLp(cB(O’t)) dt <oo forall T€(0,1), (3.2)

then for any T € (0, 1) the following inequality holds with constant ¢ > 0 independent
of f and T:

-2 (7,2
ITfll, B0,y e » / tr | flln, eo,ey) dt- (3.3)
0

(ii) Let1 < p < oo and T be bounded from L,(D) to WL,(D). If f satisfies condition
(3.2), then for any T € (0,1) the following inequality holds with constant ¢ > 0
independent of f and T:

_2 [T 2
ITfllwe, B, <cT ”'/0 12 1||f||Lp(CB(O,t))dt' (3.4)
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Proof. Let 1 < p < oo. Applying Holder’s inequality, in view of the monotonicity
of Hf”L (°B(0,t))» W€ get that

I/ ‘dfd"*Z// N L

1
0o N 1
<Y 1BO.27) (// If(C)Ipden>
n=0 B(0,2—7)\B(0,2—"—17)
= 2
S Z(QinT) v’ ||fHLp(CB(0,2=n71¢))
n=0
oo 2~ 'rLflT
21
Z”f”L (°B(0,2=n=17)) /_ B i’ dt
nO:O —
/ v ||fHL,J( B(0,1)) At
T/2 2,
:/ t* | fllz,eBo,py dt forall 7€ (0,1). (3.5)
0

Hence, if f satisfies condition (3.2)), then f € L¢(D). On the other hand,
condition (3.2]) implies that f € L,( B(0,7)), 7 € (0,1). Consequently, if f satisfies
condition , then f € Li(D).

Assume that T" is bounded on L,(D) for 1 < p < oo or T is bounded from L,(ID)
to WL,(D) for 1 < p < co. First we prove that in both cases T'f(z) exists for a.a.
z € D and for any f satisfying condition .

Let 7 € (0, ) We write f = fi + f2 with fi = fx<p(o,r/2) and f2 = fXB(0,7/2)-
By condition it is clear that f € L,( B(0,7/2)), so that f; € L,(D). Conse-
quently, the L ( ) boundedness of T in the case (i) or the boundedness of T' from
L,(D) to WLP(D) in the case (ii) implies the existence of T'f;(z) for a.a. z € D.

Now we prove existence of T'fo(z) for all z € “B(0,7). Since z € “B(0,7),
¢ € B(0,7/2) implies |z —¢| > |z| = |¢| = (1/2)|z|, noting that fo € L1(D), in view
of condition (3.1]), we obtain that

Th2(2)| < |2 2// Oldedn, =€ ‘B0, 7). (3.6)

This proves the existence of T fg(Z) for all z € “B(0, 7). Sublinearity of T implies
that |Tf(2)| < |Tfi1(2)| + |Tf2(2)|, and the existence of T'f(z) for a.e. z € “B(0,7)
follows from the existence of Tfi(z) and Tfy(z) for a.e. z € B(0,7). Since
D\{0} = U, ¢(0,1)( ‘B(0,7)), we get the existence of T'f(z) for a.e. z € I.

(i) Let 1 < p < oo and T is bounded on L,(D). To prove (3.3]), we note that
ITfll,ceBo,r) < NTfille, o) + 1T F2ll, (°B(0,7))- (3.7)
The boundedness of T' on L, (D) implies that
ITfillz, 8o, < ITfill,m S il = 1fllL,<B0,r/2))- (3.8)

Since

T/2
3 21
1l m0nya) S 77 / Nl dE (3.9)
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by inequality (3.8]), we get that

_2 [T 2
ITfille,ccBor) ST ¥ /O 12 1Hf||Lp(CB(O,t))dt' (3.10)

On the other hand, by (3.6)), we have that

||Tf2|Lp<CB<oT>>—<// e |dedy>
(], 0,)< ) )

( 0T)|z|_2pdxdy> (//B(OT) |d§dn>
7 ([ 1050

By inequality (3.5)), we arrive at

=

2/\

_ 2
ITfellz, B ST ”’/O Hf”L (°B(0,1)) dt. (3.11)

Combining inequalities (3.7)), (3.10) and (3.11)), we get (3.3).
(ii) Let 1 < p < co and T be bounded from L,(D) to WL,(ID). To prove (3.4), we
note that

ITfllwe, B, < ITfillwe, o) + 1T f2lwe,cBo)- (3.12)
The boundedness of T' from L,(D) to WL, (D) implies that
1T fillwe, B, < NTfillwe,m) S fille,m = £, B0, /2))- (3.13)
By inequalities (3.13]) and (3.9)), we get that
2 T 2 _q
ITfillwe, By ST /0 tr | fllz, eBo,e)) dt- (3.14)
On the other hand, by @, we have that
I ol om0 < W 2w comon [ 1501dzdn
_2 2
<7 / £ ”fHLp(“B(O,t)) dt. (3.15)
0
Combining inequalities (3.12)), (3.14) and (3.15), we get (3.4).
The proof is completed. O

4. BOUNDEDNESS IN COMPLEMENTARY LOCAL MORREY-TYPE SPACES
The following statements hold true.

Theorem 4.1. Let 0 < 01,05 < o and w; € Cﬂgi, 1 =1,2. Assume that T is a
sublinear operator satisfying condition (3.1)).
(i) Let 1 < p < oo and T be bounded on L,(D). If
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(a) 1< 6 <0y < o0, and

t 7 t i
sup </ wlz (1) dT) </ Wi (1) d’T) < 00,
o<t<1 0 0

t _205 7
sup wr(T)r™ % dr ) X
o<t<1\ J¢

t 26] T —01 i
X (/ T (/ W (s) ds) w? (1) dT) < 00
0 0

(b) max{f#s,1} < 6y < oo, 1/r =1/0 —1/61, and

([ ([trw) *([erioa) tioa) <

t 201 T p -0 9 *i o 205 %
X / T / wi'(s) ds wit(7) dr w ()t 7 dt) < oo
0 0

(c) 2 <01 <1,1/r=1/02—1/01, (4.3) holds and

1 20, T ) -1 %
(/ (esssupr v (/ wi'(s) ds) ) X
0 T€(0,t) 0
Lo 2% Ty 2 .
X (/ wy ()T ¥ dT) wy? ()t ¥ dt) < 00
¢

(d) 61 <min{bs,1} < 00 and
1
¢ Bz
sup (/ Wi (s) ds) X
o<t<1 0
! . 2 2 )\” 0 _ 20y o2
X / min 7#", ¥ wy(T)T ¥ dr < 00;
0

(e) 61 =00, 0 < by < 0, and

1 t 21 0
T d _ 20y 92
</ (/ gr_ 4 ) Wi ()t dt) < o0
0 0 SSSUD,¢(0,y) W1(T)

(f) 61 <1, 03 =00, and

t ) g7 N
ess sup / wit(T) dr esssupmin§ 77, ¢
o<t<1 \Jo 0<r<1

(g) 1 <6 <o0, b =00, and

o
—
&

)
—
2
\]
|
<o
N———
A

_2
esssup wa(t)t™ # X
0<t<1

(L[ (fr0) 0) ) <

(4.5)

(4.6)
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(h) 61 =65 = o0, and

t 21
" d _2
€ss sup (/ L Y )wg(t)t v < 00, (4.10)
0<t<1 0 €SSSUD,¢(0,q) w1(T)
then there exists a constant ¢ > 0 such that the inequality
1T SN cLatyo, 0, @) < ClfllcLrtye, o @) (4.11)

holds for all f € ‘LM, ., (D).
(ii) Let 1 < p < oo and T be bounded from L,(D) to WL,(D). If conditions (a) -
(h) hold, then

1T fllw eLryoy 0 @) < cllfllcLatye, ., @) (4.12)
holds for all f € CLM,,(;W,1 (D) with constant ¢ > 0 independent of f.

Proof.
(i) Let 1 < p < 00, T be bounded on L,(D) and conditions (a) - (h) hold. Assume
that f € ‘LMyp, w, (D). In view of Theorem we have that

ITFIl eLatyo, ., @) = [l02(MITFllL, B0, HLQ2 1)
-z [T 2
wo(T)T P t | flln, eo,ey) dt
0

Since conditions (a) - (h) hold, applying Theorem we arrive at

<

~ ‘

L92 (0,1)

ITFerntyg, o) < € le(t)Hf”Lp(cB(O,t))||L91(O,1)

=c|/f]l ‘LMpg, ., (D)

(ii) Let 1 < p < o0, T be bounded from L,(D) to WL,(D) and conditions (a) - (h)
hold. Assume that f € LMy, o, (D). In view of Theorem and Theorem

we arrive at

IS 1,00 5 |

—z [T 2
wa(T)T P / t? | fllz, eBo,ey) dt
0 Lo, (0,1)

=c|fll ‘LMpo, 0w, (D)*
O

Corollary 4.2. Let 1 < p < o0 and w; € CQ,,, 1 = 1,2. Assume that T is a
sublinear operator satisfying condition (3.1)), bounded on L,(D).
If conditions

s ( /0 t WE(r) m)'l’( /O t WP(7) dT> ' < 00 (4.13)

1
7

s ( /t 172<1*p>w§(r) d7>117( /0 t < /0 " (s) ds)_p/rzwf(r) dr)p < oo (4.14)

hold, then

and

ITfllry sy < el flle, 50 @
with constant ¢ > 0 independent of f. Here

w;(t) ::/O wi(r)Pdr, i=1,2. (4.15)
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Proof. The statement follows from Theorems .1 and 27| when 6; =6, =p. O

5. MAIN RESULTS

As it is mentioned in the introduction, the operators Il;, & € N are bounded
on L,(D), 1 < p < co. Our main result in this paper is to extend these results to
complementary local Morrey-type spaces.

Theorem 5.1. Let k€N, 1 <p <00, 0< 1,0y <ooandw; € Qp,, 5 =1,2. If
(a) - (h) hold then there exists a constant ¢ > 0 such that the inequality

Ik fll eLatpp, oy @) < 2\l cLatye, o, @)
holds for all f € “LMyp, o, (D).

Proof. First we will show that the operator Il satisfies condition (3.1). The in-
equality
z—C .

<1 if |z]<1 and [¢|<1 (5.1)
1—2C

yields that
M f(2)] < |T—k,kf(2)| + |Pkf(2)|
—2+C—2; Lf(Q)]

L |2 ded + - | e dédn
// IC— |2d£d s //( ”I<|+ > |1|Ji(i)<|l2d£dn
k—1
= l? den+ 22— [[ = z<|2d5d”
//| |2 e *kgk )
./)[ iC ZP dedn

for any f € LMpgl,w1 (D) and z & supp f.
Since the operator IIj is bounded on L,(ID), by Theorem we get that

k—1

Ik fl Lty oy @) < Nl cLasye, o, @)
The proof is completed. O

In view of Theorem by Theorem we immediately get the following
statement:

Corollary 5.2. Let k€ N, 1 <p < 00 and w; € CQp, i =1,2. If conditions (4.13))
and (4.14) hold then

Mk fllz, -

p,w2

with constant ¢ > 0 independent of f, where &; , i = 1,2 are defined by (4.15)).

anm < ellflle, o m:

Proof. Since the operator Il is bounded in L, (D) and satisfies condition (3.1)), the
statement of Corollary follows from Theorem O
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Since the function fl f is the solution of the Schwarz BVP
g: = finD, Reg =0 on 9D, Img (0) = 0, (5.2)

when f € L'(D), by Theorem and Corollary respectively, we get the fol-
lowing a priori estimates for the derivative of the solution of (5.2]).

Theorem 5.3. Let 1 < p < 00, 0 < 01,0y < oo and w; € Qp,, i =1,2. If (a) -
(h) hold, then for the solution of (5.2) the inequality

H6z9||CLMp92,w2(D) <df °LM po; wy (D)
holds for all f € CLMngA,1 (D) with a constant ¢ > 0 independent of f.

Corollary 5.4. Let 1 < p < 0o and w; € CQp, 1 =1,2. If conditions (4.13]) and
(4.14)) hold, then for the solution of (5.2)) the inequality

10:92, 5,0 < Cllfllz, 5 0. @)

holds for all f € L, 5, (.))(ID) with a constant ¢ > 0 independent of f, where &;, i =
1,2 are defined by 4.151 .

-
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