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1. Introduction

Functional integro-differential equations (FIDEs) have a major importance in modeling of some phenomena in many
applied areas which include engineering, mechanics, physics, chemistry, astronomy, biology, economics, potential theory,
electrostatics, etc. [1-11]. Since the mentioned equations are usually difficult to solve analytically, numerical methods are
required.

In recent years, some techniques have been used for solving FIDEs such as He’s variational iteration technique [11]
Homotopy perturbation method [12], He’s homotopy perturbation method [13], Modified homotopy perturbation method
[14], Rationalized Haar functions method [15], Chebyshev cardinal functions method [16], Differential transformation
method [17], Tau method with error estimation [18], He’s Variational iteration method [19], Collocation Methods [20],
Adomian decomposition method [21]|, Adomain-Pade technique [22], Discontinuous Galerkin method [23], Legendre
Multiwavelets [24], Trigonometric wavelets [25], Spectral Methods [26,27], and Meshless Method [28]. In addition, to solve
the mentioned type equations, matrix methods based on Taylor, Chebyshev, Bessel, Bernoulli and Legendre polynomials
have been studied by some authors [29-34].

In this paper, we deal with the mth order equations:

SN Pa)y® (ox + i) + F(x) +1(x) =g(x), 0<x,t<b<1, 1)
i=0 k=0
so that
1 m h(x) m
Fx) = / S K6 Oy (Odt and  I(x) = / S Vi, DyS (0)d,
J0 590 0 =0
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under the mixed conditions

m-1

Z(a]ky(k)(o)+bﬂ(y<k>(b)):)“]7 ]:Oalv’m_]7 (2)
k=0
where y®(x) = y(x) is the unknown function, the known functions, g(x), h(x), K{(x, t) and Vi(x, t) are defined on interval
0 < x,t < 1 which can be expanded to Maclaurin series and also aj, by, and 4; are real constants. The aim of this study is
to find an appropriate solution expressed in the following form

N
INX) = .Crn(x), (3)
n=0

so that a,’s and Cyu(x), n=0,1,2,...,N, respectively, are the unknown Chelyshkov coefficients and Chelyshkov orthogonal
polynomials of the degree N which can be chosen as any positive integer such that N > m.

The area of orthogonal polynomials is a very active research area in mathematics as well as in applications in mathemati-
cal physics, engineering and computer science. One of the latest set of orthogonal polynomials is the set of the Chelyshkov
polynomials {Cno(x), Cn1(x), ..., Cun(x), ...}. Recently, these polynomials have created by Chelyshkov [35-37], which are
orthogonal over the interval [0,1] with respect to the weight function w(x) =1, and are explicitly defined by

Nen /N—n\/N+n+j+1 .

Cn(X) = -1y X n=0,1...N.
) =X P (R e o,

This yields The Rodrigues’ type representation

1 1 dN_n N-+n+1 N-n
CNH(X):WWW(X (1-%) >7 n=0,1,....N,

and the following orthogonality relations

p7q:O717~"7N~

/1C<>C<>d O p=d
X X)dx = ,
o TN e PP

Also, it follows from this relation that

-1 -1 . 1
/OCNn(x)dx:/0 xdx:m.

By using the Rodrigues’ formula and the Cauchy integral formula for derivatives of an analytic function, one can obtain
the integral relation

1 1 ZN+2zim (1 — z)Nn

where Q; is a closed curve, which encloses the point z=x"".

Chelyshkov polynomials Cy,(x) have the analogous properties to those of the classical orthogonal polynomials. In fact,
these polynomials are an example of such alternative orthogonal ones, which are not solutions of the hypergeometric type
equations, but can be expressed in terms of the Jacobi ones. In addition, they can also be connected to hypergeometric func-

tions, orthogonal exponential polynomials, and Jacobi polynomials P*” by the following relation
Cn(x) = (=1)N "XV "PP2M D (2x — 1), n=0,1...N.

Hence, they keep distinctively attributes of the classical orthogonal polynomials and may be facilitated to different problems
on approximation. In the family of orthogonal polynomials {Cn,(x)}, every member has degree N with N-n simple roots.
Hence, for every N if the roots of the polynomial are chosen as node points, then an accurate numerical quadrature can
be derived.

In this paper, we develop a new collocation method derived from Chelyshkov polynomials and illustrate the method by
the problems in some works in the literature.

2. Fundamental matrix relations

We first consider the approximate solution y(x) of Eq. (1) defined by the truncated orthogonal Chelyshkov series (3),
which is in the form

N
Y(x) = yy(X) =Y _anCua(x).
n=0
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Then we can convert to the finite series (3) and its derivative y%‘) (x) to matrix forms
Yn(x) =C(X)A or yy(x) = X(x)CA
and (4)
¥y (x)=CPx)A or yy(x) =X(x)B‘CA,k=0,1,2,....N

where
Cx) = [Cno(X) Cwmi(x) - Caw(x)],€%(x) =[c® (k) oW
(%) = [Cno(x) Cn1(x) w(X) ], €V (%) = [Cg(x) Cyi(x) Can(®)1;
010 0
Qo
0 0 2 0
T h
X(x)=[1 x X', B=10 0 0 0 A=| |,
0 0O N
a
0 00O 01 Wty "
if N is odd,
T /N\/N+1 |
<0>< N ) 0 ° ’
N N+2 N-1 N
OOV (DG - oo
1 N 0 N-1
¢= z : z ,
()W) -G2)Go) - ) o
N-1)\N A\N-2/\N-1) T o/\ 1
<N><2N+l> <N—l)<2N+1> <1>(2N+1> 1
| \N N N-1 N-1 1 1 J (NN
if N is even,

<'(\)'><N;1> 0 0 0
B eoan e

N \ /2N N-1\/ 2N ' 1\ /2N
“\N-1/\N N-2)\N-1 " 0/\ 1
(N)(ZN—H) (N—1><2N+l> <1><2N+1> 1
| \N N N-1J\N-1) '~ 1 1 J v
By using the matrix forms (4), we obtain matrix relation for the differential-difference part of Eq. (1)

= > Pu(x)X(x)M (0, Tu) B CA, (5)

i=0 k=0

o

where, for o, # 0 and 7 # 0 [38],

(/0 1 2 N T

(o)An (o) (5)hd — (o)
1 2 N

0 (—1 )O{,lkff;( (-1 )ailkrilk ce ( 1 )o{l]k‘[:;lf

M (i, Tie) = 2 N )

(%ie; Tie) 0 0 <2>oc,?k‘z,'3< <2>oc,2k N
N

0 0 0 0 (N>ocf‘,’(rf,’(
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and, for o, # 0 and 74 =0,

1 0 O 0
0 o 0
M(fxiho) _ 0 O OCl-zk ... 0

0000af,ﬁ

Now let us construct the matrix form of the Fredholm integral part of Eq. (1). The kernel function Ky(x,t) can be
approximated by the truncated Taylor series [39,40] and the truncated Chelyshkov series, respectively

Kq(x,t) ZZTkmnx”'t” and Ki(x,t) chks Con(%)Ca( (6)
m=0n=0 m=0n=0
where

e 1 9™7K(0,0)

mn = il oxmar mn=0,1,2,....N, s=0,1,2,...,m.

We write the relations (6) in the matrix form

Ki(x,t) = X(x)l(sTXT( ), K} = [Tkmn] mn=0,1,...,N, (7)
and
Ks(x,t) = C(X)KSCCT(t), K = [Ckf,m], m,n=0,1,...,N. (8)

From Egs. (4), (7) and (8), we obtain

XXIGX (£) = C)KECT (1) = X)X (t) = X(x)CKECTX (1),

K = cKic or K = (€) 'K(cT) ©
By substituting the matrix forms (4) and (9) into the integral part F(x) in Eq. (1), we have the matrix relation as
/0 S K (x, £)y® (0)dt = / ZC(x)I(SCCT(t)X(t)BSCAdt — 3 CKQBCA, (10)
5=0 -0 5=0
so that
Q- / X' (6)X(t)dtC = CTHC;
where
H:/leT(t)X(t)dt: (he): h,s:ﬁ, rs=01,2, .. N
Putting the matrix form (10) into the equation F(x), we have the matrix relation
[F(x)] = zm:X(x)CK‘CQCA.
5=0
Similarly, we can obtain the following matrix relation for Eq. I(x)
m
()] = ;X(X)CVZQ(X)CA, (11)
where
=c' / X' ()X (t)dtc = CTH(x)C,
and
- /Ohm X (OX(t)dt = [hs(X)];  his(x) = % r,s=0,1,2,...,N.
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Finally we can get the matrix relations for conditions by means of the relation (4)

3

(a3 X(0) + byX(b))B*CA = [/;], j=0,1,....m—1. (12)
0

=~
Il

3. Method of solution

For constructing the main matrix equation, we first substitute the matrix relations (5), (10) and (11) into Eq. (1) and then
use collocation points denoted by

xpz%p, p=01,... N.

We obtain a system of matrix equations as

{ZZP,,‘ X)X (%)M (0%, Tie)B*C — Zc x,)K.QC — Zx X,)CVEQ (x,)C }A =G(xp),

i=0 k=0 s=0

or briefly the fundamental matrix equations

{ZZP,,CXM ik, Tie)BEC — Zxcx Qc- Zxcvs }A G, (13)

i=0 k=0
where
Pi (o) 0 0 2(xo) X(Xo) 1 X XN
0 Pu(x1) 0 g(x1) X(x1) 1 x XY
Pik: G: . 7X: =
0 :
0 0 Py (xn) g(xn) X(xn) 1 xy - x%
X(x) O 0 co 0 Vi 0 0
- 0 X(x) 0 |_ |oc 0| _ 0 V¥ 0
X= C=. . V= 7
0 - 0 0
0 0 - X(xn) 00 C 0 0 A
Q(xo) 0 . 0 C
_ 0 Qx1) 0 _ e
Q= and C=
: : . 0 :
0 0 - Q) c

Eq. (13) corresponds to a system of (N + 1) algebraic equations for the (N + 1) unknown coefficients ao, ay, .. ., ay. Briefly, we
can write Eq. (13) in the form

WA = G or [W;G], (14)
so that
W = [wpg] = ZZP,,J(MB"C Zxa( Qc- ZXCVCQC p,q=0,1,2,...,N.
i=0 k=0 s=0

On the other hand, the matrix forms for the conditions (2) are

A=[p,] or [Usil, (15)
where

U=[uo Ui Uz ... Uy], 1=01,....m-1,

[U)) = Ui .

Consequently, to obtain the solution of Eq. (1) under the conditions (2), by replacing the last rows in matrices (14) by the m
rows of the matrix (15), we have the new augmented matrix

WA=G or [W;G|. (16)
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If rank W = rank [W;G] = N + 1, then we can write A = (W) ' G. Thus, the matrix A (thereby the coefficients ao, a1, .. ., ay) is
uniquely determined. Also, the Eq. (1) under the conditions (2) has a unique solution. This solution is given by the truncated
Chelyshkov series (3). Thus, we get the Chelyshkov polynomial solution

N
= "a,Crn(x)
n=0

4. Error analysis based on residual function

In this section, error estimation is presented for the method. This error estimation is based on the residual function and
we improve the approximate solution (3) by using this error estimation. The residual error estimation was presented in some
works in the literature. For the problem (1), (2), we modify the error estimation considered in [41-45]. We can easily check
the accuracy of this solution as follows:

Since the truncated Chelyshkov series (3) is approximate solution of (1) and (2), when the function yn(x) and its deriva-
tives y%‘) (x) are substituted in Eq. (1), the resulting equation must be satisfied approximately for x € [0,1],i=0, 1, ..., N; that
is:

m

n.om h(x)
- ZZPik(x)yl(\’,‘)(ocikx+r,k / ZK (x, tyN dt+/ ZV (x, t)yy (H)dt — g(x), (17)

i=0 k=0
and the mixed conditions

m-1

> @y (0) + by (b)) = %, j=0.1,....m—1. (18)
k=0

Here, Rn(x) is the residual function associated with yp(x).

On the other hand, by means of the residual function defined by Ry(x) and the mean value of the function |Ry(x)| on the
interval [0,b] the accuracy of the solution can be controlled and the error can be estimated. If Ry(x) — 0 when N is sufficiently
large enough, then error decreases. Also by using the Mean-Value Theorem, we can estimate the upper bound mean error Ry

as follows [46]:
b b
/ Ry (x)dx g/ [Rn (x)]dx,
0 0
/RN X)dx| =

/ Ru(x)dx = bRy(c
b
= Ruo) < BRI _ g2 (19)

and

= bIRn(c)l,

= |Rv(c)] < Rw, (0 < c < b).
In addition, the error function en(x) can be defined as
en(X) = y(x) = yn(x), 20)

where y(x) is the exact solution of problem (1), (2). Then using (1), (2), (17), (18) and (20), we obtain the error differential
equation

1. m h(x) m
ZZP,k Jeld) (X + Tik) + / STK(x, D) (H)dt + / > Vi(x ey (t)dt = —Ry(x), (21)
i=0 k=0 0 =0 0 s=0
with the homogeneous conditions
m-1
Z(ajkeN 0 )+bjkeN (b)) =0, j=01,....m-1.
k=0

Solving the error problem (21) by the method given in Section 3, we obtain the approximation ey (x) to en(x). Consequently,
we have the improved approximate solution

Ynm(X) = Yn(x) +enm(X).

Note that if the exact solution of the problem is not known, then we can estimate the error function by ey p(x).
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5. Illustrative examples

In this section, we consider a problem to demonstrate the effectiveness of the method, the error estimation and the resid-
ual correction.

Example 1. Firstly, we consider the following second order linear Fredholm integro-differential equation with variable
coefficient:

(g—1>y”(0.3x)+x2y’(x+1)+y(x+2)—y(x—1):/(4xt—2x) (dt+7x—11+2%° — 2%, 0<x<1, (22)
0

with the initial conditions y(0) =4 and y’(0) = —4. The exact solution of problem is y(x) = (x — 2)?. By applying the suggested
method for m =2, poo(x) = 1, p1o(X) = —1, Po1(x) = X%, Po2(x) = x/2 — 1, Ko(x, t) = 4xt — 2x, g(x) = 7x — 11 + 2x*> — 2x> and N=2 we
write the fundamental matrix relation from (13) as

PooXM(1,2)C + P1oXM(1,-1)C + P, XM(1,1)BC + P; XM (0.3, 0)B*C — XCK2QB’C}A =G,
C

where

100 -1 0 0 0 0 -1 0 0
Po=|0 1 0|, Py=|0 -1 0|, Py=|0 1/4 0|, Pp=|0 -3/4 0
00 1) 0 0 -1 0 0 1 0 0 -1/2
X(xo) 1 0 0 12 4 1 -1 1
X= X(xl)} 1 1/2 14|, M(1,2)=|0 1 4|, M(1,-1)=|0 1 -2
X(x2) 11 1 001 0 0 1
111 1.0 0 1.0 0 010
M(1 1):{0 1 2|, M03,00=|0 03 0|, Q=|0 13 0|, B=|0 0 2
00 1 0 0 009 0 0 1/5 000
00 2 3 00 0 0 0 g(xo) -11
B>=|0 0 0], c=|-12 4 0|, K°=|-1/6 -1/4 5/12 | and G—[g(xl) =| -8
000 10 -5 1 -5/6 —5/4 25/12 g(x2) -35/4

From (16) the augmented matrix for this fundamental matrix equation is computed as follows

-26 7 1 ; -11
W:G=| 3 00 : 4
-12 4 0 ; -4

By solving this system, the Chelyshkov coefficient matrix is obtained as
A=1[4/3 3 8/3]"
Hence, the approximation solution of the problem for N =2 is found as
Vo (x) = x* — 4x + 4,
which is the exact solution of the problem.
Example 2 (see [47]). Now, we deal with the linear Volterra-Fredholm integro-differential equation in the following form;

1
X2Y"(x) + xy'(X) — Xy(x) = e* — sin(x) +xcozs(x) +/ sin(x)e"y(t dt——/ cos(x)e"ty(t)dt, 0<x,t<1, (23)
0

under the initial conditions
y(0)=1 and y(0)=

which has the exact solution y(x) =
From Eq. (13), the fundamental matrix equation of the equation is written as

X

{PooXM(1,0)C + Py XM(1,0)BC + Pp,XM(1,0)B>C — XCK2QC — XCV2QC}A = G.

Thus, following the method given in Section 3, we obtain approximate solutions to the problem in terms of Chelyshkov
polynomials for N =5, 7, respectively,
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ys(X) =1 +x+0.5x% + 0.16673336270x> + 0.04061157874x* + 0.01065008157x°,
¥7(t) = 1+x+0.5%* + 0.1666666296x> + 0.04165767115x* +- 0.008371211118x>
40.001071244931x° 4- 0.0008529403702x7,

and

Yio(X) =1+ x4+ 0.5x* + 0.1666676166x° + 0.04165356044x* + 0.008421162555x° + 0.001071244931x°
+ 0.0008529403702x — 0.0007445540389x% 4 0.0004828059816x° — 0.0001229984119x'°.
Table 1 gives a comparison of numerical results of the uncorrected and corrected approximate solutions obtained by the pre-
sented method for N = 5, 7 with the exact solutions of Eq. (23). In addition, Fig. 1 shows the comparison between exact and
approximate and improved approximate solutions for various values of N, M. Finally, using (19), we construct the upper

bound mean error Ry in [0, 1] for approximate solutions obtained by the presented method for N =5, 7 and we show these
mean errors in Table 2. As seen from Table 2, it is said that the obtained solutes improve when N, M are increased.

Example 3 (see [48]). Lastly, let us consider the first order linear Volterra integro-differential equation with variable
coefficient

Y (X) =y((x)—2y'(x—0.5)+ (x —x2)y(0.5x — 1) + /Xxe‘fy(t)dt+ /X/Z(x2 —2t-2)y'(t)dt, 0<x<1y(0)=1. (24)
Jo Jo

By following operations of our method for N = 4,7, we find the following approximate solutions;

¥a4(x) = 1+ 0.9999803578x 4 0.4994695509x + 0.1662082613x> + 0.0432204606x* 4 0.0095478611x°,

and
¥,(t) = 14 1.0000467750x + 0.50001120160x2 + 0.166400850x> + 0.0413807480x* + 0.008748071270x>
+0.0018775830x° — 0.000185510x”.
Table 1
Comparison of the values of exact and approximate solutions of the problem (23) for x values.
X; Exact solution Present method Improved present method
Y(xi) = e N=5,y5(x) N=7,y;(x) M =7,ys57(x:) M =9,y79(xi)
0 1 1 1 1 1
0.2 1,22140275816017 1,221402253453690 1,22140275148372 1,2214027579986 1,221402758157
04 1,491824697641270 1,491819648463820 1,49182463942173 1,4918246981768 1,491824697610
0.6 1,82211880039051 1,822105817290790 1,82211859842912 1,8221187981833 1,822118800353
0.8 2,22554092849247 2,22549180308316 2,22554048115809 2,2255409343879 2,225540928405
1 2,71828182845905 2,71799502301000 2,71828051076880 2,7182812727449 2,718281826965
2,5 7 w
o .-
= 1,54 ="
& o
¥ ain
1t for N=5 the approximate solution
for N.M=5,7 the improved solution
+ for N=7 the approximate solution
0.5 ] for N.IWM=7.2 the improved solution
o 0.2 04 06 0,8 1

x

Fig. 1. Comparison of exact and numerical solutions for the problem (23).

Table 2
The upper bound mean errors of the problem (23).

Rym Rs R7 Rs7 R7o

The values of Ry 2,6013898 x 103 1,15440313 x 107° 9,9172273 x 10°° 3,56366703 x 108
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Comparison of the values of exact and approximate solutions of the problem (24) for x values.

Xi Exact solution Present method Improved present method
y(x;) = e N=4,y,(x;) N=7,y;(x) M =8,y48(xi) M =9,y79(xi)

0 1 1 1 1 1

0.2 1,2214027581602 1.221110092859520 1,221410136397 1.22140271274681 1.221402755695040
04 1,4918246976413 1.491554240333120 1,491826470705 1.49182480275464 1.491824705298540
0.6 1,8221188003905 1.822568572731520 1,822100282740 1.82211915384715 1.822118822217320
0.8 2,2255409284925 2.227281567976320 2,225511236626 2.22554125456388 2.225540945438840
1 2,7182818284591 2.720714051600000 2,718279711321 2.71828164988813 2.718281811628550

Table 4a

Comparisons of the actual absolute errors and the estimated absolute errors of the problem (24).

Xi Absolute errors Estimated absolute errors

lea(x;)| le7(x:)] leas(xi)] le7.9(xi)
0 0 0 0 0
0.2 2,92665301 x 107* 7,37823657 x 10°° 4,54133600 x 10°% 2,465130 x 107°
0.4 2,70457308 x 104 1,77306389 x 10°® 1,05113370 x 1077 7,657270 x 10~°
0.6 4,49772341 x 10°* 1,851765008 x 10~° 3,53456640 x 1077 2,1826810 x 10~°
0.8 1,74063948 x 1073 2,969186637 x 107> 3,26071410 x 1077 1,6946370 x 107°

2,43222314 x 1073

2,1171383500 x 106

1,78570920 x 1077

1,68305000 x 1078

i [
26 ] o e :
2,4+ o
4 -
2,2 i
.-
2 -_ : .- a”
1,2 = "
® | -
by 1,6 1 "
4 o =
1,4+ By - -
i w®* |¢ for N=4 the approximate solution
) _." o for (N,M)=(4,8) the improved solution
1.2 - + for M=7 the approximate solution
1 n" o for (N,M)=(7,9) the improved solution
14" - Exact solution
T T T T . T v T T T
0 0,2 0,4 0,6 0,8 1

x

Fig. 2. Comparison of the exact and approximate solutions yy(x) for N=4, 7 and M = 8,9 of the problem (24).

Absolute Error

10-3 -

1% 2%

10-5 .
10°% 4
10-7 .
10
10-10 .

10-11 4

o
T
e

T T T T T T T T T 1

0.2 04 04 0.2 1

X
for N=4 the actual absolute error function
for M=8 the estimated absolute error function

Fig. 3a. Comparison of the actual absolute error functions |e4(x)| and the estimated absolute error functions |e,s(X)| for (N, M) = (4, 8) of the problem (24).
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-5
10 M*# #_*.#m-u.&
f hy + ;
N 5 £ %
2 + + +
M ety
1084 Tttt + G #
+ : o+ ¥
+
-7 +
1077 4 +
: !
§ -8 + ®
= 107° 4 o
ﬁ i a
2
= oo a
S -9 a8 e, 0% udx%u
s 1 o o oo
2 - S T
o o
nnnu 0%, o o0 oo P
L I ! 5 o
o o
o
10-11 7 T o T T T T T £ T 1
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Fig. 3b. Comparison of the actual absolute error functions |e;(x)| and the estimated absolute error functions |e;o(x)| for (N, M) = (7,9) of the problem (24).

Table 4b
Comparison of the actual absolute errors of the problem (24).

X; Laguerre series method [48] Present method
e4(X;) e7(X;) e4(X;) e7(X;)
0 1.7764e—015 1.9984e-015 0 0
0.2 3.4609e—-004 6.0220e—007 2.9267e—004 7.3782e—006
0.4 5.8635e—004 1.5190e—006 2.7046e—-004 1.7731e—006
0.6 2.2284e—004 1.1574e-006 4.4977e—004 1.8518e—005
0.8 8.6266e—004 1.1334e—006 1.7406e—003 2.9692e—005
1 1.8766e—003 3.5020e—006 2.4322e-003 2.1171e—-006
The error problems for solutions N = 4, 7, respectively, become
€,(x) = es(x) — 2€}(x — 0.5) + (x — x?)e4(0.5x — 1) + [, xe~tes(t)dt + fg/z(x2 —2t-2)e,(t)dt, 0<x<1
e4(0) =0,
and
2
e, (x) = e(x) — 2€5(x — 0.5) + (x — X2)e7(0.5x — 1) + [Fxe tes(t)dt + [ (x* — 2t — 2)e4(t)dt, 0<x< 1

e,(0) = 0.

By solving these problems for M = 8,9 with the method introduced in Section 3, respectively, we obtain the approximations
in Table 3. The some numerical values of the approximate solutions, the improved solutions and exact solution are compared
in Table 3. In Table 4a, the actual absolute errors are compared with the absolute estimated by the presented method for
N=4,7 and M = 8,9 and also the absolute and improved absolute error functions are compared in Figs. 3a and 3b. In
Table 4b, we compare the absolute errors obtained by the present method, Laguerre series Method [48]. In addition,
Fig. 2 shows exact, approximate and improved approximate solutions.

It is seen from Tables 3 and 4 and Figs. 3a and 3b that errors decrease when N and M are increased.

6. Conclusions

In this paper, we have presented the Chelyshkov collocation scheme, based on Sezer’s Matrix Method for the solution of
the linear mth order mixed functional integro-differential equations with variable coefficients and by using residual function
and Mean Value Theorem, we also form a criterion to calculate the upper bound mean error in the given interval. In addition,
we compared the numerical values of the approximate solutions obtained by the method in tables and figures. This
comparison shows that the suggested method is quite effective. Moreover, the method can be developed for linear and
nonlinear problems with the variable coefficients by means of any collocation points.
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