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We study the continuity properties of the generalized fractional integral operator I, on the generalized local Morrey spaces LMI{)’)‘;}
and generalized Morrey spaces M, ,. We find conditions on the triple (@1 95, p) which ensure the Spanne-type boundedness of I,

from one generalized local Morrey space LM, {x"} to another LM
1 < g < co. We also find conditions on the palr ((p p) which ensure the Adams-type boundedness of 1, from M, i/ to M,

1 < p <q<ocoandfrom M,

X"} to the weak space WLM‘(;‘(;’Z}

for

1<p<q<oo and from LM

a9/

to WM, uq for 1 < g < co. In all cases the conditions for the boundedness of I, are given in terms

of Zygmund-type integral 1nequaht1es on (91,95, p) and (¢, p), which do not assume any assumption on monoton1c1ty of ¢, (x,7),

@,(x,7), and @(x,7) in r.

1. Introduction

The theory of boundedness of classical operators of the real
analysis, such as the maximal operator, Riesz potential, and
the singular integral operators, from one weighted Lebesgue
space to another one is well studied by now. Along with
weighted Lebesgue spaces, Morrey-type spaces also play an
important role in the theory of partial differential equations.
Morrey spaces were first introduced by Morrey [1] in 1938 to
study local behavior properties of the solutions of second-
order elliptic partial differential equations. Furthermore,
there are important applications for the theory of partial
differential equations related to obtaining sharp a priori
estimates and studying regularity properties of solutions in
Morrey spaces. Recently, they proved to be useful also for
the Navier-Stokes equations [2, 3]. However no attempt has
been made to extend these results by using more generalized
Morrey-type spaces. For example, sharp regularity properties
of strong solutions to elliptic and parabolic equations with
VMO coefhicients in terms of general Morrey-type spaces are
a good place to start the investigation.

For x € R" and r > 0, we denote by B(x,r) the
open ball centered at x of radius r and by "B(x, r) denote its
complement. Let | B(x, )| be the Lebesgue measure of the ball
B(x,71).

Let f € L'(R"). The fractional maximal operator M,
and the Riesz potential I are defined by

M, f (x) = sup |B (x, t)|71+“/"J lf (»)|dy, 0<a<n,
t>0 B(x,t)

f(y)dy

|n_a, 0<ac<n.

Lf@=|

x -

)
If « = 0, then M = M, is the Hardy-Littlewood maximal
operator.

For a measurable function p : (0, 00) —
eralized Riesz potential I, is defined by

px -y
x — "

(0, 00) the gen-

If(x)= J ——=7f (y)dy )
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for any suitable function f on R". If p(¢) = t*,0 < a < n,
then we get the Riesz potential operator I,,.

The generalized fractional integral operator I, was ini-
tially investigated in [4-6]. Nowadays many authors have
been culminating important observations about I, especially
in connection with Morrey spaces. Nakai [6] proved the
boundedness of I, from the generalized Morrey spaces M, ,,
to the spaces M, , for suitable functions ¢;, ¢, satisfying
the doubling condition. The boundedness of I, from the
generalized Morrey spaces M, , to the spaces M, , is
studied by Eridani [7], Gunawan [8] Eridani et al. [9], Nakai
[10], and Eridani et al. [11]. Guliyev [12] proved the Spanne-
and Adams-type boundedness of I, in the spaces M, ,(R")
without any assumption on monotonicity of ¢.

In this study, by using the method given by Guliyev in
[13] (see also [12,14]), we prove the Spanne-type boundedness
of the operator I, from one generalized local Morrey space

LM{x° to another one LM{XO} 1 < p < g < 00, and from

LM{x° to the weak space WLM{X"} 1 < g < co. We also
prove the Adams-type boundedness of the operator I, from
generalized Morrey space M e 1O another one M PR for
1 < p<q<ocoandfromM,,to WM, s for1 < g < co.
By A < B we mean that A < CB with some positive
constant C independent of appropriate quantities. If A < B
and B < A, we write A = B and say that A and B are

equivalent.

2. Generalized Local Morrey Spaces LM;f(;}

We find it convenient to define the generalized Morrey spaces
in the form as follows.

Definition 1. Let ¢(x, r) be a positive measurable function on
R" x (0,00) and 1 < p < co. We denote by M, = Mp)(p(lR")
the generalized Morrey space, the space of all functions f €
LIEC(R”) with finite quasinorm:

- -1/p
17, = _sup oG 1BCn™ Il men - @)
Also by WM, , = WM,, ,(R") we denote the weak general-
ized Morrey space of all functions f € WLIEC(IR”) for which

1w, = sup @G 1B GO I i oy "
X€ 1’> 4

< 00.

According to this definition, we recover the Morrey
space M, ) and weak Morrey space WM,, ) under the choice

o(x,r) = rA/p;

My = MP)‘P’(p(x,r):r(A’")/P ’

©)
WMP»/\ = WMP"P'q)(x,r):r("'"W :
Definition 2. Let ¢(x,r) be a positive measurable function
on R" x (0,00) and 1 < p < co. We denote by LM,,, =
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M P’(P(IR") the generalized local (central) Morrey space, the

space of all functions f € LIEC(R") with finite quasinorm:

£, = supe @07 BOD™ Iz 50 (0)

Also by WLM,,, = WLM,, ,(R") we denote the weak gen-
eralized local (central) Morrey space of all functions f ¢

Ll;C(IR”) for which

"fHWLMM = Sr‘ig‘P 0,7 B(0, ”)|71/P “f”WLP(B(O,r)) < 0.
(7)

Definition 3. Let ¢(x, r) be a positive measurable function on
R" % (0,00) and 1 < p < co. For any fixed x, € R"” we denote
by LM, {xﬂ} =LM {xﬂ}(R”) the generalized local Morrey space,

the space of all functions f € LIEC(R”) with finite quasinorm:

Wy =V g,

Also by WLM;; xo} = WLM;; x° (R”) we denote the weak gener-

alized local Morrey space of all functions f € WLIEC(IR") for
which

"fHWLMj,fg’ = [ fxo + -)||WLMp,¢ < 00. 9)

According to this definition, we recover the local Morrey

space LM;xX} and weak local Morrey space WLM;XX} under
the choice ¢(x, ) = r*/P;
{xo} {XU}
LMy = M|
. (10)
xo {xo}
WM, = WIMG| -
Furthermore, we have the following embeddings:
{xo}
My € LMo, “f”LMI{,’fg) s "f“MM >
D

o)
WM, ¢ WLM3),

"f"WLMl{fg) s "fHWMW :

Wiener [15, 16] looked for a way to describe the behavior
of a function at infinity. The conditions he considered are
related to appropriate weighted L, spaces. Beurling [17]
extended this idea and defined a pair of dual Banach spaces
A, and B, where 1/q+1/q" = 1. Tobe precise, A, isaBanach
algebra with respect to the convolution, expressed as a union
of certain weighted L, spaces; the space B is expressed as
the intersection of the corresponding weighted L, spaces.
Feichtinger [18] observed that the space B, can be described
by

71, = sup2™" | fitel oo (12)

where y, is the characteristic function of the unit ball {x €
R"™ : |x| < 1}, xi is the characteristic function of the annulus
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xeR": 2" < x| <2 k=1,2,... By duality, the space
A,(R"), called Beurling algebra now, can be described by

"f“Aq = Zz_kn/q "ka"Lq([R”)' (13)
k=0

Let Bq([R”) and A q(IR”) be the homogeneous versions of
B (R") and Aq(R”) by taking k € Z in (42) and (13) instead
of k > 0 there.

IfA < 0orA > n,then LMER} (R™) = ®, where O is the set
of all functions equivalent to 0 on R". Note that LM, ,(R") =
L,(R") and LM, ,(R") = BP(R”):

BP»I" = LMP)§D|(p(0,r)=r”*”P" >
WBP,M = WLMP’(/)L{J(OJ):?”M"P” > (14)
[-5]
pe|-—0].
p

In order to study the relationship between central BMO
spaces and Morrey spaces, Alvarez et al. [19] introduced A-
central bounded mean oscillation spaces and central Morrey
spaces BP)H(IR") = LMPJWW(IR"), pe[-1/p,0l.1fu<-1/p
or y > 0, then BP’#(IR”) = ©. Note that Bp’_l/P(IR”) = LP(R”)
and Bp,o(an) = BP(R”). Also define the weak central Morrey
spaces WB,, ,(R") = WLM,, ,,,,.,.,(R").

The classical result by Hardy-Littlewood-Sobolev states
thatif 1 < p < g < oo, then the operator I, is bounded
from LP(R”) to Lq(R”) if and only if & = n(1/p — 1/q) and
for p =1 < g < 00, the operator I, is bounded from L, (R")
to WLq([R") ifand only if « = n(1 — 1/g). Spanne and Adams
studied boundedness of the Riesz potential in Morrey spaces.
Their results can be summarized as follows.

Theorem 4 (Spanne, but published by Peetre [20]). Let 0 <
a <nl<p<nfaand0 < A < n— ap. Moreover, let
1/p-1/q =a/nand A| p = u/q. Then, for p > 1, the operator
1, is bounded from M, , to M, , and, for p =1, I, is bounded
Jrom M, ) to WM, .

Theorem 5 (Adams [21]). Let 0 < « < n, 1 < p < n/a,
O0<A<n—-ap,andl/p—-1/q =a/(n—A). Then, for p > 1,
the operator 1, is bounded from M, to M, , and, for p =1,
1, is bounded from M, ; to WM, .

Some authors [8, 12, 22-25] generalized Theorems 4 and
5 to generalized Morrey spaces and called them Spanne-type
and Adams-type results for I,.

In [23] the following condition was imposed on ¢(x, r):

cfl(p (x,r) <@ (x,t) <cp(x,1) (15)

whenever » < t < 2r, where ¢ > 1 does not depend on ¢, r
and x € R", jointly with the condition

I o (x, t)p% < Cr'%¢ (x,1)?, (16)

where C > 0 does not depend on r and x € R".

In [23] the following Spanne-type result was proved for I,
onM,,,.

Theorem 6. Let1 < p < 00,0 < a < n/p, 1/q = 1/p -
a/n, and @(x,r) satisfy the conditions (15) and (16). Then the
operator I, is bounded from M, , to M .

The following Spanne-type result for I, on LM;‘(;}, con-

taining results obtained in [23, 26], was proved in [12, 13] (see
also [14]).

Theorem 7. Let x, € R", 1 < p < 00,0 < a <n/p, 1/q =
1/p — a/n, and (@,, @,) satisfy the condition

[ee] « d
J gy (xp.7) Tr < Co, (x0-1) » (17)
t

where C does not depend on x, and t. Then the operator 1, is
{x0} {xo} {xo}
bounded from LM, ¢ to LM 0" for p > 1 and from LM ;" to

{xo} -
WLM_2' for p = 1.

From Theorem 7 we get the following Spanne-type result
for I, on M, ,.

Corollary 8. Let1 < p< 00,0 <a <n/p, 1/g=1/p—a/n,
and (@,, ¢,) satisfy the condition

o o d
[ 7700 & < o . 18)
t

where C does not depend on x and t. Then the operator I is
bounded from M, to My, for p > 1 and from M, , to
WM,,, for p=1.

The following Spanne-type result for I, on M, ,,, contain-
ing results obtained in [12], was proved in [27].

Theorem 9. Let1 < p<00,0<a<n/p, 1/qg=1/p-aln,
and (@,, ¢,) satisfy the condition

dr < Cg, (x,t), (19)

. n
© ess inf, ..., @, (x,5) s
‘ prla+l

where C does not depend on x and t. Then the operator I is
bounded from M, to Mg, for1 < p < q < co and from
M, to WM, forl<q < oco.

3. Some Weighted Inequalities

Let v be a nonnegative function on (0, c0). We denote by
L, ,(0,00) the space of all functions g(t), ¢ > 0, with finite
norm

l91.... 000 = supY O]9 ) (20)

and L,(0,00) = L,,(0,00). Let M(0, 0c0) be the set of all
Lebesgue-measurable functions on (0, 00) and I ™ (0, co) its
subset consisting of all nonnegative functions on (0, c0). We



denote by M (0, co; T) the cone of all functions in M (0, co)
which are nondecreasing on (0, c0) and

A = {go e M (0,00;7) : tlir? o) = 0} . (21)
— 0+
The following theorem is valid.

Theorem 10. Let v,, v, be nonnegative measurable functions
satisfying 0 < |v;ll,_ t,00) < 00, j = 1,2, foranyt > 0.

Then the identity operator I is bounded from L, (0, 00)
to L, (0,00) on the cone A if and only if

""2 lvi ||£;(~,oo) “Lm(o,m) < ©0. (22)

Proof. If F, G are nonnegative functions on (0, 00) and F is
nondecreasing, then

ess supF (t) G (t) = ess supF (t) ess supG (s),

te(0,00) te(0,00) s€(t,00)

t € (0,00).

(23)

Also if F, G are nonnegative functions on (0,00) and F is
nonincreasing, then

ess supF (t) G (t) = ess supF (t) ess supG (s), t € (0,00).
te(0,00) te(0,00) s€(0,t)
(24)
Therefore for all € A
ess supv (t) ¢ () = ess supg (t) Sv(t), (25)
>0 >0
where
(Sg) ) = 9l o> T € (0,00). (26)

First we prove sufficiency. Assume that condition (22)
holds. Then for all ¢ € A

"I‘P"L (0,00) — ”(gvl)_lgvl(p||Lm,v2 (0,00)

00,V

< <\l
< essi:)upSv1 t)p(t)- “(Svl) “ Ly (009)
-1
el 50 090
(27)
by (25).

To prove necessity assume that I is bounded from
Loy, (0, 00) to L.y, (0, 00) on the cone A; that is,

7ol

00,V

(000) =€ ”ﬁ"“L ¢ EA, (28)

where ¢ > 0 is independent of ¢.

We note that (Sv;) ™'y ey €A for all n € N and take
@ =v) 'y - Observe that
.|(§V1)‘1X (

<&,

(0,00) >

oo,V

(1/n,00,

1/n,00) “Loo,vl (0,00) o (0,00)

-1
= ess supv, (t) <ess supv, (T))
t>0 t<T<00

<1
(29)
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Also for all T > 0 for sufficiently large n

ST ST H.
2o sor, @G O] e
=[S0,y
hence
|5~ VZ“LDO(T’OO) <c (31)
forall 7 > 0 and condition (22) follows. O

We will use the following statement on the boundedness
of the weighted Hardy operator:

H,g(t) = LOO gw(s)ds, 0<t<oo, (32)

where w is a weight.
The following theorem was proved in [28] (see, also [29]).

Theorem 11. Let v, v,, and w be weights on (0, 0c0) and let
vi(t) be bounded outside a neighborhood of the origin. The
inequality

ess supv, () H,g (t) < Cess supv, (t) g (t) (33)
£>0 £>0

holds for some C > 0 for all nonnegative and nondecreasing g
on (0, 00) if and only if

B := supv, (t)
t>0

J"" w(s)ds < oo, (34)

€8S SUPscr<co¥1 (T)

Moreover, the value C = B is the best constant for (33).

Remark 12. In (33) and (34) it is assumed that 1/co = 0 and
0-00=0.

4. Spanne-Type Result for
the Operator /, in LM;’)‘(;}

We assume that
o (t) dt
I P o, (35)
1 th ot
so that the fractional integrals I, f are well defined, at least for
characteristic functions 1/|x|*" of complementary balls:

Xrm\B(0,1) (X)
|x|2n :

J )= (36)

In addition, we will also assume that p satisfies the growth
condition: there exist constants C; > 0 and 0 < 2k; < k, < co
such that

kyr
sup &SCIJ P(t)ﬂ, r > 0. (37)

r/2<s<3r/2 s" kyr "ot
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This condition is weaker than the usual doubling condi-
tion for the function p(t)/t": there exists a constant C, > 0
such that

1Lp@) _p) pt)
——=<—=<C ) 38
C, t" " 2 (38)
whenever r and t satisfy v, t > 0and 1/2 < r/t < 2.

In the sequel for the generalized fractional integral

operator I, we always assume that p satisfies the conditions

(37) and then denote the set of all such functions by G,. We
will write, when p € G,

~ @ p(t)dt
= Cr" J Pz 39
poy=crt | RS (39)
Remark 13. Typical examples of p(t) that we envisage are, for
O0<a<mn,

t"‘log<5>, 0<t<l,

py={ ! (40)
_ 1<t<oo,
log (et)
and, for ¢ > 0,
t* 0<t<l,
t 41
p(t) = {C“, 1<t< oo (4D

The second one is used to control the Bessel potential (see also
[30]).

The following theorem was proved in [11].

Theorem 14. (1) Let 1 < p < q < oo. Then the operator I,
is bounded from L ,(R") to L ,(R") if and only if there exists
C > 0 such that for allr > 0

p(r) < CrPia, (42)

(2) Let 1 < q < co. Then the operator 1, is bounded from

L,(R") to WL ,(R") if and only if there exists C > 0 such that
forallr >0

p(r)<cr™, (43)
The following lemma is valid.
Lemma 15. Let 1 < p < oo and p(t) satisfy the conditions

(35) and (37). If the condition (42) is fulfilled, then for p > 1
the inequality

7.1 ”Lq(B(xU,r)) < AN, oy e
o [ pwar Y
T, "f"LP(B(xO,t)) mp ¢

holds for any ball B(x,,r) and for all f € LII‘)’C(IR”).
Ifthe condition (43) is fulfilled, then for p = 1 the inequality

(10 I 1] P

n p(t)dt
A T

holds for any ball B(x, ) and for all f € L'"°(R").

(45)

Proof. Let1 < p < 00,0 < « < n/p,and 1/q = 1/p — a/n.
For arbitrary x, € R", set B = B(x,,r) for the ball centered

at x, and of radius r. Write f = f, + f, with f; = fy,5 and
f2 = fxep)- Hence
0k = Bl oy * Pl - a6

Since f; € L,(R"), I,f; € L (R") and from condition
(42) we get the boundedness of I, from LP([R”) to Lq(IR")
(see Theorem 14) and it follows that

HIPfl "Lq(B) < "IPfl “Lq(R") <C "flnL,,(R“) = C“f"LP(ZB) ’
(47)

where constant C > 0 is independent of f.

It is clear that x € B, y € C(2B) implies (1/2)|x, — y| <
|x — | < (3/2)|x, — yl|. Then from conditions (35), (37) and
by Fubini’s theorem we have

JZB)P(lx ) |f ()| dy

x=y"

<[ on([ el )
- Jzzr(J2k1r<|x0y|<t £ )iy )
< LOO (L(W) If ()] dy) fn(fl) dt

Applying Holder’s inequality, we get

(48)

plx- ) ®© p®)
o Fre Oy = [ 1AL et

="
(49)
Moreover, for all p € [1, 00), the inequality
n/ P (t)
[l <7 [ 10y Bt (50)
is valid. Thus
[e¢]
n/ P (t)
“Ipf“Lq(B) S "f”LP(ZB) + 1" Lr "f”LP(B(xO,t)) lprl dt
(51)

Let p = 1. From the weak (1,q) boundedness of I, and
(43) it follows that

"Ipfl "WLq(B) < ”Ipfl HWLq(R") s ”fl ||L1(R") = ”f||L1(ZB)'

(52)
Then from (50) and (52) we get the inequality (45). [

The following theorem is one of the main results of this
paper.



Theorem 16. Let x, € R", 1 < p < oo, and the function
p satisfy the conditions (35), (37), and (42). Let also (¢;,9,)
satisfy the conditions

t
ess info, (xp, ) s"? < Co, (xo, E) £,

t<s<oo

(53)

° n/p P( )
J-r (etS<Ss<lnf§01 (x0:5) s ) ”/P+1 < Co, (x0.7)

where C does not depend on x, and r. Then the operator 1, is

bounded from LM, x° to LM{XU}forp > 1 and from LM{x"} to
X —_

WLM(M‘;2 for p = 1. Moreover, forp>1,

“IPf“LM,;ﬁgz} s "f"LM},fgf ’ (54)
and, for p =1,
"IPf“WLM;f(gZ’ S "f“LMijfl} : (55)

Proof. By Lemma 15 and Theorems 10 and 11 we have, for p >
1)

-1 — /
“Ipf”LMm S S::g?’z (x0or) ™1 ”f”LP(B(xO,Zr))
+ SuP‘Pz (xpo7)"

p(t)
T P

1 —
rlP “f"LP(B(xo,r))

II

supe, (xp,7) "
r>0

= "f“LM}‘;‘&’ >
(56)

and, for p =1,
-1 _-n/
“Ipf“WLMé’;gz’ S Sr‘ig"/’z (xgor) ™4 ”f"Ll(B(xU,Zr))

p(t)
W

r | f "Ll(B(xU,r))

+ supgoz (%0, 7)
= supg; (xq,7)
r>0
= nf”LMﬁigl’ :

(57)
O

Corollary 17. Let 1 < p < oo, the function p satisfies the
conditions (35), (37), and (42). Let also (¢, ¢,) satisfy the
conditions

t
inf , nlp ( ,_>t"/‘1)
ess infg, (x,8)s7" < Co, | x 5

- ess info, (x,s)s"? &dt
J, (sinfo. o)

t<s<00 1/ p+1

(58)
<Co, (x,1),
where C does not depend on x and r. Then the operator I, is

bounded from M, , to M, for p > 1 and from M, to
WM, forp=1.
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In the case p(t) = t* from Theorem 16 we get new Spanne-
type result on generalized local Morrey spaces.

Corollary 18. Let x, € R, 0 < a <1, 1< p < g < 00, and
1/p - 1/q = a/n. Let also (¢,, ¢,) satisfy the condition

© dt
L <ess<1nf(p1 (xg,5) 8" ) e dt < Co, (x4,1), (59)

t<

where C does not depend on r. Then the operator 1, is bounded
from LM, xo} to LM, x° o, for p > 1 and from LM, {x" toWLM, x°
for p = 1

Also in the cases p(f) = t* and @(x,t) = t*™/? 0 <
A < n, from Theorem 16 we get local Morrey space variant of
Theorem 4.

Corollary 19. Let x, € R", 0 < a« < n, 1 < p < n/a, and
0 < A <n—ap. Moreover, let 1/p—1/q = a/nand A/ p = p/q.

Then, for p > 1, the operator I is bounded from LM;XO} to
LMq)/1 and, for p = 1, 1, is bounded from LM X" toWLM, {X"

5. Adams-Type Result for
the Operator [, in M, ,

The following Adams-type result was proved in [31] (see also

[12]).

Theorem 20. Let1 < p < 00,0 <« <n/p, and q > p and let
@(x, t) satisfy the conditions

sup ¢ (x,t) < Co (x,71), (60)
o0
J %9 (x, t)l/‘l7 h < Croplap) (61)

where C does not depend on x € R" and r > 0.
Then the operator I, is bounded from M, ,up to M 114 for
p > Land from M, , to WM, jua for p = 1.

The following Theorem was proved in [32].

Theorem 21. Let 1 < p < oo and (¢,,p,) satisfies the
condition

sup ¢, (x,t) < Co, (x,7), (62)

r<t<oo

where C does not depend on x and r. Then, for p > 1, the

Hardy-Littlewood maximal operator M is bounded from M, ,

to M, ,, and, for p =1, M is bounded from M, , to WM, .
P2 P1 P2

The following theorem is a main result of this paper
on Adams-type estimate for generalized fractional integral
operator I,. In the case p(t) = t* we get Theorem 20 from
this theorem.
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Theorem 22. Let 1 < p < 00, q > p, and p(t) satisfy the
conditions (37) and (42). Let also ¢(x,t) satisfy the condition
(60) and

J o (x,0)"P @dt < Cp(ry PP, (63)

where C does not depend on x € R" and r > 0.
Then the operator I, is bounded from M, ju» to My gua for
p > 1and from M, , to WM, juq for p = 1.

Proof. Let x; € R",1 < p < 00,0 < & < n/p,q > p,and

f €M, up. Write f = f; + f,, where B = B(x,7), f; = fx2p
and f, = fxc(,p)- Then we have
Ipf (x) = Ipfl (X) + Ipr (x) . (64)

For I,f,(y), y € B(x,r), following Hedberg’s trick (see, e.g.,
[33, page 354]), we obtain

Py -2l
LA [, B I @l

0

p(y-=l)
d
k=—00 J‘B(’Cazkﬂ?”)\B(X,Zk) |y | |f( )l <

0 @ -1Dk,r
: p(s)
= k;oo J(2"+1 Dk, r sntl JB(MM” |f(Z)| dz
0 (@ -D)kyr
T p(s)

- P2a

Mf(x)k_z—:ooJ(Zk“—l)klr s s
- PO,

= Mf (x )j (
= Mf (x) p (k,r)
<Mf(x)p(r).

(65)

For Ipfz(y), y € B(x,r), from (49) we have

Laols] e

CB(x,2) Iy z[" (66)

p(t)
< [0 vt

Then from condition (63) and inequality (66) for all y €
B(x,r) we get

o0 t
0N < P OM )+ [ Ul ey oyt

< p(r) Mf (x) +|| f||Mp,¢up J ¢ (x,0)'/P @dt

<p(MF () +p) TP ]y,
(67)

Hence choosing p(r) = (I flla . /Mf(x))TP/ for all

PrWl/P
y € B(x, ), we have

/ 1-p/

1,5 D] (F )™ £l - (68)
Consequently the statement of the theorem follows in view
of the boundedness of the maximal operator M in M
provided by Theorem 21 in virtue of condition (60). If 1 <
P < g < 00, then

ol
- ~1/q ;~nlq
g Cet) "IPf ||Lq(B(x,t))
<lf ||;4P/3P Sup @ 07 M

pla
-p/ — —
=|f ||izx5plzl,p (xEEiI;O(P (x,t) P P |Mf “L,,(B(x,t)))

/ /
=I5, el

l/P

Wl
(69)

andif 1 < g < 00, then

b,

- EEEI;O(P (x t) th " "IPfHWL B(x,t))

-1/
< Il

-1/q ,—n/ 1/q
sup ¢ (x,1) 1t “Mf”WLl(B(x,t))
x€R™t>0

1/q
— / — _
= "f“zlv[ll W osup o)t "Mf“WLl(B(x,t))
4 x€R™t>0

/ /
=1, 1M F v,

<1fly,
(70)

Thus the proof of the theorem is completed. O
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