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ABSTRACT. We shall investigate the boundedness of the intrinsic square func-
tions and their commutators on generalized weighted Orlicz—Morrey spaces
M2:#(R"). In all the cases, the conditions for the boundedness are given in
terms of Zygmund-type integral inequalities on weights ¢ without assuming
any monotonicity property of ¢(z,-) with x fixed.

1. INTRODUCTION

In the present paper, we are concerned with the intrinsic square functions,
which Wilson introduced initially [24, 25]. For 0 < a < 1, let C,, be the family
of Lipschitz functions ¢ : R" — R of order a@ with the homogeneous norm 1 such
that the support of ¢ is contained in the closed ball {z : |x| < 1}, and that
Jen @(z)dz = 0. For (y, t) € R and f € LY°(R"), set

Aof(t, y) = sup |f x du(y)],
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where ¢y = t7"¢ (Z) Let B be an auxiliary parameter. Then we define the
varying-aperture intrinsic square (intrinsic Lusin) function of f by the formula;

Guslf)(2) = ( /] ()(Aafu,y))?ffff) ,

where [s(z) = {(y,t) € R : |z — y| < Bt}. Write Go(f) = Gaa(f) -

Everywhere in the sequel, B(z,r) stands for the ball in R™ of radius r centered
at x and we let |B(z,r)| be the Lebesgue measure of the ball B(z,r); |B(z,r)| =
v, "™, where v, is the volume of the unit ball in R™. We recall generalized weighted
Orlicz—Morrey spaces, on which we work in the present paper.

Definition 1.1 (Generalized weighted Orlicz—Morrey Space). Let ¢ be a positive
measurable function on R™ x (0, 00), let w be non-negative measurable function
on R™ and ® any Young function. Denote by M2¥?(R") the generalized weighted
Orlicz-Morrey space, the space of all functions f € L2!°¢(R") such that

up 0 QO(LL’, T>71 q)il (w(B(x, T))il) HfHL%(B(m,T)ﬁ

D0 = S
HfHMw ’ xER™ r>

where || f|| L2 (B(z,) = inf {/\ >0 : fB(m) o (@) w(x)dr < 1} :

According to this definition, we recover the generalized weighted Morrey space
MP#(R™) by the choice ®(r) =P, 1 < p < oco. If &(r) =717, 1 < p < oo and
o(z,r) = 7“7%, 0 < X < n, then M2¥(R") coincides with the weighted Morrey
space MP#(R") and if ¢(x,r) = & (w(B(x,r)™")), then M2¥(R") coincides
with the weighted Orlicz space LE(R™). When w = 1, then L2 (R") is abbreviated
to L*(R™). The space L®(R") is the classical Orlicz space.

Our first theorem of the present paper is the following one:

Theorem 1.2. Let a € (0,1] and 1 < py < p; < 00. Let ® be a Young function
which 1s lower type py and upper type p1. Namely,

(I)(St()) < Ctopoq)(S), (I)(Stl) < Ctlplq)(S)

forall s >0 and 0 < t) <1 <t < oo. Assume that w € Ay, and that the
measurable functions @1,y : R™ x (0,00) — (0,00) and ® satisfy the condition,
> . 901<x75) —1 -1 dt
< '
/r %i%ig (b_]' (W(B($O7 S))_l) @ (w(B(:B()?t)) ) t — CSOQ(QZ7T)? (1 1)

where C' does not depend on x and r. Then G, is bounded from M2¥*(R™) to
MEe2(R™).

Theorem 1.2 extends the result below due to Liang, Nakai, Yang and Zhou.

Theorem 1.3. [13] Let o € (0,1] and 1 < py < p1 < oo. Let & be a Young

function which is lower type py and upper type p1. Then G, is bounded from
L®(R™) to itself.

The function G, (f) is independent of any particular kernel, such as the Pois-
son kernel. It dominates pointwise the classical square function (Lusin area inte-
gral) and its real-variable generalizations. Although the function G, g(f) depends
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on kernels with uniform compact support, there is pointwise relation between

Gop(f) with different 3:

34
Gas(f)(x) < B2 TGa(f)(@) -
See [21] for details.
The intrinsic Littlewood—Paley g-function is defined by

ot = ([t oy

Also, the intrinsic g3 , function is defined by

. B t A L dydt :
= ([ (g et

About this intrinsic Littlewood—Paley g-function, we shall prove the following
boundedness property:

2
Theorem 1.4. Let v € (0,1], 1 <py<p; < o0 and A € | 3+ —a,oo . Let also
n

® be a Young function which is lower type py and upper type p1. Assume that
w € A, and that the functions ¢y, ps : R" x (0,00) — (0,00) and ¢ satisfy the
condition (1.1). Then g3 , is bounded from Mg ¥ (R") to My#*(R").

In [24], the author proved that the functions G, f and g, f are pointwise com-
parable. Thus, as a consequence of Theorem 1.2, we have the following result:

Corollary 1.5. Let a € (0,1] and 1 < pg < p; < oo. Let also ¢ be a Young
function which is lower type py and upper type p1. Assume in addition that
w € A, and that the functions ¢y, ps : R" x (0,00) — (0,00) and ¢ satisfy the
condition (1.1). Then g, is bounded from M2* (R") to M>#2(R™).

Let b be a locally integrable function on R™. Setting
[ ) = bouty - )13z
RTL

we can define the commutators [b, GoJ, [b, go] and [b, g3 ] by;

st ([ rr )
b= ([ Clasri.np )

P ghalf <//R+ (t+!x—y!>m( wof ()" ?ﬁtf’

respectively. A function f € LM°°(R") is said to be in BMO(R") [9] if

Hf”*E sup ‘er‘/ for’dy<OO

z€R™ r>0

Aa,bf(tv y) = sup
¢peCaq

)
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1
h = dy.
where S5 = (B ] gy T O

About the boundedness of [b, G| on Orlicz spaces, we shall invoke the following
result:

Theorem 1.6. [13] Let a € (0,1], 1 < py < p1 < o0 and b € BMO(R"™). Let ®
be a Young function which is lower type py and upper type p1 and w € A,,. Then
b, G is bounded on LE(R™).

About the commutator above, we shall prove the following boundedness prop-
erty in the present paper:

Theorem 1.7. Suppose that we are given parameters o, pg,p1 and functions
b, w, @, o with the following properties:
(1) a € (0,1],1 < py < p1 < 0,
) b € BMO(R")
) ® is a Young function which is lower type py and upper type p;.
) wE Ap,,

(2
(3
(4
(5) @1,92 and @ satisfy the condition;

[ (D) e My <O 02

where C' does not depend on x and r.
Then the operator [b, G, is bounded from M2* (R") to M2#2(R").

In [24], the author proved that the functions G, f and g, f are pointwise com-
parable. From the definition of the commutators, the same can be said for [b, G,,]
and [b, go]. Thus, as a consequence of Theorem 1.2, we have the following result:

Corollary 1.8. Let a € (0,1], 1 < py < p; < 0o and b € BMO(R"). Let ® be a
Young function which is lower type py and upper type pi. Assume w € Ay, and

that the functions @1, and ® satisfy the condition (1.2), then [b, go] is bounded
from ME2%1(R"™) to M2%2(R").

Remark 1.9. By going through an argument similar to the above proofs and that
of Theorem 1.4, we can also show the boundedness of [b, g5 ,]. We omit the
details.

Here let us make a historical remark. Wilson [21] proved that G,, is bounded on
LP(R™) for 1 < p < oo and 0 < a < 1. After that, Huang and Liu [7] studied the
boundedness of intrinsic square functions on weighted Hardy spaces. Moreover,
they characterized the weighted Hardy spaces by intrinsic square functions. In
[22] and [23], Wang and Liu obtained some weak type estimates on weighted
Hardy spaces. In [21], Wang considered intrinsic functions and commutators
generated by BMO functions on weighted Morrey spaces. In [26], Wu proved
the boundedness of intrinsic square functions and their commutators inspired by
the ideas of Guliyev [3, 1]. In [I13], Liang et al. studied the boundedness of
these operators on Musielak—Orlicz Morrey spaces. Orlicz—Morrey spaces were
initially introduced and studied by Nakai in [16]. Also for the boundedness of the
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operators of harmonic analysis on Orlicz—Morrey spaces, see also [, 16, 20]. Our
definition of Orlicz—Morrey spaces (see [1]) is different from those by Nakai [10]
and Sawano et al. [20] used recently in [2].

Here and below, we use the following notations: By A < B we mean that
A < (OB with some positive constant C' independent of relevant quantities. If
A< Band B S A, we write A~ B and say that A and B are equivalent.

Finally, we describe how we organize the present paper. In Section 2 we recall
some preliminary facts such as Young functions and John—Nirenberg inequality.
Section 3 is devoted to the proof of Theorems 1.2 and 1.4. We prove Theorem
1.7 in Section 4.

2. PRELIMINARIES

As is well known, classical Morrey spaces stemmed from Morrey’s observa-
tion for the local behavior of solutions to second order elliptic partial differential
equations [15]. We recall its definition:

_2
Mya(R™) = {f € LP°R") | fllay,, = sup 72 [ flleesn) < OO}’
’ z€R™, >0
where 0 < A < n, 1 < p < oo. The scale M, ,(R") covers the L?(R") in the sense
that M, o(R™) = LP(R™).
We are thus oriented to a generalization of the parameters p and .

2.1. Young functions and Orlicz spaces. We next recall the definition of
Young functions.

Definition 2.1. A function @ : [0,4+00) — [0, 00] is called a Young function, if

)
® is convex, left-continuous, lir£0®(r) = ®(0) =0 and lirgl O(r) = oo.

The convexity and the condition ®(0) = 0 force any Young function to be
increasing. In particular, if there exists s € (0, +00) such that ®(s) = +oo, then
it follows that ®(r) = +oo for r > s.

Let Y be the set of all Young functions ® such that

0<®P(r) < 400 for 0<r <400

If ® € Y, then ® is absolutely continuous on every closed interval in [0, +00) and
bijective from [0, +00) to itself.

Orlicz spaces, introduced in [17, 18], also generalize Lebesgue spaces. They
are useful tools in harmonic analysis and these spaces are applied to many other
problems in harmonic analysis. For example, the Hardy—Littlewood maximal
operator is bounded on LP(R") for 1 < p < oo, but not on L'(R"). Using Orlicz
spaces, we can investigate the boundedness of the maximal operator near p = 1
more precisely.

In the present paper we are concerned with the weighted setting.

Definition 2.2 (Weighted Orlicz Space). For a Young function ¢ and a non-
negative measurable function w on R", the set

LR = {f € LE(R") : / O(k|f(z)|)w(x)dx < +oo for some k > 0 }
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is called the weighted Orlicz space. The local weighted Orlicz space L1°¢(R™) is
defined as the set of all functions f such that fx, € L2(R") for all balls B C R

and this space is endowed with the natural topology.

Note that L2(R™) is a Banach space with respect to the norm

[fllLe = inf {A >0: / @(@)w(@dm < 1} .

See [19, Section 3, Theorem 10] for example. In particular, we have

/ ®<M>w(x)dx <1
g Mz
If &(r) = 1,1 < p < oo, then L® = LP(R") with norm coincidence. If
P(r) =0, (0<r<1)and ®(r) = oo, (r > 1), then L2 = L°(R").
For a Young function ® and 0 < s < 400, let
O 1(s) =inf{r > 0: ®(r) > s} (inf @ = 400).
If ® € Y, then ®~! is the usual inverse function of ®. We also note that
PO Hr)) <r <dY®(r)) for 0 <7 < +oo. (2.1)
A Young function @ is said to satisfy the As-condition, denoted by ® € A,, if
O(2r) < k®(r) for r >0

for some k > 1. If ® € Ay, then ® € ). A Young function @ is said to satisfy
the Vs-condition, denoted also by & € Vs, if

1
(I)<T) S ﬁq)(kr)u r 2 07
for some k > 1. The function ®(r) = r satisfies the As-condition and it fails the

Vy-condition. If 1 < p < oo, then ®(r) = rP? satisfies both the conditions. The
function ®(r) = " —r — 1 satisfies the Vo-condition but it fails the Ay-condition.

Definition 2.3. A Young function ® is said to be of upper type p (resp. lower
type p) for some p € [0,00), if there exists a positive constant C' such that, for
all t € [1,00) (resp. t € [0,1] ) and s € [0, 00),

O(st) < CtPD(s).

Remark 2.4. 1f @ is lower type pg and upper type p; with 1 < pg < p; < 00, then
® € Ay NV, Conversely if @ € Ay NVy, then @ is lower type po and upper type
p1 with 1 < py < p1 < 005 see [11] for example.

About the norm || f||,,+.., we have the following equivalent expression: If &
satisfies the As-condition, then the norm || f||,,2. is equivalent to the norm

HfHMq),@(w) = inf {)\ >0: sup ¢(z,7r) ! (w(B(a:,r))ﬂ)

zeR™,r>0

/ @(@)w(aﬁ)daﬁ < 1}.

B(z,r)



50 V. GULIYEV, M. OMAROVA, Y. SAWANO

See [14, p. 416]. The latter was used in [14, 16, 20], see also references therein. For

® and ZI;, we have the following estimate, whose proof is similar to [12, Lemmas
4.2]. So, we omit the details.

Lemma 2.5. Let 0 < pg < p; < 0o and let C be a positive constant. Suppose that
we are given a non-negative measurable function w on R™ and a Young function

D which is lower type py and upper type p1. Then there exists a positive constant
C' such that for any ball B of R™ and u € (0, 00)

/B<1> (@) w(z)dz < O

implies that || f|| 25 < Cp.

For a Young function ®, the complementary function 59(7“) is defined by
B(r) = sup{rs — ®(s) : s € [0,00)} if 7 €[0,00),
- +00 if  r=+4o0.

The complementary function D is also a Young function and it satisfies o = .
Here we recall three examples.

Example 2.6.
(1) If ®(r) = r, then ®(r) = 0 for 0 < r < 1 and d(r) = t+oo for r > 1.
(2) f1<p<oo,1/p+1/p'=1and (r) =r?/p, then O(r) = P [yl
(3) If ®(r) = e" —r —1, then a calculation shows ®(r) = (1+r)log(1+4r) —r.
Note that ® € V, if and only if d e As. It is also known that
r< &N (r)d T (r) < 2r for r > 0. (2.2)
Note that Young functions satisfy the properties;
d(at) < ad(t)
forall 0 <a<1land0<t< oo, and
2(81) > pa()

forall 6>1and 0 <t < o0.
The following analogue of the Holder inequality is known, see [11, 19].

Theorem 2.7. For a non-negative measurable function w on R", a Young func-
tion ® and its complementary function ®, the following inequality is valid for all
measurable functions f and g: || fgllprwny < 2| fllpe w9l 2

An analogy of Theorem 2.7 for weak type spaces is available. If we define
[fllwrg = sup Allxqs=allze,
A>0
we can prove the following by a direct calculation:

Corollary 2.8. Let ® be a Young function and let B be a measurable set in R™.

Then [[x;llwre = lIxzsllze = W-
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In the next sections where we prove our main estimates, we need the following
lemma, which follows from Theorem 2.7.

Corollary 2.9. For a non-negative measurable function w on R™, a Young func-
tion ® and a ball B = B(x,r), the following inequality is valid:

1
1720y < 2| 3]z 1l

L2 (B

Lemma 2.10. Let a € (0,1] and 1 < py < p1 < oo. Let also ® be a Young
function which is lower type py and upper type p1. Assume in addition w € A,,.
For a ball B = B(x,r), the following inequality is valid:

£ sy S 1BI®T (w(B) ™) 1fllzsm)-
Proof. We know that M is bounded on LE(B); see [10]. Thus,

1fllzrm)
| B|

So, Lemma 2.10 is proved. O

Ixslleem < IMflleeim S IfllLe -

2.2. Weighted Hardy operator. We will use the following statement on the
boundedness of the weighted Hardy operator

Hg(t) := /toog(s)w(s)ds, 0<t< oo,

where w is a weight.
The following theorem was proved in [6]. In (2.3) and (2.4) below, it will be
understood that é =0and 0-00=0.

Theorem 2.11. Let vy, vy and w be weights on (0, 00). Assume that vy is bounded
outside a neighborhood of the origin. Then the inequality

sup va(t) Hy,g(t) < Csupun(t)g(t) (2.3)

holds for some C' > 0 for all non-negative and non-decreasing g on (0,00) if and
only if

B := sup vy(t) /too ws)ds < 00. (2.4)

>0 SUP, < 700 V1(T)
Moreover, the value C'= B is the best constant for (2.3).

2.3. John-Nirenberg inequality. When we deal with commutators generated
by BMO functions, we need the following fundamental estimates.

Lemma 2.12. (The John—Nirenberg inequality [9]) Let b € BMO(R™).
(1) There exist constants Cy, Cy > 0 independent of b, such that

[{z € B : |b(z) — bg| > B} < Cy|Ble~P/IFl- vB c R"
for all 3> 0.



52 V. GULIYEV, M. OMAROVA, Y. SAWANO

(2) The following norm equivalence holds:

1 »
b« ~ sup <—/ b Y) — b x,r pdy>
|| || z€R™,r>0 ‘B(xa T)' B(z,r) | ( ) Bl )|

for1 < p< 0.
(3) There exists a constant C' > 0 such that

t
’bB(x,T) - bB(:E,t)‘ < CHbH* ln; for 0<2r<t, (2.5)

where C' is independent of b, x, r and t.

3. INTRINSIC SQUARE FUNCTIONS IN M2 (R")
The following lemma generalizes Guliyev’s lemma [3, 4] for Orlicz spaces:

Lemma 3.1. Let a € (0,1] and 1 < py < p; < c0. Let ® be a Young function
which is lower type py and upper type py. Assume that the weight belongs to the
class w € A,,. Then for the operator G, the following inequality is valid:

o0 o1 (w(B(xo,t))*l) dt
Ga o 5 @ (B(z —
CRIPEEY Rl e e

for all f € LEY(R™), B = B(zg,7), o € R" and r > 0.
Proof. With the notation 2B = B(xg, 2r), we decompose f as

f=h+fe Hh@)=fWxes®), fu)=fY)xeesy)
We have

1Gafllze) < 1Gafillem) + 1GafallLe s
by the triangle inequality. Since f; € L2(R"), it follows from Theorem 1.3 that
1Gafilles) < GafillLe@n S 1fillce@y = [1fllLe@s)- (3.1)

So, we can control fi.
Now let us estimate ||Gq fol|Le(5). Let © € B = B(xg,7) and write out G fa(x)

in full:
Gl () = ( J[ (v 1es i) @) ; 32)

Let (y,t) € I'(x). We next write the convolution f; * ¢¢(y) out in full:

-n Yy—z l
t A!_thCb( ; )fQ(Z)dZ S i A’_th|f2(z)\dz.

Recall that the support of f is contained in “(2B). Keeping this in mind, let
z € B(y,t) N (2B). Since (y,t) € I'(x), we have

|z —z| <|z—y|+ |y — x| <2t (3.3)

|f2* Ou(y)| =

Another geometric observation shows

r=2r—r<|z—x|—|xe—z| <|r—2|
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Thus, we obtain

2% > r (3.4)
from (3.3). So, putting together (3.2)—(3.4), we obtain
2 qydr
Goti) 5 ([ [ | [ istolas| S5
L) ly—=I<t &
) 1
dydt \
Lo (i) 2
t>r/2 J]z—y|<t |z—z|<2t t
2 3
dt
< f(z dz) :
/t>r/2 (/zx|<2t| ( )| t2n+1>

We make another geometric observation:

IN

1
|z — | > |z — xo| — |0 — x| 2§|z—xo|. (3.5)

By Minkowski’s inequality, we obtain

e
Gotle) 5 [ ( | tQ,fH) F()ld

Thanks to (3.5), we have

Gufolz) < /| L £,

|2 =l

[ e,
|z—xo|>2r "Z - xo‘n
oo dt
= d
[ el aw)e
o dt
B /2;‘ (/B(xo,t) |f(Z)|dZ) gl

If we invoke Lemma 2.10, then we obtain

N

= _ N
Gots) S [ Iligioaa® (@Bl ) )T (36
Moreover,
> O~ (w(B(wo, 1)) dt
Ga < . —.
e VP e B
Thus, it follows from (3.1) and (3.6) that
o O~ (w(B(zo,t)) ) dt
Ga N . —. (37
(el £ Wz + [ W ltiion grpuipoeng 1 O7
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On the other hand, by (2.2) we get

& (w(Blro, 1)) % @7 (w(Bleo, ) ) [
5/200 (I)_l(w(B(xO,t))_l)%
and hence

o0 O~ (w(B(xo,t))71) dt
D < e i
Iflstn S [ W lstioteon §orpuBomsy )

Thus, it follows from (3.7) and (3.8) that

o O~ (w(B(wo, 1)) dt
Ga P 5 / D o .

So, we are done.

With this preparation, we can prove Theorem 1.2
Proof. Fix x € R™. Write

= L) = 1
1]1(7") = (101(1',7') ) 2( ) - g02((13,T)(I)_I(UJ(B(QIO,T))_I)’
g(r) = ||f||L$(B(mO’r)), w(r) = O (w(B(wo, 7)) ")

r

(3.8)

We omit a routine produce of truncation to justify the application of Theorem

2.11. By Lemma 3.1 and Theorem 2.11, we have
HGocf”Mg’W (R™)

1 - dt

Su x (I)il w(B(x ,t i

Nxew,‘?»m(x,r)/r 11285y @™ (w(Bleo. 1))
1

< su & (w(B(zg, 7)) o B

~ pernirs0 91(T,7) (w(Bwo, ) 1f g o)

= || fllasaen -

So we are done.

O
The following lemma is an easy consequence of the monotonicity of the norm
| - ||z2 and Wilson’s estimate;

Gap(f)(z) < BFTGo(f)(@) (¢ €RY),
which was proved in [24].

Lemma 3.2. For j € Z*, denote

o= ([ Gt

tntl
Let ® be a Young function and 0 < o < 1. Then we have

|Gz (Pl S 2 G ol f)] 2
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for all f € LE(R™).

Now we can prove Theorem 1.4. We write g3 ,(f)(x) out in full:

o0 = [ o, (i) s it =

As for I, a crude estimate suffices;

1< [[ (unr G < Gur) (3.9

Thus, the heart of the matters is to control I1. We decompose the ambient space

R™:
Z t " dydt
II = / / (—> Aaf L,y 2
2i-tp<lo—y|<oit \ + |2 = Y| (Aaf(t:9)) trtl
; dydt
§ , 27N Auf (1, y))?
= /0 /2j1t<|m—y<2dt ( (t,9)) tntt

af t y )2 dydt o . (Ga,Qj(f)(m»Q

j=1

N

Thus, putting together (3.9) and (3.10), we obtain

. _ina
1950 (N ypzee S NGafll oo +22 1Ga2i ()l gm0 (3.11)
By Theorem 1.2, we have
||GafHM$"P2(Rn) SJ Hf||M$"P1(Rn)' (312)
In the sequel, we will estimate ||Go95(f)],,2.¢.. We divide |G (f)|lr2(5) into

two parts:
HGa,2j(f>HL$(B) < HGa,w'(fl)”L?;(B) + ’|Ga,2j(f2)”L$(B)> (3-13)

where fi(y) = f(y)x2s(y) and fo(y) = f(y) — fi(y). For ||Goa72f(f1)||L$(B)7 by
Lemma 3.2 and (3.8), we have (see also, [5, p. 47, (5.4)])

. 3n o
75 )||Ga(f1)||L$(Rn)

1Gaoi (f)llLem) S
LN
S z ¥ )HfHL‘I’(ZB)

&~ (w(B(wo, 1)) dt
&1 (w(B(wg,r))"1)

-3n o
521(2+)/2 1F1] L2 (BCo.0) (3.14)
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For ||Ga.9i (f2)ll L2 (), we first write the quantity out in full:

dyd :

Com()(x) = ( /[ ()(Aaf(t,y))?tfj)
B . ? dydt :

_ ( J[ (s ireow) t)

A geometric observation shows that

Gopi(f2)(x (// (/Zy<t|f2<z)dz)2;zii>é

Since |z — z| < |z —y| + |y — x| < 27T, we get

2 3
dydt
N
g (f2)( ) ( Ly () |z—z|<29F1¢ |f2( )| tintl
2 o 3
o 20 dt
2)dz | ——
</o </|z—x|g2j+1t|f2< ) ) t2”+1>
) [ee) 2 % o
n EJTTI‘ g2+l CB(z0,2r) |Z - m‘n

A geometric observation shows

AN

1 1
]z—x\Z\Z—xo\—\xo—ﬂz\z—xo\—é\z—xo\:§\z—$o\.

Thus, we have

|z — zo|™

G (f2) () 523%"/| . Mdz.

By Fubini’s theorem and Lemma 2.10, we obtain

3jn < d
Goah)) 5 2% [ el ([T ) e

3jn 0 dt
22/ (/ flz —) dz
2r |z— x0\<t| ( >|tn+1

3jn _ . dt
< 2 Hme (w0 @ (w(B(xo, 1)) —

2r t

AN

So,

oo i S 2% [ Wit gsi o pep A o (319

Combining (3.13), (3.14) and (3.15), we have
- o0 O~ (w(B(wo, 1)) dt
G S 2](3”0‘)/ v : —.
1Ga2i (F)llzem) S . [f e s "0 ST (w(Blao, 1)) 1
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Consequently, we obtain

. o I lee (B dt
Ga , , < 2](32 +a) / b 1 B ¢ 1 Hw—’ _.
(G lutraary ST oap, | 0T B ) ) 7

Thus by Theorem 2.11 we have
@fl(w(B(xo,T))*l)

. < 9i(%§+a)
G Mg ey S 257 0, = Gy Wit
r>0
— 9i(%F+a) ||f||M4’ 1 gny- (3.16)

2
Since A > 3+ —&, by (3.11), (3.12) and (3.16), we can conclude the proof of the
n

theorem.

4. COMMUTATORS OF THE INTRINSIC SQUARE FUNCTIONS IN M%(R")

We start with a characterization of the BMO norm.

Lemma 4.1. Let 0 < py < p1 < oo. Let b € BMO(R"™) and ® be a Young
function which is lower type po and upper type p1. Then

bl = sup & (w(B(x,r)7") [|b - bB(xﬂ")”L‘I’(B(;v e
nr>0 v '

e

Proof. By Holder’s inequality, we have
||b||* S sgp>0®71 (’U)(B(l’ r ) Hb_bB(z’/‘)||L<I> zr) "

z€R

Now we show that

sup O (w(B(z,r)™) ||o -

z€R™,r>0

b1l

(z,r) HL‘I’ B(z,r)) ~~ |
Without loss of generality, we may assume that [|b|. = 1; otherwise, we replace

b by b/||b||«. By the fact that & is lower type py and upper type p; and (2.1) it
follows that

b(y) — bpen|®=1(|B(z, )| !
[ (IR U CETTR) P
B(z,r) ”bH*

_ /B( @ (1) = ban 27 (1B} ™)) d

: /
S b(y) = ba@n ™ +[b(y) = bpen "] dy S 1.
|B(I7T)| B(z,r) [ () () ]

By Lemma 2.5 we get the desired result. O

Remark 4.2. Note that a counterpart to Lemma 4.1 for the variable exponent
Lebesgue space LP() case was obtained in [3].
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Lemma 4.3. Let o € (0,1], 1 < py < p; < 0o and b € BMO(R"). Let ® be a
Young function which is lower type py and upper type p1. Then the inequality

|| [b, Ga]f”L%(B(acg,r))
dt

1611 * 1 1
5@—1(w(B(x0,7“))_1) /2r <1+1n >||f||L<I> B(wo,t)) (I) (w(B(%»t)) )7

holds for any ball B(xo,r) and for any f € LE¢(R").

Proof. For an arbitrary xo € R", set B = B(xo,r) for the ball centered at x
and of radius r. Write f = fi1 + f» with f; = fx,, and fo = on@B)‘ We
have |[[b, Ga]f”Lg(B) < o, Ga]fIHLg(B) + |[o, Ga]f2||L;I;(B) by the triangle in-

equality. From Theorem 1.6, the boundedness of [b,G,] in L2(R™) it follows

that ||[b, Gulf1llLe ) < |0, Gal fille@ny S |0l (| f1ll Lo @ny = 1Bl [[ £l L2 25)- For
16, Gal foll Lo ) We write it out in full

(b, Go] fo(x ( / / sup
I'(z) $€Ca

We then divide it into two parts:
nidne) < (ff

) $€Ca

( [ s

) #€Cu

= A +B.

1
> dydt \ *
tn—i—l

/ (9) — () uly — =) fol2)dz

/ (4) — biléu(y — ) fal2)dz

1
2 dydt \ °
tn—i—l

1
> dydt \ °
tn+1

/ b — b(2)|on(y — 2)fa(2)d2

First, for the quantity 2, we proceed as follows:

1
2 2
dydt
A = (// |b(y) — bp|* sup ;?H)
I'(2)"R™ x [r,00) $€Ca t

1 2 dydt \
b(y) — bg|? (—/ f(z dz)
( o B =bl (5 [ 1se1=) 5

[ oy =2l

AN

Note that

/B( t)\f(Z)\dZS |B(z, )|~ (w(B(@, ) )| fll e e
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Thus, by virtue of the embedding ¢*(N) — ¢!(N), we obtain

1
_ S dydt\ 2
ax(ff ) — b (B0 g o
I'(z)NR™ X [r,00)
= a1 —1\2 t\” o dt ’
S O (w(B(z,t)" ") log 2+; 122 (B2 n

S <Z<I>_1(w(B(x,2jr)_1)2log (2+2J) £l 22 (B.2im) 2)

=1

. Z O~ (w(B(x, 2r) ) log (2 + 27) | fll Lt (B@2im)

i=1

< _ t dt
< [ o s (24 2) s G-

For the quantity 8, since |[y—x| < t, we have |z—z| < 2¢t. Thus, by Minkowski’s

inequality, we have a pointwise estimate:
2 3
dydt
b — b(2)|[f2(2)]d=
/B(:Jc,2t) gl

b= (//r(x)
( LTI e pene: %) 5

JLCTE
C B(z0,27) |l‘ - Z|n

AN

AN

Thus, we have

|b(2) — bp|
d .
L e v (L
: 1 .
Since |z — z| > §|z — o], we obtain
|b(2) — b
B < / A2 708 £ |dz
13152 € 5B o Tl V)
dt
~ b(z) — bg||f(z dz
(I)_l(w(B xOvT))_l) /C(2B)| ) allf ) lzo—2] et

~ ‘I’*l(w(B 93077“))*1) /: </2rS|;Bo—z|§t =) - bBHf(Z)WZ) t:lfl
S s (L o= beliela:)
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We decompose the matters by using the triangle inequality:
1% 2505, e (L e = bl ) o
2 - x
FB) ~ (I)fl(w(B(l“o,T))*l) or B(zo,t) Bleod) tntl
> |bB - bB z0, | dt
sy (L e 5
o P (w(B<x0a 7)) ) B(zo,t) s

Applying Holder’s inequality, by Lemma 4.1 and (2.5) we get

- IS |12 (B(wo,1)) At
B < b—bpe ! .
” ”LS,(B) ~ /2T H| B( ot)|w HL‘i’ )tn+1q) (w(B(:EO,T))_l)
o0 O~ (w(B(zo,t))7Y) dt
+ bp — bp(x b (B(=m e
/QT b5 = bp(aon |l fll e (5 " o1 (w(B(xo, 7))
O~ w(B(wo, 1)) dt
< HbH / 1+1n )”fHL‘I’ B(zo,t) (I) 1((w(B(IL’0 T‘))%Y

Summing ||| 2 ) and ||B|| L (p), we obtain

[CXATA
[1b] > . o dt
S Ty o () st @ (B 0)7)

r

Finally,
116, Galfllacm) S N0l 1 F Nl Ls2m)

[ / > 1 N

141 o B(x,t —

+@AWwwm»ﬂ2r<+“>WWQMv (w(Bloo, D7) %
and the statement of Lemma 4.3 follows by (3.8). O

Finally, Theorem 1.7 follows by Lemma 4.3 and Theorem 2.11 in the same
manner as in the proof of Theorem 1.2.
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