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Linear and sublinear operators on generalized Morrey spaces
with non-doubling measures

By VAGIF GULIYEV (Baku) and YOSHIHIRO SAWANO (Hachioji)

Abstract. By using a geometric structure of the Euclidean space, the theory of
generalized Morrey spaces is shown to be available in the non-doubling setting. Some
classical operators are established to be bounded in the generalized spaces defined in
the present paper.

1. Introduction

Morrey spaces are function spaces that appear not only in harmonic analysis
but also in partial differential equations. In this paper, we can and do modify,
generalize and extend the definition so that the definition fits the setting of non-
doubling measures. As examples in the present paper below, our framework covers
many existing function spaces related to Morrey spaces. The aim of the present
paper is to define generalized Morrey spaces associated to Radon measures in
general. Actually, we present the following definition.

Definition 1.1. Let k > 1 and let & be a Radon measure on R?.

Mathematics Subject Classification: Primary: 42E35; Secondary: 42D25, 42B25.

Key words and phrases: Morrey spaces, generalized Morrey spaces, maximal operator, singular
integral operators, fractional integral operator, commutators.

The first author was supported in part by the grant of Science Development Foundation under
the President of the Republic of Azerbaijan project EIF-2010-1(1)-40/06-1 and by the Scientific
and Technological Research Council of Turkey (TUBITAK Project No. 110T695).

The second author was supported in part by the Grant-in-Aid for Young Scientists (B)
(No0.21740104) Japan Society for the Promotion of Science.

The second author is the corresponding one.



2 Vagif Guliyev and Yoshihiro Sawano

(1) Let z € R? and 7 > 0. Then define
Q(.’II,T) = {y € Rd : max(|x1 - yl|7 |{E2 - y2|7 SRR |xd - yd') < ’f‘},

where one wrote x = (z1,22,...,24) and y = (y1, Y2, .-, Yd)-

(2) The set Q(u) denotes the totality of the cubes Q(z,r) with positive pu-
measure. Given @ € Q(u), denote by kQ the k-times expansion of Q.

(3) Let 1 < p < oo and ¢ : R? x (0,00) — (0,00] be a function. One defines
the generalized Morrey space M, ,(k, 1) for o by the norm; for f € L}, (1),
define

1

[ fll sy ko) = sUD 11l Lo (@.r))-
pre(Fott) Q(z,r)eQ () gD(.CC,kT)[L(Q(CC,kT))l/p (@L@.r)

Here and below, it is understood that = = 0 for all @ € R. The Morrey
space M, ,(k,p) denotes the set of all f € LY (R?) for which the norm

loc
I 112z, (k. s finite.

Note that its origin is, of course, the classical generalized Morrey norm
1£lIas,..,, given by [[fll, . = suPscra r>0 somiammye 1o @) defined by
NAKAI [28], where |Q(x,r)| is the Lebesgue measure of Q(z,r). See [30], [31]
for further details. Here and below, for a measurable subset E, we write |E| for
the volume of E. Based upon this definition, we are going to prove the following
theorem, which is again fundamental in the non-doubling setting.

Theorem 1.2. Let 1 < p < 0.

(1) There exists a function ' : R? x (0,00) — (0, 00] such that M, ,(k,u) and
M

.ot (B, 1) coincide as a set, that o' is independent of k > 1, and that

o (@, m)u(Q(z,m)? 2 ot (y, ) u(Q(y, 5))'/? (1.1)

for all z,y € R% and r, s > 0 such that Q(z,7) D Q(y, s), Q(y,s) € Q(u).
(2) The function space My ,(k, 1) does not depend upon the parameter k > 1.

Therefore, in view of this theorem, we can say that the theory of generalized
Morrey spaces is extended to a large extent. An example in [37] shows that
MP(1,p) and MP(2, ) are not always isomorphic. This result combines [29,
p. 445], [39] and [40, Proposition 1.1]. Observe also that this extends the following
Morrey norm |[|f| 5 for non-doubling measures. In [40], for k¥ > 1 and f €
L (i), the second author and Tanaka defined

loc

1

Il == sup p(h@)d =3 ( / If(y)lqdu(y)>q, (1.2)
QeQ(n) Q
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whose origin is the classical Morrey norm || f|[5;» given by

Ifllarg == sup |B(a,0)[»" </B( l)If(y)lqdy> :

z€R4, >0

Note that (1.2) is a special case of M, ,(k, 1) which is obtained by letting ¢(z,t) =
t~1/P. Recently, there are many results on generalized Morrey spaces [8], [9], [10],
[11], [28], [36], [39], [43]. We aim here to arrange and strengthen some of them
to the non-doubling setting. Recently, generalized Morrey spaces, initiated by
E. NaKkAI [28], have a significant meaning in harmonic analysis. Especially, it
turned out that this is useful when we want to describe the endpoint case of
the boundedness of operators. For example, we have the following embedding
result, which also describes the boundedness of (1 — A)~"/(P) from M, P(RY) to a
generalized Morrey space.

Proposition 1.3 ([43, Theorem 5.1]). Let 1 < ¢ < p < oco. Then there
exists a positive constant C, , such that

S
QI

holds for all f € MP(R™) with (1 — A)"/P) f € MP(R") and for all cubes Q.

/Q F(@)lde < CyplQI(L+ QD) log (e+ >||(1—A)"/(2p)f|Mg’

In view of the integral kernel of (1—A)~/2 (see [42]) and the Adams theorem,
we have

(1—A)~/2: MP(RY) — M;(RY) (1.3)
is bounded as long as
1 1 « t q
l<g<p<oo, 1<t<s<o00, —=—-———=, —-=-.
s p d s p

The operator norm of (1 — A)*/2 : MP(R?) — Mg (R?) is shown to blow up as
pt g. Hence Proposition 1.3 can be considered as a substitute of (1.3). We refer
to [43] for a counterexample showing that (1.3) is no longer true for a = g.

Generalized Morrey spaces are now studied by many researchers and nowa-
days they are recognized as a suitable tool to grasp the property of fractional
integral operators [13], [16], [17], [44]. The definition given above in the present
paper covers the one in [36].

One of the advantages of allowing ¢ to take the value oo is that the following
examples fall under the scope of our new framework.
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Ezample 1.4. (1) Let p(z) = e=™171* dz be the Gaussian measure. Let us
set
B, = {B(x,7) > r < amin(1,|z| ™)}

be the set of locally doubling balls. Let 1 < ¢ < p < co. Recently, in [23] the
second author, LIGUANG L1U and DACHUN YANG considered Morrey spaces
given by

1 p 1/q
[l mzya ) = sup (BT {/B 1f ()] d,u(y)} < 0.

BeB,

In [23, Proposition 2.6], the space M}3?(u) is shown to be independent of
the parameter a > 0. Note that there exists a constant C, > 0 such that
w(B(z,2r)) < Cou(B(x,r)) for all B(x,r) € B,. This is a concrete example
of our new framework, where
w(B(z,7))~ P B(x,r) € By,
o(z,r) = ,
00 otherwise.

(2) Let G C R? be an open set and (p,v) € [1,00) x (0,00). In [27] MIZUTA,

SHIMOMURA and SOBUKAWA considered the Morrey norm || f|e.r.» () given

by

v 1/p
[l o () := sup <m /B(“) |f(y)[? du@))

for p-measurable functions f, where sup is over x € G, r € (0,diam(G))
and p(B(x,r)) > 0. This is again a concrete example of our new framework,
where
oz, r) = /P 4 00X [diam(G),00) (T)-
In the present paper we also consider the weak-type function spaces. Let
k>1and 1< p < oco. For a function ¢ : R% x (0, 00) — (0, 0], we also define

Il wat, . (k) == sup Apdy € Qa,r) > |f(y)| > AHV/P
P Qinean), Aso (@, kr)u(Q(z, kr))1/»

and WM, ,(k, ) denotes the set of all f € L} (k,p) for which the quasi-norm

loc

I 1w at,, o (ko) 18 finite. When ¢(x,t) = t~1/% then this definition coincides with
the one appearing in [34]. Indeed, in this case, WM, . (k, u) = WMy, ., (k, 1) with
norm coincidence.

An idea similar to Theorem 1.2 yields the following: The proof being close
to that in Theorem 1.2, we omit the proof.
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Theorem 1.5. Let 1 < p < oo and ¢ : R? x (0,00) — (0, 00] be a function.
Then the space W M, ,,(k, 1) does not depend upon the parameter k > 1 as a set.

The remaining part of this paper is structured as follows: In Section 2 we
study the fundamental strucuture of our Morrey spaces. The result will amount
to the combination of [29, p. 445] and [40, Proposition 1.1]. Section 3 is devoted
to investigating the boundedness of the operators. We take up maximal opera-
tors, singular integral operators fractional integral operators and commutators in
Section 4-Section 6, where we formulated the main results for these operators in
the beginning of each section.

2. Fundamental structure of the function space My, ,(k, n)

Now we prove Theorems 1.2 and 1.5. The following is the first step for this
purpose.

Proposition 2.1. Let 1 < p < oo, k > 1 and ¢ : RE™ = R? x (0,00) —
(0,00] be a function. Then define a function ¢! : R‘j_“ — (0, 00] by

pQE )T nf e u(Q.9) Q.)€ Q).

00 (otherwise)

@T(xvt) =

for (z,t) € RE. Then

181, i ooy = 1l nty o )
for all f € LY (p).

loc

PROOF. Since p'(z,t) < p(z,t), it is easy from Definition 1.1 to see that

11ty < It o (2.1)

Let us prove the reverse inequality of (2.1). To this end we take Q = Q(x,7) €
Q(u) and consider

1
(o k@, k7o M v @t

I(z,7r) =

It follows from the definition of ! that we have

1
(y, ks)u(Q(y, ks

te.r) =sup { - il ety > Q) 2 Q) |
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Observe that

1 1
f ) S f p
oo k@, ke 1 @y < S ot ey M @

when Q(y, s) D Q(x,r). Consequently, it follows that

Lz, r) < |1 fllazy.p ko)

Since Q = Q(z,r) being arbitrary, we obtain the reverse inequality of (2.1). O

Here and below A < B means that A < CB for some constant C' > 0
depending only on parameters. We also write A ~ B to indicate A < B < A.

In view of Proposition 2.1 we obtain (1) of Theorem 1.2. Let us now assume
¢ = o' to satisfy (1.1). Once we make this change, a similar argument in [40,
Proposition 1.1] works to prove Theorem 1.2. For the sake of convenience, we pro-
vide the detail. Let 1 < k1 < ko. Then the inclusion M, ,(ki,p) — M, ,(ka, 1)
is obvious by that fact that ¢ satisfies (1.1). Let us show the reverse inclusion.
Let f € M, ,(ko,pt) and Q = Q(z,r) € Q(u) be fixed. Then we have to estimate

1 1 , 1
e (k) <M(Q($,k1r)) /Q|f(y)| du(y))

A simple geometric observation shows that there exists a collection of N cubes

Q1 = Q(x1,8), Q2 = Q(x2,5),...,Qn = Q(xn, s) with the same sidelength such
that

N

Q(z,7) C U Q(ziy8), Qzi,kes) C Q(z,k1r) (i=1,2,...,N)

=1

and that the number N of cubes has a bound
ko —1\¢
N | ——) .

~ </€1 - 1>

Using this covering and the fact that ¢ = ¢, we easily obtain

N
P 1 P
<) R A ) /Q@i,s) )P duly)

. p
> oz, kar )P u(Q(z, kar)) /Q(miys)|f(y)| du(y)

:Q(xi,5)EQ (1)

IN
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! p
S (@i, k2s)P(Q(2s, k2s)) /Q(W)lf(y)l dp(y)

Q(z1,9)€Q(w)
< NSl aty o (ha.g))"-

Thus, Theorem 1.2 is proved.

Remark that the proof of Theorem 1.5 is identical to that of Theorem 1.2.
So we omit the proof.

In view of the proof of Theorem 1.2 we see that the definition of Morrey
spaces can be made with cubes replaced by balls and that the Morrey norms are
equivalent. Denote by B(u) the set of all open balls with positive y-measure and
for B = B(z,r) € B(u) and k > 0, where B(z,r) denotes the open ball centered
at x and of radius r > 0, define kB := B(z,kr). We repeat Theorem 1.2 in
terms of the definition by open balls. The next observation is sometimes helpful
in Section 3.

Theorem 2.2. Let k > 1,1 < p < oo and ¢ : R? x (0,00) — (0,00] be a
function. Define

1

||f||M k7 cube = Sup ||f||L:'J x,T
pre(Ratt)eud Q(z,r)eQ(p) gD(.CC,kT)/L(Q(CC,kT))l/p (@)
1
1110y (kspi)pan 3= SUP 75 1l Le(B.r)-

B(z,r)eB(p) 90(177 k’r‘)lLL(B(QZ, kr))

1) There exists a function : R -5 (0, 00] such that
L

pi(a,r)u(B(a,1)/7 > pi(y, s)u(Bly, )"/ (2.2)

for all (z,r),(y,s) € R’fl with B(xz,r) € B(u) and B(xz,r) D B(y,s) and
that the norms Hf”I\/Ip.«pT(knu)ball and || f[| a1, (k,p)pan @€ €quivalent.

(2) Let ¢ : R? x (0,00) — (0,00] be a function satisfying (1.1). Assume also
that, for every 1 < k < oo, there exist € (1/k,00) and C > 0 such that

pla, r)u(Ba,1)? < Cola, wr)u(Q(z, k). (2:3)

Then the norms || faz, . (k.u)eave @0 [[fla,., (ku)pan @T€ quivalent.

For example, if ¢(x,t) = t~'/* with some u € (p,0), then the assumption

is satisfied. Hence, if (2.3) holds, then in (1.2) one may replace cubes with balls
to obtain equivalent norms.
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PROOF. The proof of (1) is analogous to that of Theorem 1.2, since we can
arrange that B(z,r) € B(u) and B(z,r) C B(y, s) imply

w(B(z, ) Po(a,r) < p(Bly, $))Pely, s)

whenever (z,7) and (y, s) € RE! satisfy B(z,r) € B(i) and B(z,r) C B(y,s).
A geometric observation shows

1
£l = sup 1fllze Q.
MP,W(\/EICJ'L)CubQ Q(m,r)GQ(,u) (,D(CL‘,\/E/CT)/L(Q(:C, \/akr))l/P LP(Q( ))
1

< sup (Vi
BlewyeBn) ¢ (@, Vakr)u(B(w, Vkr))l/p ' L Bla/dn)

Hf||Mp~<P(k7N)ba11'

Meanwhile, by (2.3),

1
||f|| k, all * sup ||f|| P z,r
Moo (o ey P, kr)u(Bw, kr))Hp 1B )
1
< sup 75 1 lze @@y = I 1agy o (komop) e

Q(z,r)eQ(p) @(T’a kK/T),u(Q('T’a klﬂ:’l"))

Since ¢ satisfies (1.1), we obtain

1181y Gy S 1 aty o omarense ~ 1 at, varenms < N0ty Ght)ente

This is the desired result. O

3. Boundedness of the modified maximal operators

Until the end of this paper, we consider a class @: Denote by & the set of
all functions ¢ : R? x (0, 00) — (0, 00] satisfying (2.2) and (2.3) with o' replaced
by ¢ as well as

ey, s) 2 plx,T)
for all z,y € R™ and r > 0 such that Q(z,r) D Q(y,s), Q(y,s) € O(u). Note
that t~%/* € @ for v > p > 1. Here and below we do not distinguish the norms

[ - ||Mp.¢(2,.fl)u)wbc and || - HMPW(QNA)N)M and we denote them simply by
I~ o, o (u)- Also, we abuse a notation: ¢(Q) = ¢(Q(x,7)) := ¢(x,r), where

Q= Q(CL‘,T) € Q(M)
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Based now upon Theorems 1.2 and 1.5, we denote My, , (1) = My (2, 1)
and WM, ,(p) := WM, ,(2, 1), where the norms are both based on cubes.

For the sake of convenience, we assume (2.3) in the remaining part of the
present paper.

For k > 1 we define the modified maximal operator M, by

1
M, f(z) := — du(y),
f(x) QGQS&I?{I}) Q) /Q |f ()| du(y)

where we defined Q(u; F) as the set of all cubes in Q(y) that contain a set £ C R?.

Proposition 3.1 ([33], [45]). If k > 1 and 1 < p < oo, then

1M fllzoey S NNz

where the implicit constant depend on d,p and k.
Remark 3.2. Remark that, according to [33], the “so called” growth condition
u(B(z,r)) < er”,  (x €supp(p), r>0)
is not necessary.

The following boundedness of M, will be used in the proof of the main
theorem of this section.

Theorem 3.3. Let 1 < p,k < 0o and @1, w2 € . Assume in particular that

1(y,8) 2 p1(z,7) (3.1)

for all z,y € R™ and r > 0 such that Q(z,r) D Q(y,s), Qy,s) € Q(u). If

01(Q) S ¥2(Q) (3.2)

for all Q@ € Q(p), then M, is bounded from M, ,, (1) to M, ,,(p) and from
Ml,tpl (:u) to WMI,Lpz (:u)

Here and below we denote by xg the indicator function of a set E.

PROOF. We can assume that @1 =2 because we have embedding M, (1) C
M, 0, (1) by (3.2). For simplicity, we let x = 3. We omit the proof of the weak
boundedness, that is, the fact that M3 is bounded from M; o, (1) to WMy ,, (1):
The proof is similar to the boundedness of Mj from M, ,, (1) to My o, ().
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Let us now prove that Mj is actually bounded on M), ., (1) = M, ,, (10/9, 1)
to M, ,, (1) = My, (10, 1), which is sufficient by virtue of Theorem 1.2. Let @
be a fixed cube. Then, since f = x3qf + Xra\3¢f, we have

| M3 fll e (@) < [M3(xoqf)llLr@)  [IMa(Xravoqf)llLr(Q)
©1(10Q)u(10Q)1/P — 1 (10Q)u(10Q)1/P ©1(10Q)p(10Q) /P

by the triangle inequality. As for the first term we use Proposition 3.1 and (3.2)
to obtain

|Ms000 )@ |1z 00)
©1(10Q)p(10Q) /P S 01(10Q)1(10Q) /P ~ 1122y, (10/9,10) (3.3)

A geometric observation shows that
My(xgnsef) (@) < el UGN
Q’EQ M 2Q)

on (). Hence we have

[ M3(xrav9@.f) Il Lr (@) < w(Q)/P
£1(10Q)u(10Q)7 ~ o1(10Q)u(10Q)77 greomag) 1

y)ldu(y)

Now let Q' € Q(p; 2Q) and we distinguish two cases.
10

Case 1. 5 Q" C 10Q.

Case 2. 2Q’ engulfs 10Q).

Note that at least one of (Case 1) and (Case 2) holds.
Let us consider Case 1. We recall that

1/p
P10Qu(100) 7 S 01 (@) (F@)

Thus, we have

p(@)"
P1(10Q)u(10Q) 77 ™ u(2Q") /Q 1S W)l duly)

@My
S01(%@/)#(19_0Q/)1/p x 1(2Q") /Q/ |f(y)] dp(y)

1
x 5T /Q 1N ) < 1 s, (2.0 S 1, (20

A
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When we deal with Case 2, we use ¢1(10Q) > ¢1(2Q’) (see (3.1)) to have

U(Q)l/p 1 1 1
21 (100)u(10Q) 77~ 1(2Q) /Q,V(y)'d”(y) S 2120) * u2a) /Q,If(y)ldu(y)

SNy @) S NNty oy 20)-

Hence from Case 1 and Case 2, we obtain

||M3(XRd\9Qf)||Lp(Q) <1171l
P1(10Q)p(10Q)/p ~ 1 IMr e 107940

(3.5)
Using (3.2) and (3.4), we can estimate the second term. Thus, in view of (3.3)
and (3.5) the proof is complete. O

Remark 3.4. If we reexamine the proof and we use Proposition 3.1, then we
see that M, with x > 1 is bounded.

Here and below in the rest of the present paper, we let M = Mj for defini-
teness.

4. Singular integral operators

Here and below, we assume that p is a (positive) Radon measure on R?
satisfying the growth condition;

w(B(z,0)) < ¢t for all x € supp(p) and ¢ > 0, (4.1)

where ¢y and n, 0 < n < d, are some fixed numbers.

4.1. Main results. We employ the definition of singular integral operators due
to NAZAROV, TREIL and VOLBERG [32].

Definition 4.1. Let u and n be as above. The singular integral operator S is a
bounded linear operator from L?(u) to L?(p) for which there exists a measurable
function K : R x R¢ — C that satisfies three properties listed below.

(1) There exists C' > 0 such that |K(x,y)| < # for all x # y.
(2) There exist € > 0 and C > 0 such that

K (z,y) — K(z,9)| + [K(y,z) — K(y,2)| < C

if |x — y| > 2|z — 2| with z # y.
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(3) If f € L?(u) is a bounded p-measurable function with a compact support,
then we have

Sf(x) = g K(z,y)f(y)du(y) for all x ¢ supp(f).

As for this singular integral operator S, the following result is due to NAZA-
ROV, TREIL and VOLBERG.

Proposition 4.2 ([32]). In Definition 4.1, S extends to a bounded linear
operator on LP(p) for 1 < p < oo and S extends to a bounded linear operator
from L'(p) to WL (p).

In this section we prove;

Theorem 4.3. Assume that a pair (1, 2) € @ X P satisfies

> 1@, 20)u(B(w, 26)) VP dt _ pa(x, 2r)p(B(x, 2r)) /P
— < (4.2)
r t"/p t T"/p
for all z € R% and r > 0. Assume in particular that
e1(y:8) 2 p1(x,r) (4.3)

for all z,y € R™ and r > 0 such that Q(z,r) D Q(y, s), Q(y,s) € Q(u). Assume
in addition that T is a sublinear operator satisfying

ra\B |T — y["

du(y) (p—a.e.x € B) (4.4)

for all balls B € B(u) and all functions f € L* () with compact support in

RY\ B.

(1) Let 1 < p < oo and assume in addition that T is LP(u)-bounded. Then T
extends to a bounded sublinear operator from M, ,,, (i) to M, ., (1)

(2) Assume in addition that T is weak-L'(u)-bounded. Then T extends to a
bounded sublinear operator from M ,, (1) to WMy, (1).
Note that this condition is proposed in [25], [26].

Remark 4.4.

(1) In view of Proposition 4.2, singular integral operators defined in Definition
4.1 are examples of the operators of Theorem 4.3.

(2) The assumption (4.4) appears in [20], [21], [22]. In the case du(x) = dz,
Theorem 4.3 was proved in [10], [11].
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4.2. Proof of Theorem 4.3. To prove Theorem 4.3, we need the following
lemma.

Lemma 4.5. Let T be as above with p > 1. Then we have

2 [ _a dt
ITfllLe () 5”/2 t ”||f||Lp(B(zo,t))7

for all balls B = B(xg,r) € B(u).
PROOF. Let B = B(xg,r) be a fixed ball. Then we have

ITfllLeB) < IT(X2B ) 2r(B) + 1T (XR\2B ) |lLP (B)

S 1 lloamy + (B / MWL g0
RI\2B lzo — ¥l

= 1 £lzrem) +u(B)1/p< / = /B - de\zB(y)If(y)ldu(y)> e

8] 1 1/17
S e —H‘"“’(/ —(/ fypduy) )dﬂ.
£l 2B) = B(IM)| (W)|” du(y)

Observe that

3r 1/p
1
Fllze Sr"/p( —(/ fy”duy) )dﬂ
1 lz» 2 oy (nTm/pil B(mo,e)| W duty)

and hence

o] 1 1/17
5o [ gt v ) s
1Tl (B = B(zo,2)| ()" dp(y)

for all B(xg,r). This is the desired result. O

PROOF OF THEOREM 4.3. We freeze a ball B = B(zg,r) and we let p > 1.
Then we have

ITfllrsy) " /OO | £l @
<p2(2B),u(QB)1/p ~ @2(23)[1(23)1/[) o Lr(B(zo,t)) t

| Fllgy ) /°° 1(B(wo, 20))( B(wo, 20)) /7 dt _ "
~ (,02(23)#(23)1/1) ~ Mp-,<p1(l‘)'

3

2r tn/p 3

The ball B being arbitrary, this is the desired result.
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The case when p = 1 can be proven similarly. Indeed, fixing A > 0 arbitrarily,
we just use

Mdy € BT f(y)| > A}

¢2(2B)u(2B)
Mi{y € B |[T(xzpf)(y)l > A/2} N Mi{y € B> [T(xgm\28) ()| > A/2}
- p2(2B)u(2B) ©2(2B)u(2B)
My € B:|T(xzpf)(y)] > A/2} N IT(xgm\285) 22 (B)
¢2(2B)u(2B) ¢2(2B)u(2B)
I fllr (B T . dt
S Bnm  mames b, Moo

r" o dt
< - t" g
S G 2B)2B) /ZT £l (B (o)) ;
Thus, the proof is complete. O

Remark 4.6. In the case du(xz) = dx, Lemma 4.5 was proved in [6], [7], see
also [8].

5. Boundedness of fractional integral operators

Now, assuming that p satisfies the growth condition (4.1), we shall consider
the boundedness of I,,, which is given by

I /() = / L)

n |z =y

for all positive pu-measurable functions f. Remark that I, extends to a bounded

linear operator from LP(u) and L9(p) if 1 < p < ¢ < oo and % = % — = [14].

5.1. Main results. Here we shall prove the following theorems.

Theorem 5.1 (Adams—Ding type result). Let the parameters p, q, o, b

satisfy
bnp

a+bn’

1
1<p<oo,1§q<oo,——§b<—g<0,q= (5.1)
D n

Assume in particular that
e(y,s) 2 plz,7) (5.2)

for all z,y € R™ and r > 0 such that Q(z,r) D Q(y,s), Q(y,s) € Q(u). If the
function ¢ € @ is surjective and satisfies the inequality o(z,t) < t*", then I, is
bounded from M, ,1/»(j1) to M, 174 (1)
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Theorem 5.2 (Adams—Guliyev type result). Let 1 < p < 00, 0 < a < s
q > p and let ¢ € & satisfy conditions

o0 dt
| o0 g sent, (53
and - gt
/ to‘tp(x,t)%?ﬁr = (5.4)
Assume in particular that
ey, s) 2 o(z,r) (5.5)

for all z,y € R™ and r > 0 such that Q(z,7) D Q(y,s), Q(y,s) € Q(u). Then the
operator I, extends to a bounded linear operator from M, ,1/»(1t) to My ,1/q(f1)
for p > 1. Furthermore, for p = 1, the operator I, extends to a bounded linear
operator from My (1) to WM, ,1/q(p1)-

The following is a result of Spanne type.

Theorem 5.3. Let 0 < a < n and 1 < p < Z. Define q by% =
Assume that 1, ps € P satisfy

n [ T z Va .,
e S e o

Assume in particular that

<P1(ya 5) 2 @1(1777’) (57)
for all x,y € R™ and r > 0 such that Q(z,r) D Q(y, s), Qy,s) € Q(n). Then I,

extends to a bounded linear operator from M, ,, (i) to My ,,(1).

There is another variant of the Adams—Gunawan theorem. See [15] for the
case of the Lebesgue measure.

Theorem 5.4. Let 1 < p<g< oo and 0 < a < %. Assume that w € &

satisfies
yal
q

e dt
rew(z,r) + / to‘w(x,t)? Sw(z,r)e (zeR™) (5.8)
and that w(x,-) : (0,00) — (0, 00] is surjective. Assume in particular that

w(y,s) > w(z,r) (5.9)

for all x,y € R™ and r > 0 such that Q(z,7) D Q(y, s), Qy,s) € Q(u). Then I,
extends to a bounded linear operator from M, .,() to M, ,u/q(it).
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Remark 5.5. In the case du(x) = dz, Theorem 5.2 was proved in [12]. In the
case p(z,t) =", 0 < A < n from Theorem 5.2 we get the Adams theorem [1].

Remark 5.6. In the case du(z) = dx, Theorem 5.3 and Lemma 5.7 were
proved in [6], [7], see also [8] and Theorem 5.4 was established in [8]. In the case
o(x,t) = 2", 0 < A < n from Theorem 5.4 we get the Adams theorem [1].

5.2. Proof of Theorems 5.1, 5.2 and 5.4.

PROOF OF THEOREM 5.1. First, let us remark again that we have the fol-
lowing maximal operator estimate

NH Uar, iy = I Fllat, o) S (1 llag, 0002 (5.10)

in view of the conditions (1.1), (3.2) and (5.2).
We rewrite

@i <m-o [ ([ L ) W) s D)

by using the Fubini theorem. Then we notice that

s [(f (m’é)lf(y)ldu(y))gnfl—fﬂ- (5.12)

We decompose (5.12) into two parts;

s ([ o) 5
¥ /m (f » O du()) s (513

where ¢y is a constant specified by (5.16) later. Notice that

; a—1 T
g ([, ) < g (5.14)

and that

1 o(x,20) 1 llas,
m([g(z ) If(y)ldu(y)) S marr M, p) S —jmpnzars - (5:15)
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Now choose £y > 0 so that

1fllar 0w
—bn p,ol/P
_ 1
o M f () (516
An arithmetic shows that
(RalbY; 1/p (1) i a _a
Mf(z)lo®™ = M f(x) <W =M @)\ fllar sy

If we insert (5.15), (5.16) to (5.13), then we have
Laf @] S MF@) T fllar 05 (5.17)

If we use (5.10) and (5.16), then we obtain the desired result. O

PROOF OF THEOREM 5.2. First, we remark again that we have the following
maximal operator estimate

12Dt S (1t o) ™" (5.18)

in view of the conditions (1.1), (3.2) and (5.5).
Let f € M, ,(n). For arbitrary zy € R", set B = B(xo,r) for the ball
centered at zg and of radius r. We represent f as

f=[fi1+ f2, where f1:= f-x2B, fo:=f—f1. (5.19)
We use

o f (@)| < Lo fr(2)] + [Laf2(2)].

The estimate of I, f1 is simple. Just recall that p satisfies the growth condition
and use a crude estimate

|Iaf1(:c)|§/ Mdu(y)zz/ /(W) du(y)
j=172"

op T —y["me i+2p\2-it1p T —y["m
S 1

< _— d SroMf(x).
S G sy O 0 S 7S

Jj=1

Here the equality above is valid because p does not charge a point x by virtue of
the growth condition (4.1).
For I, fo(x) we have

Iafg(l')

< / lz —y[* 7" f(y)| du(y)
R4\ B(z,2r)
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</ ( / ta-”-ldt) )] du(y)
RI\ B(x,2r) |z—y|

< / 5 | e . (5.20)

Then from conditions (5.3) and (5.4) we get

Lo f(@)] < 7 Mf(z) + / 1l ey dt

[e% * « ldt
<1 MA@+ Wty [ elen b

Sro M) +r o0 (5.21)

P

. [1f1lar 1p () Lk .
Hence choosing r = (—M%) for each given x € R", we have

P

Lo (@) S (MFE)T IF]

/o)’

Hence, the theorem follows in view of (5.3), (5.18) and Theorem 3.3, that is, the
boundedness of the maximal operator M in M, ,1/»(p). Indeed,

_1 _1
Maflag, pu = 5w @l t)” 4 p(B(w,20) 4 [ La fll o 500y
’ z€eR™ t>0

p

1—
S 7l

_1 _1 L
/() eﬂgup ‘P(‘T7t) qu(B(x,Qt)) q”MfHLp(B(z,t))

n >0

1-2 2
110 oML S Wfllar, oo

A

if1<p<qg<ooand
1 1
Lafllwar, e = sup @@, t)" 7 p(B(x,2) " Lo fllwLa(B )
e z€R™, t>0

_1 _1 1
S up  p(z, )" pu(B(w,2t)) q”Mf”I(jVLl(B(x,t))

1—1
q
S
(FAIEYR e

1-1 yd
S o I e,y S 11801

ifl=p<qg<o. ]
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To prove Theorem 5.3 we need the following lemma.

Lemma 5.7. Let 0 <a <nand1<p < 2. Define q by%:
we have

— g Then

o leriaieeny S 7% [ 5 s
for all positive u-measurable functions f.

PROOF. We proceed as follows:

o fllLa(B(z,r))

5 HIC%(XB(m,2’I")f)||Lq(B(m"r‘)) + Z ||Ia (XB($72j+1T)\B($,2jT)f)||L‘1(B(z,r))
j=1
o} 2_jn+ja 1
S M llerm e + Y e n(B@)ar " | flly et
j=1

> 9—jntja 1 ) i
S fllzr B2+ Y — e MB(@, ) u(B(e, 2N fll Lo (B (2510 -

Jj=1

If we use the growth condition (4.1), then we have

I afllLaBery) S NFleBen) + 77 / Y fllLr () dt

S T%/ 5 U Fll e (B dt-
Thus, the proof is complete. O

PROOF OF THEOREM 5.3. By Lemma 5.7 and (5.6), we have

o fllLa(B(zr) < 3/00 75 fll o)
902($72T):LL(B($’ 2T))1/q ~ T @2($a2T)N(B('T’a2T))1/q

z > @1(:17,215)#(B(I,2t))1/q _n_q
S ' dt < .
S sy g, G0y /T e B SUF a0

Thus, the proof is complete. (|

dt

<

To prove Theorem 5.4, we need the following pointwise estimate:

Lemma 5.8. Let 1 <p < oo. Then

R B ,2 oo 3 B
[I.f(2)] < </o %dt) Mf(:c)—k/R P Fll o (Bt

for all R > 0 and = € supp(u).
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PROOF. Just use (5.11) and

1 . u(B(z,2/¢ 1
g [, lant) S win (MREED 0110, o ) - O

Now we refer back to the proof of Theorem 5.4.

PROOF OF THEOREM 5.4. By virtue of Lemma 5.8 with R = w(z,r) and
(5.8) we have

Lo f(2) S w(a,r)P/ T Mf(x) + w(@, r)P U fll Lo (B r)-

Since w(z,-) is surjective for all z € RY, if we optimize this inequality, then we
obtain

P 1-2
Inf(z) S Mf(z)q ||f||Lp(qB(z,r))-
and Theorem 3.3. This is the desired result. 0
Remark 5.9. When du(x) = dz, then w(z,t) is a doubling function with
respect to ¢ and the doubling constant can be taken uniformly over x. Therefore,

we do not need to assume that w(z,-) is surjective for all  and we can modify
the argument above.

6. Boundedness of commutators generated by RBMO functions

Finally we shall consider the boundedness of commutators generated by
RBMO functions.

6.1. Main results. Now to describe the definition of commutators we recall the
definition of RBMO due to ToOLsA [45].

Definition 6.1 ([45, Sections 2.2 and 2.3]).
(1) Given two cubes @, R € Q(u) with @ C R, one defines

Nq,r

w(2*Q)
_1+ Z £2kQ (okO)\n’

where Ng g is the least integer k > 1 such that 2¥Q O R.

(2) One says that Q is a doubling cube if 1(2Q) < 2971u(Q). One denotes by
Q(u,2) the set of all doubling cubes.
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(3) Given Q € Q(u), we set @* as the smallest doubling cube R of the form
R =2/Q with j € Ny := {0} UN.
(4) One says that f € LL _(u) is an element of RBMO if it satisfies

loc

1
up —— — mo* d
T ) /Q () — mge (F)] du(y)
+ sup |mQ(f) - mR(f)| < 00, (61)
QCR Kg.r
Q,REQ(11,2)

where mg(f) = ﬁ S f(z) dp(z) denotes the average of the function f
over a p-measurable set F. Denote this quantity (6.1) by || f]l«-

Commutators in Morrey spaces with non-doubling measures are investigated
in [35], [38], [41]. Also, mutlicommutators are investigated in [18], [19], [24], [38].
Here we shall prove the following result.

Theorem 6.2. Let 1 < p < co. Assume that a pair (p1,p2) € $ X P satisfies

oo 1/p 1/p
” tn/p t rn/p

(6.2)

for all x € R® and r > 0. Assume in addition that there exists a € RBMO such
that

|Tf($)|§/ I(a(I)—a(y))f(y)ldu(m (i—acrcB)

RI\B |z —y|™
for all balls B € B(u). Assume in addition that T is LP(u)-bounded. Then T

extends to a bounded sublinear operator from M, ,, (1) to My o, (11).

Proposition 6.3 ([45, Theorem 9.1]). Suppose that a € RBMO. Let 1 <
p < oo and T be a singular integral operator with associated kernel K. Then

[a, T]f(x) := lim (a(z) — a(y)) K (z,y)f (y) du(y)

e—0 |m—y\>s
defines a bounded operator on LP(u).

Remark 6.4.
(1) Proposition 6.3 is an example of the operator T in Theorem 6.2.

(2) In the case du(x) = dx, Theorem 6.2 and Lemma 6.6 was covered
in [10], [11].
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6.2. Proof of Theorem 6.2. To prove Theorem 6.2, we need lemmas. We first
record the John—Nirenberg lemma for RBMO due to Tolsa.

Lemma 6.5 ([45, Corollary 3.5]). For all 1 <r < oo and a € RBMO,

1
1 , "
swp ([ 1) - m-@F du)) % .
Qeo(n) u(%Q) Q
Lemma 6.6. Under the condition of Theorem 6.2, we have

n [ t\ _n dt
5y 75 [ 108 (14 1) € F 1§ (6.3

when 1 < p < 0.

PROOF. We shall prove (6.3) first. The proof is similar to the one for T. Fix
a ball B = B(zg,r) € B(u). We just use

Lo il )

|z —y|"

= [ () @@ — sl )t
dal

S / ( /B M|<a<x>—mB<a>>f<y>|+|<mB<a>—a(y))f(yﬂdu(y))m

n [ t\, = dt
Slofe) = mp@ir? [ tog (14 1) W lirimiannn
2r

+/Tootn%(/3(m) If(y)l”du(y))l/p
([ L mal) —a(y)” du(y))l/p it (6.4)

By the John—Nirenberg inequality (see Lemma 6.5) and the growth condition
(4.1), we have

/TOO tn% < /B(””O’t) v du(y)> N ( /B(wmt) ms(a) — a(y)l” du(y)) v dt

>0 £\ 1 1/p
St [Tos (24 ) ([ P anm) a9
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Putting toghther Lemma 6.5, (6.4) and (6.5), we obtain

p

L] 0= ) aut) | duco)
B \Jri\2B |$ yl

dt
Slallr 1o (14 2) 675 1 uoiaenn

1/p

o t\ 1
+ llallpn(B l/p/ 10g< >—tn/p+1 /B( ) | F ()P duly) dt
T Z0,

t dt
Slallr [“iog (24 1) 5 a5

Thus, (6.3) is proved. O

We can prove Theorem 6.2 by using (6.2) analogously to Theorem 4.3, once

Lemma 6.6 is proven.
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