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1. Introduction
In terms of familiar incomplete gamma functions

y(a,x) := /OX tte~tdt (R(a)>0; x = 0), (1)

I'(a,x) := /m t*le7tdt (x > 0; R(a) > 0 when x = 0), (2)

Srivastava et al. [10] introduced the incomplete Pochhammer symbols

Y2+ V,X)

(4X), == Q) (L,veC; x=0), (3)
[15x], == W (LVeC; x> 0), 4)

which satisfy the decomposition formula
(4x), +[4X], =(4), (4LveC; x=0). (5)

Besides, they introduced and investigated the generalized incomplete hypergeometric functions by means of these
symbols.

This paper is organized as follows. In Section 2, the incomplete second Appell hypergeometric functions are introduced
by means of the incomplete Pochhammer symbols. For these functions, some integral formulas and the transforms for-
mulas are obtained. Also, the connections with the incomplete Gauss hypergeometric functions, the incomplete gamma
functions and the complementary error function are determined. In Section 3, the some finite summation formulas are
presented.
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2. The incomplete second Appell hypergeometric functions

We introduce the incomplete second Appell hypergeometric functions as follows:

mZn::o (B)m(B2)y ~ minl’ (6)

12((a,X), 01, 02; By, Ba; X1, X2) 1=

[Cl X]m+n Xm XZ
To((@,x), o1, 023 By fiXr. ) ZWW . 7)
From (5)-(7), we have the decomposition formula
V2((a,X), 01, 02; By, Bos X1, X2) + T2 ((a, X), 01, 023 By, Ba; X1, X2) = Fa(@, 01, 02; By, Ba; X1, X2), (8)

where F(a, o1, %2; B1, B2; X1,X2) is the familiar second Appell hypergeometric function (see [1]).
To determine the properties and characteristics of y,((a, x), o1, 02; By, Ba; X1, X2), it is sufficient to examine the properties of
I2((a,x), 01, ot2; By, Pa; X1,X2) according to the decomposition formula (8).
Theorem 1. Let the function defined by
u= U(X],Xz) = Vz((a:x)v 06170(2;/31.,[))2;)(1,)(2) + FZ((a7x)1 O, 023 ﬁ]?.BZ;thZ)'

Then this function satisfies the following system of partial differential equations:

o*u 2u ou ou
x1(1 —x1)axl X1X 28x 7% + [ - (a+oc1+l)x1}a—)ﬁ—a1xza—b—aa1u70, o)
(l—x)azu X1X ru +[fy — (a4« +l)x}%—o¢x %—aocu—o
Yoxz Toxiox, 2 Hox, 7" ox, C

Proof. The proof is obvious from (8) and the fact that Fy(a, o1, a2; B4, f2; X1,X2) satisfies the system of partial differential
equations given by (9) (see [1, p. 76]). O

Theorem 2. (Integral formula)

1 o0
FZ((G,X)a“17052;/317/32;9617?62):m/ t9 et Fy (0 By X1 6)1F1 (02 Bo; Xot)dt (10)
(x = 0; R(a) >0 when x =0).

Proof. Replacing the incomplete Pochhammer symbol [a; x]
obtained from (2) and (4), we get the desired result. O

in the definition (7) by its integral representation which

m+n

Theorem 3. (Transformation formulas)

a((a,x), 01, 025 By, B3 X1, X2) = (1 —»X1)7”I“z<(a,x(1 = X1)), B — 0,023 B Bai — g f?x1’1 f?x1>’ (11)

(@, 0.92 B s ) = (1 =) T (@0 =)y = sy B o ) (12

Io((a,X), 01, 025 By, Bos X1,X2) = (1 — X1 — X2)™°

~rz<<a,x(1—x1—xz»,m—a1,ﬁ2—az;ﬁ1,ﬁ2;— n_ % ) (13)

1-x%—x 1-x%—x

Proof. We will prove only (11) since the others can be proved similarly. Using Kummer’s first formula [6, p. 125]

1F1(o; B;X) = €4 F 1 (f — o B;—x)
n (10), we have

1
[a((a,x), 00, 0025 By, Bo; X1, X2) :W/ 9 e X0 Fy (By — oty By —Xat) 1F1 (023 B Xat)dE. (14)
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Substituting T = (1 — x1)t in (14), we obtain the formula (11). O

Theorem 4. (Connections with the incomplete Gauss hypergeometric function ,T')

2 ((a,x), 00, 025 By, B2; 0,%2) = 2T1((a, %), 025 a5 X2), (15)
FZ(((LX)-,“MaZ;ﬁlvﬁZ;XhO) = 21"1((a,x),oc1;/31;x1), (16)
rz((a7x)707 az;ﬂlvﬁZ;xhXZ) = ZF] ((a>x)7 0(2;/32;)(2), (17)
I ((a,x), 01,05 By, fas X1, X%2) = 211((a, X), 015 By; X1), (18)
[2((a,x), 04, 025 01, Bo; X1,X2) = (1 —x1) 211 ((a,x(1 —Xl))afxzéﬁﬁ%)? (19)
To((a,x), 01, 023 By, 023 X1, %2) = (1 — x2) ™21 ((a,x(1 *Xz))aal;ﬁﬁli—lxz)v (20)

where ,T"1((a,x), b; c; z) is the incomplete Gauss hypergeometric function defined by [10, p. 664]

2I'1((a,%), b; ;2) :i%%n,

n=0 n

Proof. The proof of (15)-(18) is a direct consequence of the definition (7). The relation (19) is obtained setting 8, = oy in(11)
and then using (17). Similarly, the relation (20) is derived setting 8, = ¢, in (12) and then using (18). O

Theorem 5. (Connection with the incomplete gamma function y(a, x) defined by (1))

000X, X" [ 1
Ia((a,x), 000, 02500 + 1,00 + 15 —X1, —X2) = “T@ / t %2 ety (o, X1 £) (02, X2 £)dE (21)
JX

(x = 0; R(a) >0 when x =0).

Proof. Setting 8; = o; + 1,8, = 02 + 1 and replacing x1, X, by —x;, —x, in the integral formula (10) and using the relation [5,
p. 726]

1Fr(o o0+ 15 —x) = ox ™"y (a, X),

we obtain the relation (21). O

Theorem 6. (Connection with the incomplete gamma function I'(a,x) defined by (2))
I'(a,x(1 —x1 —x2))

Ty((a,x), 001, 05 01, 023 X1, X2) = (1 — X1 —X2) ¢ @) (22)
Proof. Setting , = o; and 8, = &, in (13), we get the result. O
Theorem 7. (Connection with the complementary error function erfc(z))

F2<G7x>,a1,ocz;ochac2;0,l fz> = F2<G,x>,ocl,oc2;oc1,oc2;l —z,O) :%erfc(\/x-z) (23)
where erfc(z) is the complementary error function defined by [5, p.726]

erfc(vz) = % r G , z) )

Proof. Putting x; =0,x, =1—2z or x; =1 —2z,x, = 0 and taking a = 1 in (22), we have the relation (23). O

Theorem 8. (Second integral formula)
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1
FZ((a7x)7 o1, 0(25/3]7/))2;){17)(2) = B(O(hﬁ] — al)B(O‘LﬂZ _ 052)
/ / R B e B (e e PP A Gt ;(Zl)t”‘”))dtdr
R(B) > R() >0, j=1,2) (24)

Proof. Taking into account the elementary identity

(%) _ Bloa +m, fy —on) 1
(B1)m B(o, By — o) B(o, fy — ) .

in the definition (7), we have

1
/ e (1 —f e (R(By) > R(on) > 0; m e No)
0

1
B(au1, By — 01)B(02, B, — %2)

1 1
/ / 111 (1 — T (1 — )22 T, ((a,X), o, 0 0, s X1 t, XoT)dE T,
0

rZ((a7X)7Och“Z;ﬁhﬁZ;XhXZ) =

which yields (24) in accordance with (22). O

Remark 1. For x = 0, the incomplete second Appell hypergeometric function I', reduces to the second Appell hypergeomet-
ric function F,. Therefore, taking x = 0, the obtained results in this section for I'; reduce to the well-known results for F; (see,
[1,2,5,7,9)).

3. Some finite summation formulas

Theorem 9. The following finite summation formula holds true:

ZFZ((a,x),—k,—n +k1,1;%1,%) = (n+ 1) .1 ((a, %), —1;2; %1 +%2)  (x = 0; R(a) >0 when x = 0). (25)

Proof. Using the integral formula (10) and the well-known relations for the Laguerre polynomials (see [3, p. 189, Eq. (14)]
and [3, p. 192, Eq. (41)]), we get

n n )
ZFZ((a,x),—k,—n+k;1,1;x],x2):— / t* e " Fi(—k; 1;x1t) 1 Fy(—n + k; 1; x,t)dt
k=0 /x

7L = a—-1,—t . (0) (0)
_F(a)/x e <;Lk (x1)L, " (x2t) |dt

_ ~ a—1,—ty(1)
_F(a)/x (- Te L0 (x; + x0)t)dt

= (r{“zra;) /Xw t e ' Fy(—n; 2; (%1 + xp)t)dt. 20)

Finally, taking into consideration the integral representation [10, p. 665]
2I1((a,x),b;c;2) = ﬁ / t* et Fy(b;c;zt)dt  (x = 0; R(a) >0 when x = 0)
X

n (26), the proof is completed. O

Theorem 10. The following finite summation formula holds true:

n 11\ I'(2-a+n) X . ‘
Zl"z((a,x —k,—n+11,1;5, 2)_(n+l){r(2_a)r(2+n)—F(CH_])2F2(2+n,a,2,a+1,—x)}. (27)

Proof. Setting x; =x, =11in (25) and applying the formula [10, p. 667]
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I'(c)I'(c—a-Db) X
[(c—a(c—b) T(a+1)

2I1((a,x),b;c; 1) = 2F2(c—b,a;c,a+ 1;-x),

we get the formula (27). O

Theorem 11. The following integral formula holds true:

In!
(@, %), =, = By + 1, By + 151, %) T ! / (- Te LI (x, )L (xat)dt (28)

T (B + DBy + 1), T(a) Js
(x = 0; R(a) >0 when x =0).

Proof. Using the integral formula (10) and the relation given in [3, p. 189, Eq. (14)], we have

1
Iy ((a,x), —m, —n; B, +11ﬁ2+]§x1:x2):71—~(a)/ e " Fy(—m; By + 13x1t) 1F1 (=5 B, + 15 x0t)dt
X

__omint T T e 0 gy, L)
=Gt Dy + 1), r(a)/x e DL (e,

which completes the proof. O

Theorem 12. The following finite summation formula holds true:

i(ﬁ;n>n((a,x),—n,—n;ﬁ+1,ﬁ+1;x1~,xz)

n=0
—(ﬂ—H)mH(X X)) 'To((a—1,x),—m,—m —1;+ 1,5+ 1;X1,X2) + X1 =X 29
= i) 0 =) (@ = L) —mmm = T T ) = 29)

where x > 0; R(a) > 1 when x =0, and x; =X, indicates the presence of a second term that originates from the first by
interchanging x; and x,.

Proof. Using (28), we have

/B
</—1:n>1"2 a,x),—n,—n;f+ 1,4+ 1;X1,X2)
n:O
1 " a1ty () ®)
— a-1,-t . _
“T@ ;10 ﬁ+1 / t e LY (xt)L)Y (xot)dt  (x = 0; R(a) > 0 when x = 0).

By interchanging the order of summation and integration and applying the formula [3, p. 188, Eq. (9)]

> G, M ) = G ) L 1 )~ L ) L8 )

n=i

and then taking into consideration (28), we obtain the formula (29). O

Remark 2. Taking x = 0, the obtained results in this section for the incomplete second Appell hypergeometric function I',
reduce to the well-known results for the second Appell hypergeometric function F, (see [4,8]).
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