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1. Introduction

In terms of familiar incomplete gamma functions
cða; xÞ :¼
Z x

0
ta�1e�tdt ðRðaÞ > 0; x P 0Þ; ð1Þ

Cða; xÞ :¼
Z 1

x
ta�1e�tdt ðx P 0; RðaÞ > 0 when x ¼ 0Þ; ð2Þ
Srivastava et al. [10] introduced the incomplete Pochhammer symbols
ðk; xÞm :¼ cðkþ m; xÞ
CðkÞ ðk; m 2 C; x P 0Þ; ð3Þ

½k; x�m :¼ Cðkþ m; xÞ
CðkÞ ðk; m 2 C; x P 0Þ; ð4Þ
which satisfy the decomposition formula
ðk; xÞm þ ½k; x�m ¼ ðkÞm ðk; m 2 C; x P 0Þ: ð5Þ
Besides, they introduced and investigated the generalized incomplete hypergeometric functions by means of these
symbols.

This paper is organized as follows. In Section 2, the incomplete second Appell hypergeometric functions are introduced
by means of the incomplete Pochhammer symbols. For these functions, some integral formulas and the transforms for-
mulas are obtained. Also, the connections with the incomplete Gauss hypergeometric functions, the incomplete gamma
functions and the complementary error function are determined. In Section 3, the some finite summation formulas are
presented.
. All rights reserved.
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2. The incomplete second Appell hypergeometric functions

We introduce the incomplete second Appell hypergeometric functions as follows:
c2ðða; xÞ;a1;a2; b1;b2; x1; x2Þ :¼
X1

m;n¼0

ða; xÞmþnða1Þmða2Þn
ðb1Þmðb2Þn

xm
1

m !

xn
2

n !
; ð6Þ

C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ :¼
X1

m;n¼0

½a; x�mþnða1Þmða2Þn
ðb1Þmðb2Þn

xm
1

m !

xn
2

n !
: ð7Þ
From (5)–(7), we have the decomposition formula
c2ðða; xÞ;a1;a2; b1;b2; x1; x2Þ þ C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ ¼ F2ða;a1;a2; b1;b2; x1; x2Þ; ð8Þ
where F2ða;a1;a2; b1; b2; x1; x2Þ is the familiar second Appell hypergeometric function (see [1]).
To determine the properties and characteristics of c2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ, it is sufficient to examine the properties of

C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ according to the decomposition formula (8).

Theorem 1. Let the function defined by
u ¼ uðx1; x2Þ :¼ c2ðða; xÞ;a1;a2; b1;b2; x1; x2Þ þ C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ:
Then this function satisfies the following system of partial differential equations:
x1ð1� x1Þ
@2u
@x2

1

� x1x2
@2u

@x1@x2
þ ½b1 � ðaþ a1 þ 1Þx1�

@u
@x1
� a1x2

@u
@x2
� aa1u ¼ 0;

x2ð1� x2Þ
@2u
@x2

2

� x1x2
@2u

@x1@x2
þ ½b2 � ðaþ a2 þ 1Þx2�

@u
@x2
� a2x1

@u
@x1
� aa2u ¼ 0:

ð9Þ
Proof. The proof is obvious from (8) and the fact that F2ða;a1;a2; b1; b2; x1; x2Þ satisfies the system of partial differential
equations given by (9) (see [1, p. 76]). h
Theorem 2. (Integral formula)
C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ ¼
1

CðaÞ

Z 1

x
ta�1e�t

1F1ða1; b1; x1tÞ1F1ða2; b2; x2tÞdt ð10Þ

ðx P 0; RðaÞ > 0 when x ¼ 0Þ:
Proof. Replacing the incomplete Pochhammer symbol ½a; x�mþn in the definition (7) by its integral representation which
obtained from (2) and (4), we get the desired result. h
Theorem 3. (Transformation formulas)
C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ ¼ ð1� x1Þ�aC2 ða; xð1� x1ÞÞ; b1 � a1;a2; b1;b2;� x1

1� x1
;

x2

1� x1

� �
; ð11Þ

C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ ¼ ð1� x2Þ�aC2 ða; xð1� x2ÞÞ;a1; b2 � a2; b1;b2;
x1

1� x2
;� x2

1� x2

� �
; ð12Þ

C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ ¼ ð1� x1 � x2Þ�a

� C2 ða; xð1� x1 � x2ÞÞ;b1 � a1;b2 � a2; b1; b2; � x1

1� x1 � x2
;� x2

1� x1 � x2

� �
: ð13Þ
Proof. We will prove only (11) since the others can be proved similarly. Using Kummer’s first formula [6, p. 125]
1F1ða; b; xÞ ¼ ex
1F1ðb� a; b;�xÞ
in (10), we have
C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ ¼
1

CðaÞ

Z 1

x
ta�1e�ð1�x1Þt

1F1ðb1 � a1; b1;�x1tÞ 1F1ða2; b2; x2tÞdt: ð14Þ
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Substituting s ¼ ð1� x1Þt in (14), we obtain the formula (11). h
Theorem 4. (Connections with the incomplete Gauss hypergeometric function 2C1Þ
C2ðða; xÞ;a1;a2; b1; b2; 0; x2Þ ¼ 2C1ðða; xÞ;a2; b2; x2Þ; ð15Þ

C2ðða; xÞ;a1;a2; b1; b2; x1;0Þ ¼ 2C1ðða; xÞ;a1; b1; x1Þ; ð16Þ

C2ðða; xÞ;0;a2; b1;b2; x1; x2Þ ¼ 2C1ðða; xÞ;a2; b2; x2Þ; ð17Þ

C2ðða; xÞ;a1;0; b1;b2; x1; x2Þ ¼ 2C1ðða; xÞ;a1; b1; x1Þ; ð18Þ

C2ðða; xÞ;a1;a2; a1; b2; x1; x2Þ ¼ ð1� x1Þ�a
2C1ðða; xð1� x1ÞÞ;a2; b2;

x2

1� x1
Þ; ð19Þ

C2ðða; xÞ;a1;a2; b1;a2; x1; x2Þ ¼ ð1� x2Þ�a
2C1ðða; xð1� x2ÞÞ;a1; b1;

x1

1� x2
Þ; ð20Þ
where 2C1ðða; xÞ; b; c; zÞ is the incomplete Gauss hypergeometric function defined by [10, p. 664]
2C1ðða; xÞ; b; c; zÞ ¼
X1
n¼0

½a; x�nðbÞn
ðcÞn

zn

n !
:

Proof. The proof of (15)–(18) is a direct consequence of the definition (7). The relation (19) is obtained setting b1 ¼ a1 in (11)
and then using (17). Similarly, the relation (20) is derived setting b2 ¼ a2 in (12) and then using (18). h
Theorem 5. (Connection with the incomplete gamma function cða; xÞ defined by (1))
C2ðða; xÞ;a1;a2; a1 þ 1;a2 þ 1;�x1;�x2Þ ¼
a1a2x�a1

1 x�a2
2

CðaÞ

Z 1

x
ta�a1�a2�1e�tcða1; x1tÞcða2; x2tÞdt ð21Þ

ðx P 0; RðaÞ > 0 when x ¼ 0Þ:
Proof. Setting b1 ¼ a1 þ 1; b2 ¼ a2 þ 1 and replacing x1, x2 by �x1, �x2 in the integral formula (10) and using the relation [5,
p. 726]
1F1ða;aþ 1;�xÞ ¼ ax�acða; xÞ;
we obtain the relation (21). h
Theorem 6. (Connection with the incomplete gamma function Cða; xÞ defined by (2))
C2ðða; xÞ;a1;a2; a1;a2; x1; x2Þ ¼ ð1� x1 � x2Þ�a Cða; xð1� x1 � x2ÞÞ
CðaÞ : ð22Þ
Proof. Setting b1 ¼ a1 and b2 ¼ a2 in (13), we get the result. h
Theorem 7. (Connection with the complementary error function erfcðzÞ)
C2
1
2
; x

� �
;a1;a2;a1;a2; 0;1� z

� �
¼ C2

1
2
; x

� �
;a1;a2;a1;a2; 1� z;0

� �
¼ 1ffiffiffi

z
p erfcð

ffiffiffiffiffi
xz
p
Þ ð23Þ
where erfcðzÞ is the complementary error function defined by [5, p.726]
erfcð
ffiffiffi
z
p
Þ ¼ 1ffiffiffiffi

p
p C

1
2
; z

� �
:

Proof. Putting x1 ¼ 0; x2 ¼ 1� z or x1 ¼ 1� z; x2 ¼ 0 and taking a ¼ 1
2 in (22), we have the relation (23). h
Theorem 8. (Second integral formula)
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C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ ¼
1

Bða1; b1 � a1ÞBða2;b2 � a2Þ

�
Z 1

0

Z 1

0
ta1�1sa2�1ð1� tÞb1�a1�1ð1� sÞb2�a2�1ð1� x1t � x2sÞ�a Cða; xð1� x1t � x2sÞÞ

CðaÞ dt ds

ðRðbjÞ > RðajÞ > 0; j ¼ 1;2Þ ð24Þ
Proof. Taking into account the elementary identity
ða1Þm
ðb1Þm

¼ Bða1 þm; b1 � a1Þ
Bða1;b1 � a1Þ

¼ 1
Bða1;b1 � a1Þ

Z 1

0
ta1þm�1ð1� tÞb1�a1�1dt ðRðb1Þ > Rða1Þ > 0; m 2 N0Þ
in the definition (7), we have
C2ðða; xÞ;a1;a2; b1; b2; x1; x2Þ ¼
1

Bða1; b1 � a1ÞBða2;b2 � a2Þ

�
Z 1

0

Z 1

0
ta1�1sa2�1ð1� tÞb1�a1�1ð1� sÞb2�a2�1C2ðða; xÞ;a1;a2;a1;a2; x1t; x2sÞdt ds;
which yields (24) in accordance with (22). h
Remark 1. For x ¼ 0, the incomplete second Appell hypergeometric function C2 reduces to the second Appell hypergeomet-
ric function F2. Therefore, taking x ¼ 0, the obtained results in this section for C2 reduce to the well-known results for F2 (see,
[1,2,5,7,9]).
3. Some finite summation formulas

Theorem 9. The following finite summation formula holds true:
Xn

k¼0

C2ðða; xÞ;�k;�nþ k; 1;1; x1; x2Þ ¼ ðnþ 1Þ 2C1ðða; xÞ;�n; 2; x1 þ x2Þ ðx P 0; RðaÞ > 0 when x ¼ 0Þ: ð25Þ
Proof. Using the integral formula (10) and the well-known relations for the Laguerre polynomials (see [3, p. 189, Eq. (14)]
and [3, p. 192, Eq. (41)]), we get
Xn

k¼0

C2ðða; xÞ;�k;�nþ k; 1;1; x1; x2Þ ¼
1

CðaÞ
Xn

k¼0

Z 1

x
ta�1e�t

1F1ð�k; 1; x1tÞ 1F1ð�nþ k; 1; x2tÞdt

¼ 1
CðaÞ

Z 1

x
ta�1e�t

Xn

k¼0

Lð0Þk ðx1tÞLð0Þn�kðx2tÞ
 !

dt

¼ 1
CðaÞ

Z 1

x
ta�1e�tLð1Þn ððx1 þ x2ÞtÞdt

¼ ðnþ 1Þ
CðaÞ

Z 1

x
ta�1e�t

1F1ð�n; 2; ðx1 þ x2ÞtÞdt: ð26Þ
Finally, taking into consideration the integral representation [10, p. 665]
2C1ðða; xÞ; b; c; zÞ ¼ 1
CðaÞ

Z 1

x
ta�1e�t

1F1ðb; c; ztÞdt ðx P 0; RðaÞ > 0 when x ¼ 0Þ
in (26), the proof is completed. h
Theorem 10. The following finite summation formula holds true:
Xn

k¼0

C2 ða; xÞ;�k;�nþ k; 1;1;
1
2
;
1
2

� �
¼ ðnþ 1Þ Cð2� aþ nÞ

Cð2� aÞCð2þ nÞ �
xa

Cðaþ 1Þ 2F2ð2þ n; a; 2; aþ 1;�xÞ
� �

: ð27Þ
Proof. Setting x1 ¼ x2 ¼ 1
2 in (25) and applying the formula [10, p. 667]
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2C1ðða; xÞ; b; c; 1Þ ¼ CðcÞCðc � a� bÞ
Cðc � aÞCðc � bÞ �

xa

Cðaþ 1Þ 2F2ðc � b; a; c; aþ 1;�xÞ;
we get the formula (27). h
Theorem 11. The following integral formula holds true:
C2ðða; xÞ;�m;�n; b1 þ 1; b2 þ 1; x1; x2Þ ¼
m !n !

ðb1 þ 1Þmðb2 þ 1Þn
1

CðaÞ

Z 1

x
ta�1e�tLðb1Þ

m ðx1tÞLðb2Þ
n ðx2tÞdt ð28Þ

ðx P 0; RðaÞ > 0 when x ¼ 0Þ:
Proof. Using the integral formula (10) and the relation given in [3, p. 189, Eq. (14)], we have
C2ðða; xÞ;�m;�n; b1 þ 1; b2 þ 1; x1; x2Þ ¼
1

CðaÞ

Z 1

x
ta�1e�t

1F1ð�m; b1 þ 1; x1tÞ 1F1ð�n; b2 þ 1; x2tÞdt

¼ m !n !

ðb1 þ 1Þmðb2 þ 1Þn
1

CðaÞ

Z 1

x
ta�1e�tLðb1Þ

m ðx1tÞLðb2Þ
n ðx2tÞdt;
which completes the proof. h
Theorem 12. The following finite summation formula holds true:
Xm

n¼0

bþ n

n

� �
C2ðða; xÞ;�n;�n; bþ 1; bþ 1; x1; x2Þ

¼
ðbþ 1Þmþ1

m ! ða� 1Þ ðx1 � x2Þ�1C2ðða� 1; xÞ;�m;�m� 1; bþ 1;bþ 1; x1; x2Þ þ x1� x2; ð29Þ
where x P 0; RðaÞ > 1 when x ¼ 0, and x1� x2 indicates the presence of a second term that originates from the first by
interchanging x1 and x2.
Proof. Using (28), we have
Xm

n¼0

bþ n
n

� �
C2ðða; xÞ;�n;�n; bþ 1; bþ 1; x1; x2Þ

¼ 1
CðaÞ

Xm

n¼0

n !

ðbþ 1Þn

Z 1

x
ta�1e�tLðbÞn ðx1tÞLðbÞn ðx2tÞdt ðx P 0; RðaÞ > 0 when x ¼ 0Þ:
By interchanging the order of summation and integration and applying the formula [3, p. 188, Eq. (9)]
Xm

n¼0

n !

ðbþ 1Þn
LðbÞn ðx1ÞLðbÞn ðx2Þ ¼

ðmþ 1Þ !
ðbþ 1Þm

ðx1 � x2Þ�1fLðbÞm ðx1ÞLðbÞmþ1ðx2Þ � LðbÞmþ1ðx1ÞLðbÞm ðx2Þg
and then taking into consideration (28), we obtain the formula (29). h
Remark 2. Taking x ¼ 0, the obtained results in this section for the incomplete second Appell hypergeometric function C2

reduce to the well-known results for the second Appell hypergeometric function F2 (see [4,8]).
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