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1. Introduction

We consider simple graphs, such as graphs which have no loops or parallel edges. Hence a graph G = (V, E) consists of
a finite set of vertices, V, and a set of edges, E, each of whose elements is an unordered pair of distinct vertices. Generally V
istakenasV = {1, 2, ..., n}.

A weighted graph is a graph each edge of which has been assigned to a square matrix called the weight of the edge. All
the weight matrices are assumed to be of the same order and to be positive matrix. In this paper, by “weighted graph” we
mean “a weighted graph with each of its edges bearing a positive definite matrix as weight”, unless otherwise stated.

The following are the notations to be used in this paper. Let G be a weighted graph on n vertices. Denote by w;; the
positive definite weight matrix of order p of the edge ij, and assume that w; = wj;. We write i ~ j if vertices i and j are
adjacent. Let w; = » ;. ; .

The Laplacian matrix of a graph G is defined as L(G) = (I;;), where

wi; ifi =j,
l,',j =y — Wi, ifi ’\‘j,
0; otherwise.

Let A denote the largest eigenvalue of L(G). If V is the disjoint union of two nonempty sets V; and V, such that every
vertex i in V4 has the same A;(w;) and every vertex j in V, has the same A; (wj), then G is called a weight-semiregular graph.
If A1(w;) = Aq(wj) in a weight semiregular graph, then G is called a weight-regular graph.

In the definitions above, the zero denotes the p x p zero matrix. Hence L(G) is a square matrix of order np.

Upper and lower bounds for the largest Laplacian eigenvalue for unweighted graphs have been investigated to a great
extent in the literature [1-10]. For most of the bounds, Pan [11] has characterized the graphs which achieve the upper
bounds of the largest Laplacian eigenvalues for unweighted graphs.
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Theorem 1 (Rayleigh-Ritz [12]). Let A € M, be Hermitian, and let the eigenvalues of A be ordered such that A, < A1 <
-+« < Aq. Then,

AnxTx < xTAx < Alex
xTAx .
Amax = A1 = max —— = maxx Ax
x#0 X'X xTx=1
- xTAx .7
Amin = Anp = min —— = min x Ax
x#0 X'X xTx=1

forallx € C".

Proposition 1 ([13]). Let A € M, have eigenvalues {A;}. Even if A is not Hermitian, one has the bounds

X7 xTAx
min < Al < max | —— (1.1)
x£0 | xTx x£0 | xTx
fori=1,2,...,n
Corollary 1 ([13]). Let A € M, have eigenvalues {);}. Even if A is not Hermitian, one has the bounds
xTA xTA
min Xy < |Ail £ max Xy (1.2)
x£0, y#0 | XTy x£0, y#0 | xTy
foranyx e R"(x £ 0),y e R"G £ 0) andfori=1,2,...,n.
Lemma 1 (Horn and Johnson [12]). Let B be a Hermitian n x n matrix with eigenvalues Ay > A, > --- > A, then for any
XER'(X#0),y eR'(Y #0),
X"By| < MVATXVYTY. (1.3)

Equality holds if and only if x is an eigenvector of B corresponding to A, and y = aX for some o € R.

Some upper bounds on the largest Laplacian eigenvalue for weighted graphs, where the edge weights are positive definite
matrices, are known as below. Then, we also give an upper bound on the largest Laplacian eigenvalue for weighted graphs
in Section 2 and compare our bound with other bounds.

Theorem 2 (Das and Bapat [14]). Let G be a simple connected weighted graph. Then
A < max {M (Z wik) + Z M(wjk)} (1.4)
™ kik~i kek~j
where wj; is the positive definite weight matrix of order p of the edge ij. Moreover equality holds in (1.4) if and only if

(i) Gis a weight-semiregular bipartite graph;
(ii) wy have a common eigenvector corresponding to the largest eigenvalue A, (wy) for all i, j.

Theorem 3 (Das [15]). Let G be a simple connected weighted graph. Then

s max |0 i) (Z M) + Y A1<wks)> + ) dawy) (Z M) + Y M(wm)) (15)

kik~i rir~i s:s~k k:k~j rir~j s:s~k

where wyj; is the positive definite weight matrix of order p of the edge ij. Moreover equality holds in (1.5) if and only if
(i) Gis a bipartite semiregular graph; and
(ii) wj have a common eigenvector corresponding to the largest eigenvalue A1(wy) for alli, j.

Theorem 4 (Das [15]). Let G be a simple connected weighted graph. Then

! A (wi) + A (wy) 4+ /o (wi) — 21 (w))? + 4717 }
2

A1 < max
i~j

(1.6)

- ki A (Wik) A
Where 7= Zk.k ')Lll((?;l:;) 1(wg)

in (1.6) if and only if
(i) Gis a weighted-regular graph or G is a weight-semiregular bipartite graph;
(ii) wj have a common eigenvector corresponding to the largest eigenvalue A1 (wy) for alli, j.

and wy; is the positive definite weight matrix of order p of the edge ij. Moreover equality holds
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2. An upper bounds on the largest Laplacian eigenvalue of weighted graphs

Theorem 5. Let G be a simple connected weighted graph. Then

k:k~i kek~i 1<i,t<n seN;NN¢

A < max \/)»% (wy) + Z AT (wi) + Z A (wiwix + wigwy) + Z Z A (wisws) (2.1)
where wy is the positive definite weight matrix of order p of the edge ik and N; N Ny, is the set of common neigbours of i and k.
Moreover equality holds in (2.1) if and only if

(i) Gis a weighted-regular graph or G is a weight-semiregular bipartite graph;
(ii) wi have a common eigenvector corresponding to the largest eigenvalue A1 (wj,) for all i, k.

Proof. Let X = (x], %0, ..., XI)T be an eigenvector corresponding to the largest eigenvalue A; of L(G).We assume that X; is
the vector component of X such that

- e
= . 2.2
X% = max {xexi) (2.2)

Since X is nonzero, so is X;.
The (i, j)-th element of L(G) is

wj; ifi=j
—w,‘,j; lfl ’\“_]
0; otherwise.

Now we consider the matrix L?(G). The (i, j)-th element of L?(G) is

w? 4+ > wi: ifi = j
keN;
—wiwjj — wjiwj + Z wikwyj;  otherwise.
keN;NN;
We have
*(G)X = A3X. (2.3)

From the i-th equation of (2.3), we have

M = wiX + Z wiXi + Z —(wiwik + wiw)Xy + Z ( Z wiswst)_(t>

k:k~i k:k~i 1<i,t<n \SeN;NNt

MEX =X wixi+ Y Xwiki+ Y —X (wiwp + wew)) B+ Y ( > ifwisws[fct) : (2.4)

kik~i k:k~i 1<i,t<n \seN;jNN¢

Taking the modulus on both sides of (2.4), we get

|)»%|)_<IT)_(, < |)'<1Tw12)_<l| + Z })_(;rwlzk)_(,| + Z |)_<iT(wiw,-k + wkiw,<)>'(k} + Z ( Z |)_(,-Tw,-swst)_(t|) . (25)

kik~i k~i 1<i,t<n \seN;NN¢

Since w x is the positive definite matrix for every i, k, w?, matrices are also positive definite. So, we have

kik~i k~i 1<i,t<n \seN;jNN¢

< M(wHR R + Z (WX X + Z }’_(;r(wiwik + wikwk))_(k‘ + Z ( Z ’)_(;rwiswst)_([‘) (2.6)

from (1.3).



S. Sorgun, S. Biiyiikkdse / Discrete Optimization 9 (2012) 122-129 125

Now let examine whether (w;wj, + wyjwy) for k ~ i and wi;ws for s € N; N N; are Hermitian in the inequality of (2.6).
Case 1: (wjwj, + wyjwy) and wiswg are Hermitian matrices.
Then using inequality in (1.3), we get (2.6) as

< MWHRX A D MR R+ Y da (wiwi + wiawy) /X Riy/ XX

k:k~i k~i
+ 2| D (wiwa) R R 7R (27)
1<i,t<n \seN;jNN¢

Case 2: (wjwj, + wyjwy) is Hermitian for k ~ i and w;;wy is not a Hermitian matrix fors € NyN Ny, 1 <i, t <n.
Since (w;wj, + wywy) is Hermitian, from (1.3) we have

Z |x] (wiwik + wigwiXe| < A1 ((wijwi + wiiwi))y/ X Xiy/ X Xec. (2.8)

k~i

Now, let w;; ws not be a Hermitian matrix fors € N; NV N;, 1 <i, t < n. Let us take the ratio of

7 _
X, WisWee Xt
k s WS
CORx (29)
kMt
for1 <k, t < n.If N, N N, = &, this ratio is zero. So let us consider Ny N N; # @. Then we get
- _ 7 _
X WesWseXe | |Xk wkswstxt|
= =
XXt |Xie |
and using the Cauchy Schwarz inequality we have
7 _
}Xk Wis Wse Xt |
>
- o=
XX/ X X¢
From (2.2), we get
)_(z Wis Wt Xy |’_<£ Wies Wt Xy |
- > ) (2.10)
X X [sTs [7T5
ke X; Xi/ X¢ X

T _
X Wis Wst Xt

Since (2.10) implies for each X, and x;
} . |)—‘;l' wksws[?_ct|

_ min { = )
X #0,Xe 70 /)—(T)—(_ /)_(T)_‘t
i t

from inequality of (1.2) and since A; (wjsws) is the largest eigenvalue of wi;ws matrix fors € NyNN;, 1 <1i, t < nwe have

o
X Xt

_T -
‘X,' Wis Wse X¢ ’

1= =TS
/ Xi Xin/ X Xy

=< |)\1| (wiswst) =< )\l (wiswst) s (211)

i.e
_T - - = -T =
Z Z |Xl- wiswstxt| < A1 (Wisws) Y, X,'TXi\/ Xz-xt- (2.12)
1<i,t<n seN;NN¢

If we arrange the expressions (2.8) and (2.12) in the inequality of (2.6), we can again get the inequality in (2.7).
Case 3: (wjwjx + wyjwy) is not Hermitian for k ~ i and wjsws is a Hermitian matrix fors € NyNN;, 1 <i, t <n.
Since the matrix of wj;ws is Hermitian, we get

Yo Wwwak]) < D0 D0 A (wwa) (&R X R ) (2.13)

1<i,t<n \seN;NN¢ 1<i,t<n \seN;NN¢

On the other hand, let (w;wj + wyjwy) not be a Hermitian matrix for k ~ i. By a similar argument to Case 2 we have

%] (wiwie + wiiwi)Xe |

—T= /[=T=
X; Xiy/ X Xk

< Al (wiwie + wigwg) < A (wiwi + wigwy) (2.14)
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Z |x] (wiwi + wiwiXe| < ZM (wiwi + wiwi) /X Xiy/ X X (2.15)

k~i k~i

If we arrange the expressions (2.15) and (2.13) in the inequality of (2.6), we can again get the inequality in (2.7).
Case 4: The matrices of (w;wj, + wy;wy) for k ~ iand wi;wg fors € N; NNy, 1 < i, t < nare not Hermitian matrices.
By applying the same methods as Cases 2 and 3, we have also (2.7). Therefore, we see that

275 25T 2\5T5 [or< [ars
AKX X < Aq(wi)X; X + Z A (wi)x; X + ZM (wiwik + Wriwi) 4/ X; Xiv/ X Xk

k:k~i k~i
+ > ( Dk (wiwy) Jic?W?cR) (2.16)
1<i,t<n \seN;NN¢
in all situations. If we use (2.2), we have
< M(WHE X + Z M (WX X + Z M (wiwie + wigwiX] X + Z Z A1 (Wiswee )X X;. (2.17)
kik~i k~i 1<i,t<n seN;NN¢

Thus we obtain

A = \/M(w,-z) + ) M) + ) h(wwg+ wewe) + Y Y A(wiswsy),

kik~i k~i 1<i,t<n seN;NN¢
i.e.
A1 < max ()Ll(w,'z) + Z M(wp) + Z)Ll(wiwik + wiiw) + Z Z M(wiswst)) : (2.18)
fev kek~i k~i 1<i,t<n seN;ON;

Now suppose that equality in (2.1) holds. Then all the equalities in the above argument must be equalities. From equality
in (2.17) we have

X X = XXy (2.19)

for all k, k ~ i and for all k, k ~ p, p ~ i. From this we say X, # 0.
From equality in (2.16) and using Lemma 1 we get that x; is eigenvector of w; k, (Wiwik + wiwk), Wiswg such that
s € N; N N, for the largest eigenvalues A1 (wi), A1 (wiwi, + wiiwy) , A1 (wiswsg) respectively and for any k

% = buk (2:20)

for some bj,. Similarly, from equality in (2.16) and using Lemma 1 we also get that x; is an eigenvector of wjswg such that
s € N; N N; for the largest eigenvalue A (wjsws) forany 1 <i,t <n

)_([ = C[[)_(l' (221)

for some cj;.
From (2.19) we get

(b2 — )&% =0 (2 — 1)x% =0,
by = £1, cr=+1 asx'x > 0. 022

Now let’s take any vertex i.
Since wi is a positive definite matrix, w?, and w? are also positive matrices. Thus, we get

)_(,-Twiz)_c,- > 0,
X wixi > 0. (2.23)
From equality in (2.16) we get

- Z bieX{ (wiwi + wiwi) X; = Z bl |X] (wiwie + wgwi)xi| (2.24)
i i
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and
7 _ _T _
DY aXlwsweki= Y Y ol [R wiweki] . (2.25)
1<i,t<n seN;NN¢ 1<i,t<n seN;NN¢
Since by, = +1, therefore from (2.24), we get by, = —1 for all k, k ~ i. Hence,
Xk = —X;

forall k, k ~ i.
Since ¢;; = *1, therefore from (2.25) we getc;; = 1forall 1 < i, t < n. Hence,

)_(t = )_(l'
forall1 <i,t <n.
LetU = {k : x, = —x;} forallk,k ~iand W = {k : x, = X;} suchthat k € N; NN, forall 1 < i, t < n. Moreover, from
equality in (2.17), X; is a common eigenvector of wj x, corresponding to the largest eigenvalue X (wy) for all i, k. Since G is

connected V = U U W and the subgraphs induced by U and W respectively are empty graphs. Hence G is bipartite.
Now we have

L(G)x; = A1X;, (2.26)
i.e.
WiX; — Z WX = A1X;. (2.27)
kile~i
Fori,pe U
AXp = wiX; + Z WikX; (2.28)
kile~i
and
A1Xp = WpX; + Z WipX;. (2.29)
k:k~p
So, we get
(M) — A (wp)) x; =0 (2.30)

from (2.28) and (2.29) as x; is an eigenvector of w; corresponding to the largest eigenvalue A, (wj;) for all i. Since x; # O,
therefore A;(w;) is constant for all i € U. Similarly we can also show that A{(wy;) is constant for alli € W. Hence G is a
bipartite semiregular graph.

Conversely, suppose that conditions (i)-(ii) of the theorem hold for the graph G.

We must prove

k:k~i k:k~i 1<i,t<n seN;NN¢

A= max \/)»% (w;) + Z A (wi) + Z M (Wiwik + wriwy) + Z Z A1 (Wiswst)

Let U, W be partite sets of G. Also let A(w;) = « fori € U and A1 (w;) = B fori e W.
Since G is a bipartite graph,therefore U, W are partite sets of G. N; N N; is empty for all 1 < i,t < n. To prove, let
N; N Ny # @. Thus, there is a vertex s such that s ~ i, s ~ t. On the other hand, leti € U, t € W.
s~i=>seW (2.31)
s~t=>sel. (2.32)

This is contradiction according to (2.30) and (2.31). Hence, we found that N; N N; = @.
The following equation can be easily verified:

X X

X X

2 x| _ X
(20 +20B) | 5| =4 25
—X —x
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where
2 2

wy + Z wi, —(wiwi 2 +wipwp) + Z Wikwk,2 - —(Wiwip + wipwn) + Z W1, kWk,n

keNq keN{NNy keN1NNp

2 2

—(wawiz +wigw) + Y wikwk2 wi+ Y wi, .. —(Wawi g+ Wiawn) + Y WakWkn

A= keN1MNNy keNy keNpNNp

: : L e,
—(wnwi,p + wipwe) + Z wikWkn  —W2win + wipwn) + Z w2, kWk,n - - - wy + Z W n
keN{NNp keNoNNp keNn

Therefore 2a? 4 2a8 is an eigenvalue of L(G). So

20 +2aB < A% (2.33)
On the other hand, we have
M)+ Y M)+ Y g+ wiw) + Y Y A(widha(wy) =207 + 20 (234)
k:k~i kik~i 1<i,t<nseN;NNt

foralli € V. We get

A< max { (M(wiz) + Z A(wp) + Z)Ll((wiwik + wywy)) + Z Z )nl(wiswsk)) } =2a% +2ap

k:k~i k~i 1<i,t<nseN;NN¢
from inequality in (2.18). Hence the theorem is proved by (2.33). O
Corollary 2. Let G be a simple connected weighted graph where each edge weight w; j is a positive number. Then
(2.35)

j 1<it<n s

A< mlax \/w,z + wj +Z{(wiwi'j+ w,-,jwj) i "’]} + Z Z {w,-swsj 1S eN; ﬂNt}

Moreover equality holds in (2.35) if and only if G is a bipartite semiregular graph.

Proof. We have A;(w;) = w; and A;(wj;) = wy for all i, j. From Theorem 5 we get the required result. O

Corollary 3. Let G be a simple connected unweighted graph. Then

ki < max \/d,?+d,~+Z{d,~+d,-+|N,~mN,»|:i~j}+Z{|N,-mvj|:mJ'}
j j

where d; is the degree of vertex i and ]N,» N Nj‘ is the number common neighbors of i and j.
Proof. For an unweighted graph, w;; = 1 for i ~ j. Therefore w; = d;. Using Corollary 2 we get the required results. O

Example 1. Let G; = (Vq, E1) and G, = (V,, E;) be a weighted graph where V; = {1, 2, 3, 4}, E; = {{1, 4}, {2, 3}, {3, 4}}

and each weight is a positive definite matrix of three order. Let V, = {1,2,3,4,5,6,7} ,E; = {& gi g g; : g ‘7‘; ’ }such that

each weight is a positive definite matrix of order two. Assume that the Laplacian matrices of G; and G, are as follows:

r3 1 -1 0 0 0 0 0 0 -3 -1 17
1 3 -1 0 0 0 0 0 o -1 -3 1
-1 -1 5 0 0 0 0 0 0 1 1 -5
0 0 0 5 0 2 -5 0 -2 0 0 0
0 0 0 0 5 2 0 -5 -2 0 0 0
L(Gy) = 0 0 0 2 2 5 -2 -2 -5 0 0 0

0 0 0O -5 0 -2 6 0 2 -1 0 0

0 0 0 0o -5 -2 0 10 5 0 -5 -3

0 0 0 -2 -2 -5 2 5 8 0o -3 -3
-3 -1 1 0 0 0 -1 0 0 4 1 -1
-1 -3 1 0 0 0 0 -5 -3 1 8 2
L1 1 -5 0 0 0 0O -3 -3 -1 2 8
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and

-1 1 0 0 0 0O -1 -1 0 0 0 0 0 0

1 2 0 0 0 0o -1 -2 0 0 0 0 0 0

0 0 1 1 0 0O -1 -1 0 0 0 0 0 0

0 0 1 3 0 0 -1 -3 0 0 0 0 0 0

0 0 0 0 1 1 -1 -1 0 0 0 0 0 0

0 0 0 0 1 4 -1 -4 0 0 0 0 0 0

L(Gy) = -1 -1 -1 -1 -1 -1 4 4 -1 -1 0 0 0 0

-1 -2 -1 -3 -1 —4 4 14 -1 -5 0 0 0 0

0 0 0 0 0 o -1 -1 3 3 -1 -1 -1 -1

0 0 0 0 0 0o -1 -5 3 18 -1 -6 -1 7

0 0 0 0 0 0 0 o -1 -1 1 1 0 0

0 0 0 0 0 0 0 0O -1 -6 1 6 0 0

0 0 0 0 0 0 0 0O -1 -1 0 0 1 1
L 0 0 0 0 0 0 0 0o -1 -7 0 0 1 7 4

The largest eigenvalues of L (G¢) and L (G,) are A = 22.25, A, = 26.16 rounded two decimal places and the above
mentioned bounds give the following results:

(14) (15) (1.6) (2.1)
G, 26.41 26.38 23.17 25.03
G, 33.98 29.65 27.11 27.22.

Consequently, we see that the bound in (2.1) is better than the bounds in (1.4) and (1.5). But it is not better than the
bound in (1.6) from the above table.
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