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In this paper, we study the generalized anisotropic potential integral K, ® f and anisotropic fractional
integral I 4, f withroughkernels, associated with the Laplace—Bessel differential operator A 3. We prove
that the operator f — Ky, ® f is bounded from the Lorentz spaces Lp,,,y(R’,Z_+) to L51-3~V(RZ,+) for
1<p<gqg=<oo,1<r<s <o0o.Asaresultof this, we get the necessary and sufficient conditions for the
boundedness of Iq «,, from the Lorentz spaces Lp.s,y(RZ_+) to Lq,r.y(RZA-)! l<p<g<oo,1<r<
s <ooandfrom Ly, (R} )to Lq,oo,V(Rzﬂ_) = WLq,V(RZ,+)’ 1 < g < 00,1 <r < oo. Furthermore,
for the limiting case p = Q/«, we give an analogue of Adams’ theorem on the exponential integrability
of IQ’O(‘V in LQ/ayy(Rz’Jr).

Keywords: Laplace—Bessel differential operator; generalized anisotropic potential integral; rough
anisotropic fractional integral; Lorentz spaces

2000 Mathematics Subject Classifications: 42B20; 42B25; 42B35

1. Introduction

Let R , be the part of the Euclidean space R" of points x = (x’, x”) defined by the inequalities
x1>0,...,x>0,x" =, ..., ), X" = ety oosxp), 1 <k <n,andy = (y1, ..., v) is
a multi-index consisting of fixed positive numbers such that |y| = y; +--- + ¥ and (x')¥ =
x7" - ...-x/*. Note that in the case k = n we assume x = x'.

For x e R" and r > 0, let B(x,r) denote the open ball centred at x of radius r. Let d =
(diy...ody), di>1,i=1,....n, |d|=Y"_d; and t'x = t9x,,...,1%x,). By [3,5], the
function F(x, p) = Z:’zl xiz,o‘z”’f, considered for any fixed x € R”, is a decreasing one with
respect to p > 0 and the equation F(x, p) = 1 is uniquely solvable. This unique solution will
be denoted by p(x). It is a simple matter to check that p(x — y) defines a distance between

any two points x, y € R". Thus R”, endowed with the metric p, defines a homogeneous metric
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space [3-5]. The balls with respect to p, centered at x of radius r, are just the ellipsoids

. = x)? (Y — %)’
5d(.x,r)={y€R 7‘2—‘11++T<1 ,

with the Lebesgue measure [E,(0,r)], = fsd(o,r)(x/)y dx =, k, Y)re, o, k,y) =
|BO,D|,,Q@=1d|+(d,y)and(d, y) = Zle diy;. Ifd =1=(1,...,1),thenclearly p(x) =
|x| and &1 (x, r) = B(x, r).

In this paper, we obtain some inequalities on the generalized anisotropic potential integrals
with rough kernels generated by the generalized shift operator of the form [15-17]

T () = C, / / FO ¥ )anx" = ¥ dv(@),
0 0

where  Ci, = 2T, (T((r; + D/2)/T(1:/2)), x =, x") €RE ,, (x, Yo = ((x1,
yl)ollv AR ] (-xk7 yk)ak),

k
(Xis Yi)o, = \/xlz —2x;yicosa; +y?, 1 <i<k, dv(a)= l_[SinVi_l a;da;, 1 <k=<n.
i=1
Note that the generalized shift operator 77 is closely related to the Ap Laplace—Bessel
differential operator [15]

i=k+1 8xi

k n 32
ABZZBi+Z—2, k:l,...,n,
i=1

where B; = 8%/3x? + y;/x;0/0x;, v > 0,i = 1,...,k.
Furthermore, 77 generates the corresponding convolution

(fegx) = /R FOHT gx)(y) dy.

The fractional integrals and related topics associated with the Laplace—Bessel differential oper-
ator have been research areas for many mathematicians such as Kipriyanov [15], Lyakhov [17],
Aliev and Gadjiev [2], Gadjiev and Guliyev [6], Serbetci and Ekincioglu [21], Guliyev [7-11],
Guliyev et al. [12] and Guliyev and Garakhanova [14].

Suppose Ky, belongs to the weak Lo /(g—a).y (R} ), 2 € LQ/(Q_O,),},(S,’:’]:), and let 2 be d-
homogeneous of degree zero on RZ&, ie. Q@9x) = Qx)forallt > 0,x € }RZA_, where S,f;l =
{(xeRy, : |x|25x12+~--+x5: 1},and0 < @ < Q.

We define the generalized anisotropic potential integral by

(Kay ® F)(x) = / KT OGN dy,

and the anisotropic fractional integral by

20 ,
Iy f(3) = /R e @0 6

with rough kernels associated with the Laplace—Bessel differential operator Ap. It is clear that
when Q =1, I 4, is the usual anisotropic Riesz potential I, ,, associated with Ag [8,9].
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In this paper, we obtain a pointwise rearrangement estimate of the generalized anisotropic
potential integral K, , ® f by using the O’Neil inequality for the convolution given in [11] by
the authors. Then we prove that K, , ® f is bounded from the Lorentz spaces L ,, (R} ,) to
qusyy(]RZﬁL), l<p<Q/a,1 <r<s<oo,and1/p—1/qg =a/0, Q =|d|+ (d, y), where
(d,y) =" diy;. As a result of this, we obtain the necessary and sufficient conditions for
the rough anisotropic fractional integral operator I ,, to be bounded from the Lorentz spaces
LpsyREDtoLy,,(RY,),1 <p<g<o00,1=<r<s <ooandfrom thespaces Ly, (R} )
to WLq,},(RZ, 1l <g<oo,1<r<oo. Finally, we give an analogue of Adams’ theorem on
the exponential integrability of anisotropic potential integrals with rough kernel Ig 4, f for the
limiting case p = Q/a in Lo/, (R ).

2. Preliminaries

Denote by L, , = L, , (R} ,) the set of all classes of measurable functions f with finite norm

1/p
Wle,, = (/R | f 017 ()" dx) , 1 <p<oo.

If p = oo, we assume

Looy Ry 1) = Loo(RY ) = {f NSl =esssup|f(x)| <oop.

n
)cG]RkHr

Suppose f : R}, — R is a measurable function, then the decreasing y-rearrangement of f
defined on [0, co) by

f;‘(t) =inf{s >0 : f.,(s) <1}, (=0
where f, , is the y-distribution function of f [11,18] defined by

fry () =x e R L [f (0] > s}l

= / x"HYdx, s>0.
(xRl f()]>s)

We denote by WL, , (R ,) the weak L, , (Marcinkiewicz) space of all measurable functions
f with finite norm

I fllwe,, =supt' /P £(1) <00, 1<p<oo.
t>0
We define a function f;‘* on (0, co) by f;*(t) =(1/1) fot f;‘(s) ds, t>0.

DEFINITION 1 If0 < p, g < 00, then the Lorentz space L 4., (R} ) = L, (R} , (x')” dx) is
the set of all classes of measurable functions f with the finite quasi-norm

o0 dt 1/q
”f”p,q,y = ”f”L,,_,w = (/0 (tl/pf;(t))q7> .

If0<p<o0,qg=00,then L, o, Ry ,)=WLp,(R,).
If1 <q < porp=gq =00, then the functional || f| .4, is a norm. If p = q = 00, then the
space Loo,oo,y(R’,Z’_F) is denoted by Loo,y(RZ’_F).
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Inthe case 1 < p, g < oo, we define

0 d 1/q
||f||<p,q>,y=<f0 <t‘/Pf;‘*<r)>47t) ,

(with the usual modification if 0 < p < 00, ¢ = 00) which is anorm on L, ,, (R} ) for 1 <
p<oo,l1<qg<ooorp=gqg=ooc.
Ifl<p<ooandl < g < oo, then

1f gy = WMy =PI Ipgy

where p’ = p/(p — 1). That is, the quasi-norms || f,.4.,, and || fll(».¢),, are equivalent.

3. Main results

In the following theorem, we give a pointwise rearrangement estimate of the generalized
anisotropic potential integral K, ,, ® f associated with the Laplace—Bessel differential operator
A p by using the O’Neil inequality for the convolutions obtained in Section 4 (see Theorem 5).

THEOREM 1 Suppose that Ky, € WLg/0-a).y (R} ), 0 <a < Q. Then for Ky, ® [ the
following inequalities hold

(Kay ® [)3(1) < (Kuy ® £)55(0) < Ay <%t“/Ql A f(s)ds + / s“/Ql.f;‘(s)ds>,

t
9]
where Ay = Cy, (Q/) | K lWLgjo—n -

COROLLARY | Suppose that 2 is d-homogeneous of degree zero on R}, and Q€

LQ/(Q_O(),),(S,’:;]), 0 < a < Q. Then for the rough anisotropic fractional integral I o, f the
following inequalities hold

Uoray )50 < Ugay P20 < As (gr“/Q—‘ | Hrow | s“/Q"f;‘(s)ds>,
0 t

o

where

Q A (Q*Ol)/Q —u
Ay =Ciy (;) (—) . A=

0 Loj@-any (S{3)

COROLLARY 2 For the anisotropic Riesz potential

Ly f@ = [ o0 MY dy. 0<a<0.

Rkﬁr

the following inequalities hold

o

Loy )5 (1) < Loy [)55(0) < A3 (9#'/9-1 fo fr(s)ds + / s“/Q“f;‘(s)ds),

where A3 = Cy,, (Q/a)w(n, k, y)(Q_"‘)/Q.
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One of the main purposes of this paper is to give the following Hardy-Littlewood—Sobolev
inequality for the generalized anisotropic potential integral K, ,, ® f associated with the Laplace—
Bessel differential operator A g in the Lorentz spaces.

THEOREM 2 (Hardy-Littlewood—Sobolev theorem for K, ,, ® f in the Lorentz spaces) Let 0 <
a<Q,1<p<qg<oo,and Ky, € WLo/0—a).y (R} ). Then

M Ifl<p<Qfa,1<r<s=<oo, fely,,R;,) and1/p—1/q=0a/Q, then Ky, ®
f e Lq,_v,y(RZ’Jr) and

1K,y @ fllz,,, = A1K(p.q. 1, fL,,,

where K(p.q.r.s) = ((Q/a)(p)"*(p's /)" + (qr/)/¢"/™), p' = p/(p — D).
@ Ifp=1,1<r<oo,fel,,R )andl —1/qg =a/Q,thenK,, ® f € WL, , (R} ,)
and

Q
1Ko,y ® fllwe,, < A (; +1)1fle,,,-

G Ifp=0/a,r=1,and f € Lgju1, R ), then Ky, ® f € Lo, (R} ,) and

Q
1Kay & fll, = At Lo,
As a consequence of Theorem 2, we have the following corollaries.

CoroOLLARY 3 (Hardy-Littlewood—Sobolev theorem for Iq o, f in the Lorentz spaces) Let0 <
a<Q,1<p<gq<oo, and let Q be d-homogeneous of degree zero on R | and Q2 €

Loj(0—ary(S{3)- Then
M Ifl<p<Qfa,1<r<s=<oo, fel,,,(Ri )andl/p—1/q=0a/0, thenlg, | €
Lq,s,y(Rzﬁ_) and
lo.wy flL,,, < A2K(p.q.r: )| fl,,,-
@) Ifp=1,1<r=<oo, feLi, (R )and1l—1/q=0a/Q, thenlgu,f € WLy, (R} ,)

and

0
IHo.ay fllwe,, < Az (; + 1)1 flle,,, -

G Ifp=0Q/a,r=1,and f € Loju1, (R ), thenIg o,y f € Loy (R} ;) and

Q
Moy fllee, = A2 i, -

CoOROLLARY 4 (Hardy-Littlewood—Sobolev theorem for I, ,, f in the Lorentz spaces) Let 0 <
a<Qandl <p<gqg<o0.

M Ifl<p<Qfa,1<r<s=<oo, feLy,, R )and1/p—1/qg=a/Q, then l,, | €
qu5~V(RZ,+) and
ey flle,,, < AsK(p,q.r. )N fl,,,-
@ Ifp=11<r=<oo, felLi,,R ,)and 1 —1/q=0a/Q, then I, f € WLy, (R} ,)

and

Q
Moy fllwe,, < As (; +1)If e, -
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G)Ifp=Q/a,r=1,and f € Loja1,(R} ), then I, f € Lo, (R} ;) and

Q
May FllLs, = A3 e, -

COROLLARY 5 Let 0 <a < Q, Q2 be d-homogeneous of degree zero on R} . and Q€
—1
Lojo-a).y (Sgy)-

M Ifl<p<Q/a,1<r<s=<oo, feLy,, (R )and1/p—1/q=0a/Q, thenlg,,f €
Ly, (R} ) and

ey fliL,, = AsK(p, DI flL,,

where Ay = Cry(Q/a)(A/Q)C™/C, K(p.q) = K(p.q.p.q) = (Q/a)p"1q"" +
()4 (g"H"P).
@ Ifp=1feLli (R )andl —1/q=0a/Q, thenlgy,f € WLy, (R} ) and

0
ey fllwe,, < A4;”f”L1_y~

Note that in the case 2 = 1, Corollary 5 was proved in [9].
In the following theorem, we get the necessary and sufficient conditions for the boundedness
of the rough anisotropic fractional integral operator I 4 , in the Lorentz spaces.

THEOREM 3 Let 1 < p < q < 00 and let Q be d-homogeneous of degree zero on R} , and
Q€ Lojg-amy(Sii)0<a<Q.

M Ifl<p<Ql/a, 1 <r <s <o0, then the condition 1/p — 1/q = o/ Q is necessary and
sufficient for the boundedness of Ig o, from L, ., (RZ,JF) to Ly, (Rzﬁ).

) If p=1,1 <r <00, then the condition 1 — 1/q = a/Q is necessary and sufficient for the
boundedness of Iq 4.y from Ly ;.,, (R} ;) to WL, ,, (R} ).

We can give the following corollaries from Theorem 3.

COROLLARY 6 Let 1l < p <qg <ooand 0 <a < Q. Let also Q2 be d-homogeneous of degree
zeroon Ry | and Q € LQ/(Q_[X)’V(S;:,Z})'

(D) If 1 < p < Q/a, then the condition 1/p — 1/q = a/Q is necessary and sufficient for the
boundedness of Iq o, from L, , (R} ) 1o Ly, (R} ).

(2) If p = 1, then the condition 1 — 1/q = o/ Q is necessary and sufficient for the boundedness
of Iq q,y from Ll,y(RZ”Jr) to WLq,y(Rz’Jr).

COROLLARY 7 Letl < p<qg<ooand0 <a < Q.

M Ifl<p<Ql/a, 1 <r <s <00, then the condition 1/p — 1/q = o/ Q is necessary and
sufficient for the boundedness of 1, from the Lorentz spaces L ., (RZ,JF) to Ly, (RZ’JF).

) If p=1,1 <r <00, then the condition 1 — 1/q = a/Q is necessary and sufficient for the
boundedness of 1y, from Ly .., (R} ) to WLy, (R ).

In the limiting case p = Q/« the boundedness of the rough anisotropic fractional integral
operator Ig ¢, in Lo/q (RZ, +) does not hold. However, the following theorem can be regarded
as the substitute of the boundedness for Ig o, in this case. This theorem is an analogue of the
Adams theorem given in [1] by the exponential integrability for the Riesz potential of order o
0 <o <n).
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THEOREM 4 Let 0 <a < Q, Q be d-homogeneous of degree zero on R}, and Q€
LQ/(Q_a),y(SZ;l). Then there is a constant Cy = Co(n, k, y, o) depending only on n, k, y and
o such that for all f € Lga,,(E4(0, 1))
0/(Q—a)
x")Y dx < Cy.

1 / ‘ Igay f(X)
I se— exXp Q
|gd(01 r)|}/ Eq4(0,r) ”Q”LQ/(Q,Q).V ”f”LQ/D,_y

In the isotropic case, Theorem 4 was provided in [13].

4. Some auxiliary lemmas

LEMMA 1 Ler f and g be measurable functions on R} , such that sup{f(x) :x € R ,} <A
and f vanishes outside of a measurable set E with |E|, = t. Then, for all t > 0,

(f ® &), (t) < At min{g," (1), g," ()} (2)
Proof Fora > 0, define

_ e, iflgmr=<a
“Tlo,  iflgw)l>a

and let
g(x) = g(x) — ga(x).
Then, we can write
f®g=f®g+f®g"

If s > a, then gjqu(s) = g.,(s) =0.If s < a, then we have

g, (8) = / ()" dy
{y:g*(y)>s}

- f ) dy
{y:s<g(y)<a}

= g*.y(a)a

and we have

(f ®8M," (1) = sup|(f ® g

k.+

< sup FDUg L,

o0
< )»/ g, (s)ds
a
< ATa = Atg;‘j*(t).

The last inequality follows from the equality

o0

1
5@ =+ - Sy (s)ds, (3)
10

and thus, the first inequality of the lemma is established.
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To prove the second inequality, set a = g*(7) to obtain

(f ® g, (t) =~ sup / I(f @ &)(WI(Y) dy

L jAl,=t

< sup I(f ® 8]

Rk,+

< %lnlp I(f ® ga) (M| + ;Bp [(f ® gDl

< Arg; () + )»/ 8wy (8)ds
(1)

l o0
<At g;(t)+—/ 8y (s)ds
T Jgi(@)
<Atg) (1)

by Equation (3). ]

In the following theorem, we show that the O’Neil inequality for rearrangements of the con-
volution associated with the Laplace—Bessel differential operator A g holds. The methods of the
proof used here are close to those in [22].

THEOREM 5 (O’Neil inequality for rearrangements of convolutions associated with Apg)
If f and g are measurable functions, then for any t > 0

(f @5 S 1f* (1) (1) + / fy gy () du. (4)

Proof Fix t > 0 and select a doubly infinite sequence {y;} whose indices ranges from —oo to
oo such that

= f, (1)
Vi = Vit
lim y; = o0
1—>00
lim y; =0.
i——00

Let

f@=Y fi@,

i=—00
where
0, it | f(@)] < yi—1;

fi@) =1 f@ —yi-isgn f(z), ifyi1 <|f(@] =<y
yi — Yi—1sgn f(2), if y, < f @I
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Clearly, the series converges absolutely, and therefore,

f®g=<§: ﬁ)@g

i=—00

0 00
(55
i=—00 i=1

=hy +hy
with
(f ® 8 (1) < (h)} (1) + (h2)}"(1).

To evaluate (hz);j*(t), we use inequality (2) with E; = {z: | f(2)| > yi-1} = Eanda = y; —
yi_1 to obtain

(h2)3* (1) < > (i = yie1) fay Gi-D)g} (8)

i=1

o0
=8 O Y fey Gi) G = Ve,
i=1
The series on the right is an infinite Riemann sum for the integral

oo
f*,}/(y) dy9
£

and provides an arbitrarily close approximation with an appropriate choice of the sequence {y;}.
Therefore,
o0

(h2)}" (1) < g, (1) Jrey (¥)dy. &)
210

From inequality (2),

(h); (1) < Z(Yi = Yie1) ey Oi—1) 8" (fay Gi-1)).

i=1

Similarly as in [22, Lemma 1.8.8], we have that

fr®
() (0) < / Foy &S (foy ) dy
0
= —f ug, (u)dfy(u)
= —ugl @+ [ g

<18 1) + / £ g’ ) du ©)
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Thus, from (3), (5) and (6),

()30 + ()5 (1) < g7 (1) [rf;(tw f*()f*,y(wdy% / £ ) du

<08 + / £ g ) du.

We need the following two generalized Hardy inequalities [19] which are to be used in the
proof of Theorem 2.

LEMMA 2 Letl <r <s < ocoandletvandw be two functions such that measurable and positive
a.e. on (0, 00). Then there exists a constant C independent of the function ¢ such that

o] t s 1/s 00 1/r
(/ (/ (1) dr) w(t) dt) <C (/ o) v() dt) , 7
0 0 0

if and only if

00 1/s r 1/r
K =sup ( / w(r) dt) ( / v(n)'" " dt) < 0. 8)
r>0 r 0

Moreover, if C is the best constant in (7) and K is defined by (8), then
K <C <k K. 9)

Here the constant k(r, s) in (9) can be written in various forms. For example [20],
, , s\ /s P\
k(r,s) =r'5HY" or k(r,s) =s5(HYT or k(r,s) = (1 + —/) <1 + —) )
r s

LEMMA 3 Let 1 <r <s < o0, and let v and w be two functions such that measurable and
positive a.e. on (0, 00). Then there exists a constant C independent of the function ¢ such that

00 00 K 1/s 00 1/r
</ (/ (1) dr) w(t) dt> <C (/ o) v() dt) (10)
0 t 0

if and only if

r 1/s 00 ) 1/r
K, = sup U w(r) dt) </ v dt) < o0.
r>0 0 r

Moreover, the best constant C in (10) satisfies the inequalities Ky < C < k(r, s)K.
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LEMMA 4 [1] Leta(s, t) be a non-negative measurable function on (—oo, +00) x [0, +00) such
that) < s <t

a(s,t) <1, aeif0<s <t, (11)

0 00 , 1/p'
ess sup </ —i—/ a(s,t)? ds) =b < o0. (12)
t>0 —00 t

Then there is a constant Cy = Co(p, b), such that for ¢ > 0 with

/oo p(s)Pds <1, (13)
we have
/ e FO 4t < Gy, (14)
0
where
00 P
Fit)=1t—- </ a(s,t)¢(s)ds> . (15)

5. Proof of the theorems

Proof of Theorem 1 Since Ky, € WL (0-a)., (R} ), we have

o - * Q o -
(Ko)5 (1) < 1KallWLgpom, 97" (Ka)5H (@) < —IKallweg g ! et
By using inequality (4), we get inequality (1). Hence, the proof of the theorem is completed. B

Proof of Theorem 2 The proof of the theorem is based on the pointwise rearrangement estimate
of K, , ® f obtained in Theorem 1.

(D Letl<p<Q/a, 1l <r<s<oo, fe€ L,,,,,y(RZ’Jr) and 1/p —1/g = a/Q. By using
inequality (1), we have

1Key ® fllz,., = 1(Kay ® /)51 0,00

Q 00 t s 1/s
< A= (/ pre/emir/att (/ f;‘(s)ds> dt)
o 0 0
00 oo s 1/s
+ A (/ (/ s“/Qlf;(s)ds) f/qldt) )
0 t

From Lemma 2, for the validity of the inequality

(foo 5@/ Q=D+s/q—1 (/ f;‘(r) dr) dt)
o 0

1/s

o0 dr\ "
Up pr ey 92
§C1</0 (17 130) t) ,
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the necessary and sufficient condition is

00 1/s t 1/r
sup (/ 5@/ 0~ 1ts/g—1 dt) (/ L/ d,)
t>0 t 0

a 1 —1/s N\ 1/
— s (1 _x _) (Q,) sup 1%/ Q- 1H 4+ 1-1/p _ o
Q0 ¢ r

t>0

where

—l/S / l/r’ /i l/r’
Cl < S*l/s 1— g _ l L SI/X(S/)I/V' — (p/)l/x ps .
: 0 q) \r z

Furthermore, from Lemma 3, for the validity of the inequality

00 o0 s /s o0 dr 1/r
(/ (/ t“/Q_lf;(r)dr) /a1 dt) <G (/ (7 frm) 7)
0 t 0

the necessary and sufficient condition is

¢ 1/s 00 1/r
an([[orae) ([ e
t>0 0 t

s —1/r
_ (Z)”‘ 1 <l _ ﬁ) Sup 1/ Q-1 — oo ey 11 _ 2
s 0 t>0 p q 0
where C, < (¢/$)"* ()" (1/p — a/ Q)" r!/s ()"
By using these inequalities, we obtain

p

)

= (qr/s)"/°q"".

o
1Key ® flL,,, < A1 <CIE +C )l flle,,,-

2 Letp=1,1-1/g=a/0,1 <r <ocoand f € Ly,, (R} ,).
From inequality (1), we have

1Ka, ® f”WLM = Sugtl/q(er,V ® f);(t)
>

t o0
< Aysupt'/a (gt“/Qlf f;(s)ds+f s“/Qlf;(s)ds>
t>0 o 0 t

t

o0
:Algsup f;‘(s)ds+Alsupt1/q/ s’l/qf;‘(s)ds
@ >0 Jo t>0 t

<A (9 + 1) 1200y = At (9 + 1) .
o o

(3) Letp=Q/a,r =1and f € Lo, R} ).
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By using inequality (1), we have

1Kay ® fllL, = Sug(Ka,y ® ), (1)
1>

< Ajsup (gz”/Q“/ f;‘(s>ds+/°°s°‘/Q"f;‘(s)ds)
o 0 t

t>0
Q (% 4o- Q
<A = [ s ) ds = A= f g, -
o Jo o
Thus, the proof of Theorem 2 is completed. ]

Proof of Theorem 3 Sufficiency of the theorem follows from Corollary 3.

Necessity. (1) Suppose that the operator Ig 4, is bounded from L, , (R} | ) to Ly s, (R} ,)
and1 < p < Q/a.

Define f;(x) =: f(t?x) for t > 0. Then it can be easily shown that

Wfille,,, =t 2P U fle,,,s  Ioay fi(x) =t g, f(tx),

and
”IQ,a,yft”Lq‘x_y = t_a_Q/q||IQ,a,yf||Lq,_vyy-

Since the operator Ig 4, is bounded from L, ., (R} ,) to L, s, (R} | ), we have

He.ay flL,,, = ClfllL,,,
where C is independent of f. Then we get

Haay fliL,,, =t g, fille,,, < Ct*T4 fillr,,, = Cto+ea=Cr| £,

If1/p <1/q+a/Q,thenforall f e L,,,[R; ) wehave |lgq, flL,,, =0ast — 0.
If 1/p>1/q+a/Q, then for all f € L,,, R} ), we have |[lga,y flL,,, =0 as t — oo.
Therefore, we get 1/p = 1/q + o/ Q.

(2) Suppose that the operator g o, is bounded from L, , (R} ,) to WL, , (R} ). It is easy

to show that

pry pry”

Ifillz,,, =120 f L.,
and
Hewy fillwe,, =17 la.0y fliwe,,-
By the boundedness of Iq 4, from Ly, (R} ) to WL, ,, (R} ), we have
ooy fllwe,, < CIfllL,,,.
where C is independent of f. Then we have
Ug.ay [)ey (1) =17 CUguay [ay 7).
Mooy fillwe,, =17 a0y fliwe,,,

and

Hewy fllwe,, = T gy fillwe,, < Ct*T 4| fillp,,, = Ct*T4=C) £, .

If1 <1/qg+a/Q,thenforall f € Ly,, R} ) wehave |Iqa, fllwe,, =0ast — 0.
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If 1>1/q+a/0Q, then for all f e L, (R} ) we have |lgq, fllwe,, =0 as t — oo.
Therefore, we get the equality 1 = 1/g + «/Q and the proof of the theorem is completed. W

Proof of Theorem 4 First, assume that || f||.,,, = 1. By using the O’Neil inequality (Corollary
1) for the rearrangement of a convolution, we have

A 1/p , t D ,
Uguuy [)50) < Ugay )50 < Cry (§> (ptl/P [0 fr(s)ds + f s\/p f;(s)ds) :
t
(16)
where p = Q/a, p' = Q/(Q —a) and D = |£4(0, r)],.
Let
1, 0<s <t,
a(s,t) = pe=/" <5 < o0,

0, -0 <5 <0,

and

¢(s) =D'Pfr(De)e /P

Then we have

0 00 , 1/p' 00 L, 1/p'
sup (/ +/ a(s,1)? ds> = sup (/ (pel=9/Pyp ds> =p < 00,
t>0 —00 t t>0 t

and
/oo ()P ds = /oo Dff(De*)Pe " ds = /OO [P de
oo o )
D
=/ 1y @®)Pde :/ [ ()P (x") dx < 1.
0 Eq4(0,r)

Thus, a(s, t) and ¢ (s) satisfy (11)—-(13). By Lemma 4, there is a constant Cy depending only
on p such that

o0
/ e PO dr < ¢, a7
0

where

/

[ee] p
F(t):t—(/ a(s,t)¢>(s)ds) .

On the other hand, from the definitions of a(s, r) and ¢ (s), it follows that

t e’} P
Fit)=1— (f o (s)ds +/ pe™P g (s) ds)
0 t

t 00 p
_ 1/ —5) a5/ (t=)/p' 1/ —5y s/
_t—(/OD"f;‘(De V)e”’ds—i—/t pe'™P D ”f;(De Y)e”’ds) .
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By the change of variables, we have

D D In(D/t)
F <1n ?) = ln? — (/ Dl/pf;(D eis) eix/p ds
0

00 r
+ f p eIn(d/n=5)/p" pl/p f;(D e™) e=s/p ds)
In(D/1)

D !
=In—— (L + 0"

Here I, and I, can be written in the following form:

In(D/1) D /

I =/ DYP fr(De *)e /P ds :f froT ' dr,
0 t

Oo 1
_ (n(D/1)—s)/p' 1 5 A

]2_/ peMPIO=9IY DUP f2(D e~y e™s/7 ds

In(D/1)

o0
_ f p e PIIP &SIV SIPDUP £ (D e ds
In(D/1)

oo

:/ pDt™ VP e fy(De™
In(D/1)

t
:pt_l/p// fi@)dr.
0

Then we have

t D P
F(ln?) :ln? <pt1/P’/ f;(r)dr+f fr@T dr) ) (18)
0 t

Combining (16) and (17) with (18), we get

Co > /Ooe‘”’) dt = /D =t e FInD/D) gy
0 0
D ot D ) r D
/o tlexpi<pt1/p /o fy(x)de +/t fy*(r)r’l/” dr) —ln?} dr
1 [P —1/p ! * b * —1/p ’
5/0 exp (pt /0 17 dr—i—/t @t d‘L’) dr

1 (P :
B/o exp{%[(ln,a,yf);(l‘)]p} dt

5 Lo, o0 (5 )u
- exp | —q.q, f(x)lp) (x)” dx,
D Je,0) A 7

v

ie.

1 Io.o 0/(Q—a)
—/ exp | Q ‘Qy—m ()" dx = Co, (19)
1€a(0, M)y Jes0.0) €201 260

1o, =1

where
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Now consider the general case. If 1 fllLg,., # 1, then we denote g = f/ flL,,,,- Thus,

Iﬂ,a,y f(x)

Igayg(x) = ———
o L g/e,

and ||gllLy,,, = 1. From (19), it follows that

1 / exp (0 ‘ Igoy f(X) 0/(0—a)
140, )1y Jes0.m 1211 Lo 0-ary 1 11 Loy

(x")” dx < Co,

This finishes the proof of Theorem 4. |
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