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Solutions for a class of iterated singular equations
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Abstract. Some fundamental solutions of radial type for a class of iterated elliptic
singular equations including the iterated Euler equation are given.
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1. Introduction

Consider the class of equations
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where A, o; (i = 1,2,...,n) are real parameters, p (> 0) is a real constant and r is
defined by
rP=xl x4 X (2)

The domain of the operator L is the set of all real-valued functions u(x) of the class
C 2(D), where x = (x1, x2, ..., x,) denotes points in R"” and D is the regularity domain
of u in R"™. Note that (1) includes the Laplace equation and an equidimensional (Euler)
equation as special cases.

In [1] and [2], Altin studied radial type solutions of a class of singular partial differential
equations of even order and obtained Lord Kelvin principle for this class of equations.

In [5], all radial type solutions of eq. (1) are obtained by showing that for all solutions
of the formu = f(r™), f € C?, the function f satisfies

Fomy =ren,

where c is a root of the equation

n
m2c2+m(—p—l—n(p—1)+Zoti)c+A=0.
i=1
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In [4, 6], Ozalp and Cetinkaya obtained expansion formulas and Kelvin principle for
the iterates of eq. (1). Lyakhov and Ryzhkov [3] obtained Almansi’s expansions for
B-polyharmonic equation i.e. obtained the solutions of the equation

AR f =0,
where
n N 2
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In this paper, as a continuation of [4], we consider the class of equations
4 ki ki + k k
[]L) )u=@y'Ls .. Lyu=0, 3)
j=1

where g, ki, ..., k, are positive integers, A, al.(j) (G=12,...,q;i=1,2,...,n)are
real constants,
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and the operator L j" denotes, as usual, the successive applications of the operator L ; onto
1

itsel, thatis L/ u = L; (L) " w).
2. Solutions for the iterated equation

We first give some properties of the operator L ; (see [4, 5]). By direct computation, it can
be shown that

L") = B;jmyr", 4)
where

Bj(m) = [m@m +2¢;) + 2] (5
and

2¢j=—p+n(p—l)+20li(j). (6)

i=1

The proof of the following lemma can be done easily by using induction argument on
k. For a special case of the lemma, see [5].

Lemma 1. For any real parameter m,
L (™) = B myr™,

where the integer k; is the iteration number.
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By the linearity of the operators L j and by Lemma 1, we have the following result.

Lemma 2.

U 4 .
[1z7 ) e =118/ |rm (7)
j=1 j=1
The following theorem, states a class of solutions for the iterated equations which is our

main result.

Theorem 1. The function defined by

ky—1

u = Z Z r% [Az PN g Br v ¢’2’_)“”i| (Inr)!
vel; =0
ky—1
PN [cl cos (ﬂ In r) D sin (ﬂ In r)} (inr
velp [=0
2ky—1
+3° ) Er®(nry ®)
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is the r'™" type solution of the iterated equation (3). Here, A;, By, C;, D;, E; are arbitrary
constants, ¢, is as given in (6) and we divide the index set [ = {v = 1,2,...,q} into
three parts:

I ={vel; ¢5—kv>0},
L={vel; ¢>—1, <0},
L={vel; ¢> -1, =0}.

Proof. For any v € I, we can rewrite (7) as

4 L U
[Tz )™ =85 [T 8 |
j=1

j=1
J#v
or simply
a .
[1L) )™ =B m)Fm). ©)
j=1
4k m .
Here, we let F(m) = | ] ,3/. (m) | r™. Now, since
j=1

J#v
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by taking the derivative with respect to m on both sides of (9), we get

Lo\ d ok
[1L7 ) 0" nr) = gy om) Fm)
j=1 "

= 5= (m) ko B, (m) F (m) + By (m) F' (m))

or simply

-

(

O1(m) = kyB,(m)F(m) + B,(m)F'(m).

L’;j) (" Inr) = R~ m)®; (m).

1

Here, we set

Now, by taking the derivative with respect to m on both sides of (10), we obtain

q
(1"[ L’}-/’) (r"(Inr)?) = By =2 (m)®2(m),
j=1

where

Oa2(m) = (ky — DB, (m)®1(m) + By (m)O (m).

(10)

In a similar fashion, taking the successive derivatives k, — 1 times, with respect to m

on both sides of (9), we finally obtain
I
[1L)) " nn=h = By (m)Ox,-1(m).
j=1

Here,

O, —1(m) = 2B, (m)O,—2(m) + By (m)O) _,(m).
Since the roots of the equation

Bu(m) = m(m + 2¢y) + Ay =0

m =~ + /83—

and

mP =~y —\[6F — .

v

(In
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we conclude from (11) that the functions
@)
P nr)! (=1,2; 1=0,1,....ky—1)

are all solutions of eq. (3). Thus, since the equation is linear, by the superposition principle,
the function

2‘1: Z {Al rmi‘l) + B; rmgz)} (In r)l (12)

is also a solution of (3).
We have three cases for the roots:

Case 1. If v € I, then m(l) and m(2) are both real. In this case, from (12), the function

ky—1
IDNRE { A VB 4B r—w%—kv} (nr). (13)
vel; [=0

is a real-valued solution of (3).

Case 2. If v € I, then m(l) and m(z) are both complex and conjugate. In this case, from
(12), the function

ky—1

Z Z {Cl cos <,/AU - 3lnr> + D sin <,/)\v — qbglnr)} (nr)
vel, =0
(14)

satisfies (3). Here, we use the Euler formula

P ro—97 _ et do—¢2Inr

= |:cos (,/XU — q&%lnr) + i sin (,/kv — ¢5lnr>:| ,
and C; = A;+ By, D =i(A; — By) and i = +/—1 as usual.
Case 3. Finally, if v € I3, then m(l) ml(}z) = —¢, is a multiple root. Thus, from (12),
the function
ky—1
> Z (£ /™ Y(n !
vely [=0

is a solution of (3). Now, from (9), since we have

q
(]"[ )(r’")— B (m)F (m) = (m — mD)? F(m),
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by taking the derivatives 2k, — 1 times, with respect to m, on both sides of the above

equality and letting m = m,(jl), we obtain

)
[Tz5) ™ anenhy =0, 1=0.1,...,2%, 1.

vels

Hence, we conclude that the function

2ky—1

DO Err®nr) (15)

velz [=0

satisfies (3).
Summing up the above three cases with the superposition principle we get (8), which
proves the theorem.

3. General solution for the iterated Euler equations

In this section, we state the general solution of the iterated Euler equations. In [5], for the
Euler equation
2

d“u du
— t+ax— + iu =0,

Eu = x? 5
dx dx

the general solutions for the iterated equations EXu = 0 are given for any integer k, where
a and A are arbitrary constants. Now consider the Euler equations

2d2

u du
Eou=x @—i—avxa—i—)\vu =0,

where oy and A, (v =1, 2, ..., q) are arbitrary constants.
The following result gives the general solutions of the iterated Euler equations.

Theorem 2. The general solution of the iterated Euler equations

q
(]_[ E’,jv) w=(EVER | Efu=0
v=1

is

ky—1

= 3 e [T
vel; =0
ky—1
+Z Z x |:C1 cos (,/)\v—qb% lnx) + Dy sin (,/)»U—q&% In x):| (In x)!
vel, =0
2p—1
+ Z Z E; x % (nx).
vely [=0

Proof. In Theorem 1, by letting n = 1, and hence letting r = x; = x, aiv)

obtain the result for ¢, = %(—1 + o).

= oy, WE
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