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Abstract: In this paper, the necessary and sufficient conditions are found for the boundedness of the Riesz
potential I, in the local Morrey-Lorentz spaces M},",‘(}; A(R™). This result is applied to the boundedness of par-
ticular operators such as the fractional maximal operator, fractional Marcinkiewicz operator and fractional

powers of some analytic semigroups on the local Morrey—-Lorentz spaces M},‘f]; A(R™).
Keywords: Local Morrey—Lorentz space, Riesz potential, Hardy operator

MSC 2010: Primary 42B20, 42B35; secondary 47G10

1 Introduction and main result

In a series of papers [3, 4, 14], the local Morrey-Lorentz spaces Mi,ojl; 1 Were introduced, the basic properties
of these spaces were established, and the boundedness of the Hilbert transform H, the Hardy-Littlewood
maximal operator M and the Calderén-Zygmund operators T on investigated spaces M},O"jl; 1 was extensively
studied, respectively. Some types of Morrey—Lorentz spaces were studied by some authors [16, 18, 20]. The
present paper deals with the boundedness of the Riesz potential I, defined by

Lo = | 2

W dy, O<a<n, fe Llloc(]R"),
R
in the local Morrey-Lorentz spaces M}JO’SJ; A(RM).
Further we apply this result to particular operators such as a fractional maximal operator, fractional
Marcinkiewicz operator and fractional powers of some analytic semigroups.
For each measurable function f on (0, co) and each t > 0, the following operator

t 0
(Saf)(D) = £5°1 Jf(s) ds + j s51f(s) ds
0 t

was defined by A.P. Calderén [9]. The importance of S, is based on the fact that it dominates the Riesz
potential I,.
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Theorem A ([19, 23]). If the condition
1 0
(Saf)(1) = Jf*(s) ds + Js%-lf*(s) ds < o (1.1)
0 1

holds for f € Llloc(]R"), then the Riesz potential (I,f)(x), x € R", exists almost everywhere. Furthermore, the
inequality
(Iaf)*(t) < CS(X(f*)(t)’ O0<t< o, (1-2)

is valid, where f* denotes the nonincreasing rearrangement of f defined by
fr)=inf{A>0:|{y e R": |f(y)| > A}| < t} forallt € (0, 00),

and C is a constant independent of f and t.
The following is a well-known theorem on the Riesz potential.

Theorem B ([15]). Let O <a<n, 1<p< %, p<q<oco, 1<r<ooand f € Ly,(R") satisfy condition (1.1).

Then the Riesz potential I,f exists almost everywhere. Furthermore,

() if1<p<2,1<r<s<oo,then the condition % - % = 7 is necessary and sufficient for the boundedness
of the operator I, from the Lorentz spaces Ly, r to Ly s;

(ii) ifp = 1, then the condition 1 — % = 2 isnecessary and sufficient for the boundedness of the operator I, from

n
the Lorentz spaces L1, to WLg.

The following theorem is the main result of our paper, in which we get an analogue of Theorem B for the
boundedness of the Riesz potential in the local Morrey—Lorentz spaces M}fj]; 1

Theorem 1.1. LetO<a<n,0<A<1,1<r<s<co,1<qg<oo, ;5 <p<(d+%Landfe M (R sat-

isfies the condition (1.1). Then the Riesz potential I,f exists almost everywhere. Furthermore,

() ifz<p< (4 + )1, then the condition % - % = A(% - 1) + & is necessary and sufficient for the bounded-
ness of the operator I, from the spaces M5, to M1, ;

(i) if p = 753, then the condition 1 — % =2- A is necessary and sufficient for the boundedness of the operator

s
I, from the spaces My, to WMLS, ).

2 Preliminaries

We will use the following notation. For a Lebesgue measurable set E ¢ R" and 0 < p < 00, Ly(E) is the stan-
dard Lebesgue space of all functions f Lebesgue measurable on E for which

1
1AL, = (j|f(y>|p ay)’ < oo i£0 < p < co,
E

1Al e :=sup{a: [{y € E: If(y)l > a}| > 0} < c0 if p = oo.

Also, for an open set E ¢ R", L},OC(E ) is the set of all functions f such that f € L,(K) for any compact K c E. If
E = R", then, for brevity, we write L, for L,(R") and L},"C for L};’C(IR"). The same convention refers to the case
of weak Lebesgue spaces WLy (E), the space of all functions f Lebesgue measurable on E for which

1oy
Iflwe,E) = sup t7f*(t) <oo, 1<p<oo,
O<t<|E|
Iflwe,, = IflL p = oo.

In the following, we give the local Morrey spaces LM, 1(0, co) which we use in proving our main results
(see, e.g., [1, 3, 4, 21, 22]).



DE GRUYTER V.S. Guliyev et al., Riesz potential in the local Morrey—Lorentz spaces =—— 559

Definition 2.1. Let1 < p < ocoand 0 < A < 1. We denote by LMy 3 = LMy (0, co) the local Morrey space, the
space of all functions ¢ € L},OC(O, 00) with finite quasinorm

_a
l@lim,, =supr ?l@lL,o,n-
r>0

Also, by WLMp 3 = WLMp (0, o) we denote the weak local Morrey space of all functions ¢ € WL}JOC(O, 00)
for which

A
lellwim,, = su(l)or ?lollwe, (0, < co.
r>

The local Morrey-type spaces LMpg,,, were introduced by Guliyev in the doctoral thesis [12] in 1994 (see
also [13]) defined by

lplLayg,, = WP, B0, 1,000
A
where w is a positive measurable function defined on (0, 00). If 6 = co and w = r™ », then we get
LMpe,W = LMp,/\.

The boundedness of the classical operators in LM,,, was intensively studied in [6-8] and other works.
Lorentz spaces were introduced by Lorentz in 1950. These spaces are quasi-Banach spaces and general-
izations of more familiar L, spaces, also they appear to be useful in the general interpolation theory.

Definition 2.2 ([5]). The Lorentz space Ly 4 = Ly 4(R"), 0 < p, g < o0, is defined as the set of all measurable
functions f on R" with finite quasi-norm

1_1
1AL, = 17?2 f* (D)L, (0,00)-

The functional || - ||, , is a norm if and only if either 1 < g < porp = g = c0. If p = q = 0o, then the space
Loo,00(R™) is denoted by Lo, (R"). Cleatly, Ly, , = Ly and Ly oo = WLp.

Definition 2.3 ([4]). Let 0 < p,q < oo and 0 <A < 1. We denote by M},‘ff];,\ = MLO,Z;A(IR") the local Morrey-
Lorentz spaces, the spaces of all measurable functions with finite quasinorm

_A 11
Al piec, = 5;1>1(I))7’ aftra f (Ol 0,1

IfA<0orA>1,then M},‘fﬁl; 1(R™) = O, where O is the set of all functions equivalent to 0 on R". Also,

M5o(R") = Lpg(R") and Myt (R") = M5 (R").

In the limiting case A = 1 the space M},‘)f(};l (R™) is the classical Lorentz space Ay, ¢»-7 (R"). Note that

loc _ _
MY 2 = Lpoo = WLp.

We denote by WM};”‘}I; 1= WM},",Z; 1(R™) the weak local Morrey—-Lorentz spaces of all measurable functions

with finite quasinorm
_A 1_1
Il wagioe , == sup t alT> ¢ f*(T)llwr,c0,n-
pods t>0

We will use the boundedness of the following two Hardy operators to obtain the boundedness of the Riesz

potential I, in the local Morrey-Lorentz spaces M};’jﬂ 1

Definition 2.4 ([22]). Let ¢ be a measurable function on (0, co) and y and B be real numbers. The weighted
Hardy operators with power weights acting on ¢ are defined by

t 00

B (o) B o)
Hpyo(t) = /7 J @ e = A J gt v >0,
0 t



560 —— V.S. Guliyev etal., Riesz potential in the local Morrey—Lorentz spaces DE GRUYTER

Definition 2.5 ([2]). Let ¢ be a measurable function on (0, co), and let i be a real number. The Hardy opera-
tors P, and P, are defined by

t [e's)
Pyp(®) =7 [ ps)ds, Pyp(6) =7 [ p(s) ds.
0 t

Throughout the paper we use the letter C for a positive constant independent of appropriate parameters
and not necessarily the same at each occurrence. If p € [1, co], then the conjugate number p' is defined by
pp'=p+p'.

The following theorem was proved in [2] by K. F. Andersen and B. Muckenhoupt.
Theorem C ([2]). Suppose 1 < p < q < co, u and v are nonnegative weight functions. Then the following (p, q)

weak-type inequalities are valid.
(i) Forn>o,if

(o) 1 { 1
ar=sun( [(£)'(492) ax)* ([ v ax)”
B(n’a)_SEI:OPQ(x) (x’l‘l )dx> (0 veo 2 d") (2.1)
is finite for some a > 0, then (u, v) is a (p, q) weak-type weight pair for Py:
( J u(t) dt)a < Cy‘l(qu)(t)Ipv(t) dt)g. (2.2)
{t€(0,00):|Py(t)|>u} 0

(ii) Forn > 0,if
¢

B(n) = i}:op {‘”(J u(x) dx)é (:Jov(x)_lﬂil dx)’% (2.3)
is finite, then (u, v) is a (p, q) weak-type weight pair for Py:
( J u(t) dt)% < Cy‘l(jolgo(t)lpv(t) dt)%, (2.4)

{te(0,00):| Py p(8)|>u} 0
and consequently, | Pyllw = B(n).

The smallest choice of constants C in (2.2) and (2.4), called the weak norms of P, and Py, is denoted by || Py [l
and || Py [lw, respectively. Furthermore,

nqg +a

]%B(n;a) <Pyl < | ]%(q,),%B(M),

[ a
ng +a

a 7i ng-aii, , i
B(p; @) < [Py s[ ] (@) B(n; ).
[a—nq] n nliw 1 q n

Note that, taking u(7) = v(T) = x(0,5(7) in inequalities (2.2) and (2.4), we get the inequalities

1 ¢ 1

dt)" < Cu‘1<J|go(T)|p dt)”,
{€(0,0):|Pyp(7)I>p} 0

1 ¢ 1

( j dt)" < Cy_1<J|(p(‘r)|p dt)”.
{e(0,0):| Py (t)|>u} 0

In the following two lemmas we give the boundedness of the Hardy operators H{), and }{), on Morrey
and weak Morrey spaces.
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Lemma 2.6 ([22]). Let

O0<A<l1l, O0<B<1-A, 1<r< and

LA g 11 B
r S

Ify< r, + ,, then H(y) is bounded from LM, (0, co) to LM; 2(0, c0), and if y > =L then the operator ﬂ{fy) is
bounded from LM,,(0, co) to LM (0, c0).

Lemma 2.7. Let

1-A 1 1
O0<A<1l, O0<fB<1-A 1<r< B and 7—;—%.
Ify = r, + r, then H is bounded from LM, 5(0, co) to WLMj 7(0, 0o0), and if y = %=1, then the operator G{ﬁ
bounded from LM,,,\(O 00) to WLM; (0, 00).
Proof. 1t is sufficient to show that the following statement is valid:
W) ||H y@llwLs(o,0
||H YPIWL 0,000 < Cl@IL, 0,000 & SUPL™s vy ZUEIRO0 < €< oo, (2.5)

t>0 lellL,0,6

Lety = % + 4. We have
1
I @l 0.0 = 0.0 (DBG 90w, 0,001 = sup j dr)
u>
{re(0,0): IH YQ(T)|>p}
T 1
=supuHTE(0 t): Jtp(y)y a dy>u}| .
u>0 5

In (2.1), if we take n = ¥ -B= 1%’1 > 0, U(T) = X(0,6(T), V(T) = X(0,6(T)T"*"1, then we get

1

oo 14 | 1
B(1, @) = sup &* jx«) o@D dr) ([ xoo@r U dr )
£>0
0

R

f 1

= sup &% JT_HTA 1d‘r (I X(0.0(T) T R dT)
4
&

0<é<t
<Csup &5 -7 _ cs,
0<é<t
B
Due to Theorem C (i), we can replace Wy Pllweso.n in (2.5) by the above expression. Then we get
p 1600 v
Csupt I 2 C< oo
t>0

Now let y = &=, We will carry out the proof by using similar methods to those used in the proof of the
boundedness of H{sy). We have

1
"j{(ﬁy)fp"WLs(O,oo) X 0,6 (T)% y@ (Dl wLs0,00) = SUP H( j dT)

{re(0,0):13¢5, (0)|>p)

co 1
=supu {T c(0,8): TP j (p(y)y’“lf;A dy > ,uHs.
u>0

Taking into account (2.3), if we take = 124 — B > 0, u(1) = x(0,6(T), V(T) = X(0.0(T) T, we get

=

X0 (@) wdr)
&>0

A
—3

¢

B(n) = sup{ j)((o £) (T)dT
0
Lip+l

A _ALh
< C sup .{ e’ = CtTrts,

0<é<t
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p
Due to Theorem C (ii), we can replace % in (2.5) by the above expression. Then we get

A A AL
Csupt r*s75%r = C < co,
>0

which completes the proof. O

3 Proof of Theorem 1.1

In this section, the necessary and sufficient conditions are found for the boundedness of the Riesz potential
I, in the local Morrey-Lorentz spaces M},",‘,}; A(R™) by using related rearrangement inequality, Lemmas 2.6
and 2.7.

Proof. If f satisfies (1.1), then by Theorem A the Riesz potential I,f(x), x € R", exists almost everywhere.
(i) Sufficiency. Let -5 < p < (% + %)‘1. By using inequality (1.2), we get

r+A

A, 11
Hafllppec = sup t™s [T (Iaf)* (DllLg(0,0
@3t 150

T [ee]
<Csupts ‘ré_%(T%_1 Jf*(Y) dy + J)’%_lf*()’) dl’)
t>0 Ls(0,¢)
0 T
T (o)
P/ | e S - | * _Ap 11 a1 %
< CsuptsjTa s"n Jf (y) dy +Csupts|ta sjy" f*y)dy
>0 Ls(0,8) t>0 Ls(0,0)
0 T
= Il +Iz
Let us estimate I:
_A 1_1ia 9 ( * B
I =Csupt sfta s | f*(y)dy = CllH(y)8lLs1(0,00)-
t>0 Ls(oyt)

0
1

- % and consider the Hardy operator Hﬁ,) and g(t) = t» ; f*(t). Therefore we get
1 1 1 1 a

We take y = 5

g s r p n
By Lemma 2.6, we have = (1 - A)(; - 1), and then we obtain p% - % =A3 -1+ 4
Hence the operator H'(By) is bounded from the Morrey space Ly (0, co) to Ls 2(0, co) under the condition

—1_1_.1_.24
y=75 r<r,+r.Thenweget

A, 1.1
I < Clley)gllLs,A(o,oo) < CliglL, 0,000 = CStu(I))t T (Ol 0.0 = Clfllgee,, - (3.1)
>
Now we consider I:
(o]
A i1 ] oy B
I = Cstugt sflta™s | y» fr(y)dy ):C"g{(y)g”Ls,A(O,oo)-
> s\Ysy

T

We take y = 117 - % - & in the Hardy operator ﬂffy) and g(t) = ¢ f*(t). Therefore we get

1 «a
B==—-—+—-—+—.
q S r p n

1

By Lemma 2.6, we have = (1 - A)(3 — 1), then we obtain 5= Ll] =AE -1+ 4
Hence the operator J{f}y) is bounded from the Morrey space L, 1(0, 0o) to Ls 1(0, co) under the condition

A-1 _1_1_a
T <y=5-7 2. Then we get

_A A 11
sup (™ 19¢)8lL.0.6 < ClglL 0,000 = C sup! e (O, = Clfllpgee,, - (3.2)
t> t> )T

From inequalities (3.1) and (3.2), we obtain the boundedness of the operator I, from M}S,, to MYS. ;.
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Necessity. Suppose that the operator I, is bounded from M},f’ﬁ; 1 to M}gg; pand -5 <p
Define fr(x) =: f(tx) for T > 0. Then f} (¢) = f*(t7") and

IN
—

A 11 Ay 1.1
Wfellagee, = supt™ " ly? ™" fr Wl 0.0 = sup £ ly? 7 f* (y7")lL. 0,0
v t>0 t>0
_A _nm 11 _n,nk [PV S S
=supt rTelyr W6y =T P stug(tr ) lly? T )L, 0,60m)
>
1_2
= G e
Also, (Infr)(x) = T-%Ia)(T"X), (Tafr)* (t) = T-%(Io)* (t7") and
A, 11 .
LS llpgioc =Stu(r)>t sllya™s (Tafo)™ MllLyc0,6)
“ >

—a _A 1_1 % n
=7 %suptslya s (Inf)* (yT)Ls00,0
t>0
t

= sup e+ ([ a2 diye)
0

t>0

_q-nynd A1 1 %
=7 s (tt") sy TS I g0,

= e ">||I,xﬂ|Mm )

Since the operator I, is bounded from Mg’f,; L to ngg; 1> we have || If]l Mes, < CIfl M0 where C is independent
of f. Then we get

Maflpgie,, = 7" *“’ulaanMm < CT MG D fl e
Ta+n( p H ||ﬂ|Mloc _ a+n(3—; +n}l(;—g)"ﬂ|Mg)’cr;A.
. If% < % +A(3 - 1) + &, then, for all f € M}, ), we have Maflypec, = 0as T — 0.
. If% > 1 +/1(— - —) + , then, forall f € },"‘; .1» we have ||Iaﬂ|M£2§;A =0as T — o0.

Ity -2 #AG - 1) +q forall f e }gocr .A» we have I,f(x) = 0 for almost every x € R", which is impossible.
Therefore we get & — 2 /1(_ ~1y4a

(ii) Sufficiency. For the limiting case p = -+, 1 < 7 < s < 0o, suppose f € MI° ;. By using inequality (1.2)
r+A p.1A
and Minkowski’s inequality, we get

a4 11
Maflwager, = sup t™sITa " (Iah)* (Dllwe. 0.0
S0

< Csup t‘é
t>0

rid (s Jf (y)dy+jf vyt ay)|

o WLs(0,t)

1

i Jf W)y 1dy|l o

“S|ramstan ! Jf (y) dy" +Csupt‘%
] WLs(0,0) t>0

Let us estimate Ny:
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By Lemma 2.7, we have f = (1 - A)(1 - 1), and then we obtain 1 - 1 = & — 4 Thus we have

q

Ni < C"Hf;y)h"WLs,A(O,oo) < CllAliL, 0,00 = Csup T (O, = Cllflpgie, - (3.3)

Now we consider Nj:

(o)
_Aff 11 * a_
Ny =Csupts|te s Jf )y 1dy" = C”j{fy)h"WLq,A(O,oo)-
7 WLs(0,t)

t>0

Wetakey =1+ /1—71 - % in the Hardy operator fl-ffy) and h(t) = 1+ f*(t). Therefore we get

By Lemma 2.7, we have f = (1 -A)(% - 1), and then we obtain 1 - % =% _ 2 Hence the operator J{fy) is

bounded from the Morrey spaces L; 2(0, co) to WL 3(0, co). Then we get

N> < C"g{fy)h”WLs,A(O,oo) < Cllhllz, ,0,00) = CSUpf HIT O, = Clflpgoc, - (3.4)

From inequalities (3.3) and (3.4), we obtain the boundedness of the Riesz potential operator I, from M},‘f‘;; 1
to WM.
Necessity. Suppose that the operator I, is bounded from Mlo‘”; . to WM}]‘f‘;; Aforp = 5.
Define f;(x) =: f(tx) for T > 0. Then ||f;| Mo A pptoc and

/(r+A),r/1 r/(r+A),r;. A
A, 11 N
||Iafr||WM}£§;A = Stu(? slyes afo)* Wllweyo,6
>

—a A, 11 % n
=T supt slya™s Ta)* (YT llwes0,0

Py Sy LS WMlweso,0
A

1
—a-n(t
=T G- )||Iaﬂ|WM£;ng-

T—a——+

Since the operator I, is bounded from My ) to WM%, ;, we have ||] oflwaee,, < Clfllypie - where C is indepen-
dent of f. Then we get

a+n a+n
Maflupgoc, = TG Wafelyppoc | < CT"G 2 fe g

a+n(i-4)- _ a+n(l—1—4)+n}l(———)
=1 "Wlpges, = 1Al
o Ifl1< % +4-% then forall f € er‘/’fm »:1» We have I|I(Xﬂ|WM}1‘f§;,\ =0asT — 0.
o If1> % + % -z then forall f € er‘/)fm »:1» We have ||Iaﬂ|WM1[;3g;A =0asT — oo.
If1+ % +4 then for all f € },OC, ,1, we have I,f(x) = 0 for almost every x € R", which is impossible.
Therefore we get the equality 1 — ?1 =2_< A and the proof of the theorem is completed. O

Remark 3.1. Note that for the limiting case A = 1, the space M},",‘,}; 1 is the classical Lorentz space Ago,¢p-#
(see [4]). The boundedness of I, in Ay, ¢5-7 is investigated in [23].

4 Some applications

Theorem 1.1 can be applied to various operators that are estimated from above by the Riesz potentials. In this
section, we apply the theorem to the fractional maximal operator, fractional Marcinkiewicz operator and the
fractional powers of some analytic semigroups.
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4.1 Fractional maximal operator

For O < a < n, we define the fractional maximal operator
Maf() = suplB(x, 011 [ 1f) dy,
t>0 B

where B(x, t) is the open ball centered at x of radius ¢ for x € R", and |B(x, t)| is a Lebesgue measure of B(x, t)
such that |B(x, t)| = w,t", in which w, denotes the volume of the unit ball in R". The fractional maximal
operator My, is closely related to a Riesz potential operator such that

a_q
Mof(x) < wy ~ (TalfH(X0). (4.1)
From inequality (4.1) we get the following corollary.

Corollary 4.1. LetO<a<n,0<A<1,1<r<s<oo,1<qg<oo,

-1
r sps</—‘+g) and l_l:,\<l_l>+ﬁ_
n P q n

r+A r r s

() If ;5 <p < (2 + 2)7L, then the condition 117 - % = A(+ - 1) + & is necessary and sufficient for the bounded-
ness of the fractional maximal operator M, from the space M},Ofr; 2 to M}]‘fg; 1
(i) Ifp = ;7, then the condition 1 - % =2 A is necessary and sufficient for the boundedness of the operator

s
My from the space M., to WML, ).

Proof. Let0<0(<n,OS/1<1,1SI’SSSOO,1S£]SOOEIHdﬁSPS(%+%)_1.
Sufficiency. The sufficiency parts of (i) and (ii) follow from Theorem 1.1 and inequality (4.1).
Necessity. (i) Suppose that the operator M, is bounded from M};’fr; ato M}I‘j‘;; afor 5 <p< (’7‘ + %)‘1. Then
we have .
—a-n(i_2
Mafr(0) = TMaf(rx) and  [Mafellygee, =7 %" IMafllppoc -

By the same argument as in Theorem 1.1, we obtain

1 1 1 1
E-iet-h)-
p q ros

o
o
(ii) Suppose that the operator M, is bounded from M},Of,; L to WM}I‘jg; 2 for p = - Then we have

A
s

—aen(io
Mofr(x) = T7%Mqf(1x) and ||Mafr||Wng§;A =7 )llMaﬂIWM}fg;A-

Hence we obtain the equality 1 - + = & - 4. O

4.2 Fractional Marcinkiewicz operator

Let ™1 = {x € R" : |x| = 1} be the unit sphere in R" equipped with the Lebesgue measure do. Suppose that
Q satisfies the following conditions.
(a) Qisthe homogeneous function of degree zero on R" \ {0}, i.e.,

Q(tx) = Q(x) foranyt >0, x € R"\ {0}.

(b) Q has mean zero on S™1, i.e.,
J Q(x")do(x') = 0.
Sn—l

(c) Qe Lipy(S"‘l), 0 < y < 1, that is, there exists a constant C > 0 such that

Q") - Q) < Clx' —y'|Y foranyx',y" e S*L.
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In 1958, Stein [24] defined the fractional Marcinkiewicz integral of higher dimension uq 4 as

Ho.a(H(X) = (T|Fg,a,t<f)(x)|2%)%,

0
where a |
X-y
Foa(H(X) = J Wﬂ)’)d}’-
[x-yl<t

The continuity of the Marcinkiewicz operator ug was extensively studied in [10, 11, 17, 25]. Let H be the

space
H= {h Al = (J|h(t)|2%)2 < oo}.
0

Then it is clear that uq(f)(x) = [Fa,:(H)(X)Il.
By Minkowski’s inequality and the conditions on Q, we get

06~ y) dt Wl
poath) < [ o2 L2 j Y ay < ch" e @ = T,

[x
R" [x=yl
Then we have the following corollary.

Corollary 4.2. LetO<a<n,0<A<1,1<r<s<oo,1<q<o0,
A -1 1 1 1 1

4 <p <<—+5> and ———=A<———)+g.

r+ i r n P q r s n

() Ifyz<p< (A & L and Il, —= = A(% - %) + 1, then the fractional Marcinkiewicz operator uq o is bounded
from the space M1°C, A to MlOC
() Ifp=;Hand1--=9-% then the operator g 4 is bounded from the space Mi,"f,; 2 to WM%I?‘;; 1

4.3 Fractional powers of some analytic semigroups

Suppose that L is a linear operator on L, that generates an analytic semigroup e~L with the kernel p;(x, y)
satisfying a Gaussian upper bound, i.e.,

Ix= y\

Pyl < -5 Clec (4.2)

for x,y e R"and all t > O, where c1, ¢; > 0 are mdependent of x,yand t.
For O < a < n, the fractional powers L~2 of the operator L are defined by

-2 1 ot dt
L f(X)_”%)J fo0 ey

Note that if L = —A is the Laplacian on R", then L™ is the Riesz potential I,. Property (4.2) is satisfied for
large classes of differential operators. In [7], other examples of operators which are estimates from above by
the Riesz potentials are given. Since the semigroup e~ has the kernel p;(x, y) which satisfies condition (4.2),
it follows that |[L~% fO0)] < CIx(If1)(x). Hence we get the following corollary.

Corollary 4.3. LetO<a<n,0<A<1,1<r<s<oo,1<g<oo,

-1
;sps(4+5> and l—l=2l<l—1)+g.
n p

r+A r q r s n
0 If L <p<@+9'and p% - % = A(X - 1)+ &, then the operator L~? is bounded from the space M%<, ,
to Moc
q,s;A°

(i) Ifp=;7and1- % = 2 _ 4 then the operator L™ is bounded from the space Mloc A to WMloc
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