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Abstract: In this paper, the necessary and sufficient conditions are found for the boundedness of the Riesz
potential Iα in the local Morrey–Lorentz spaces Mloc

p,q;λ(ℝ
n). This result is applied to the boundedness of par-

ticular operators such as the fractional maximal operator, fractional Marcinkiewicz operator and fractional
powers of some analytic semigroups on the local Morrey–Lorentz spaces Mloc

p,q;λ(ℝ
n).

Keywords: Local Morrey–Lorentz space, Riesz potential, Hardy operator

MSC 2010: Primary 42B20, 42B35; secondary 47G10

1 Introduction and main result
In a series of papers [3, 4, 14], the local Morrey–Lorentz spaces Mloc

p,q;λ were introduced, the basic properties
of these spaces were established, and the boundedness of the Hilbert transform H, the Hardy–Littlewood
maximal operator M and the Calderón–Zygmund operators T on investigated spaces Mloc

p,q;λ was extensively
studied, respectively. Some types of Morrey–Lorentz spaces were studied by some authors [16, 18, 20]. The
present paper deals with the boundedness of the Riesz potential Iα defined by

Iα f(x) = ∫
ℝn

f(y)
|x − y|n−α

dy, 0 < α < n, f ∈ Lloc1 (ℝ
n),

in the local Morrey–Lorentz spaces Mloc
p,q;λ(ℝ

n).
Further we apply this result to particular operators such as a fractional maximal operator, fractional

Marcinkiewicz operator and fractional powers of some analytic semigroups.
For each measurable function f on (0,∞) and each t > 0, the following operator

(Sα f)(t) = t
α
n −1

t

∫
0

f(s) ds +
∞

∫
t

s
α
n −1f(s) ds

was defined by A. P. Calderón [9]. The importance of Sα is based on the fact that it dominates the Riesz
potential Iα.
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Theorem A ([19, 23]). If the condition

(Sα f∗)(1) =
1

∫
0

f∗(s) ds +
∞

∫
1

s
α
n −1f∗(s) ds <∞ (1.1)

holds for f ∈ Lloc1 (ℝn), then the Riesz potential (Iα f)(x), x ∈ ℝn, exists almost everywhere. Furthermore, the
inequality

(Iα f)∗(t) ≤ CSα(f∗)(t), 0 < t <∞, (1.2)

is valid, where f∗ denotes the nonincreasing rearrangement of f defined by

f∗(t) = inf{λ > 0 : {y ∈ ℝ
n : |f(y)| > λ} ≤ t} for all t ∈ (0,∞),

and C is a constant independent of f and t.

The following is a well-known theorem on the Riesz potential.

Theorem B ([15]). Let 0 < α < n, 1 ≤ p ≤ n
α , p < q <∞, 1 ≤ r ≤∞ and f ∈ Lp,r(ℝn) satisfy condition (1.1).

Then the Riesz potential Iα f exists almost everywhere. Furthermore,
(i) if 1 < p < n

α , 1 ≤ r ≤ s ≤∞, then the condition
1
p −

1
q =

α
n is necessary and sufficient for the boundedness

of the operator Iα from the Lorentz spaces Lp,r to Lq,s;
(ii) if p = 1, then the condition 1 − 1

q =
α
n is necessary and sufficient for the boundedness of the operator Iα from

the Lorentz spaces L1,r toWLq.

The following theorem is the main result of our paper, in which we get an analogue of Theorem B for the
boundedness of the Riesz potential in the local Morrey–Lorentz spaces Mloc

p,q;λ.

Theorem 1.1. Let 0 < α < n, 0 ≤ λ < 1, 1 ≤ r ≤ s ≤∞, 1 ≤ q ≤∞, r
r+λ ≤ p ≤ (

λ
r +

α
n )
−1 and f ∈ Mloc

p,r;λ(ℝ
n) sat-

isfies the condition (1.1). Then the Riesz potential Iα f exists almost everywhere. Furthermore,
(i) if r

r+λ < p < (
λ
r +

α
n )
−1, then the condition 1

p −
1
q = λ(

1
r −

1
s ) +

α
n is necessary and sufficient for the bounded-

ness of the operator Iα from the spaces Mloc
p,r;λ to Mloc

q,s;λ;
(ii) if p = r

r+λ , then the condition 1 −
1
q =

α
n −

λ
s is necessary and sufficient for the boundedness of the operator

Iα from the spaces Mloc
p,r;λ toWMloc

q,s;λ.

2 Preliminaries
We will use the following notation. For a Lebesgue measurable set E ⊂ ℝn and 0 < p ≤∞, Lp(E) is the stan-
dard Lebesgue space of all functions f Lebesgue measurable on E for which

‖f‖Lp(E) := (∫
E

|f(y)|p dy)
1
p
<∞ if 0 < p <∞,

‖f‖L∞(E) := sup{α : {y ∈ E : |f(y)| ≥ α} > 0} <∞ if p =∞.

Also, for an open set E ⊂ ℝn, Llocp (E) is the set of all functions f such that f ∈ Lp(K) for any compact K ⊂ E. If
E = ℝn, then, for brevity, we write Lp for Lp(ℝn) and Llocp for Llocp (ℝn). The same convention refers to the case
of weak Lebesgue spacesWLp(E), the space of all functions f Lebesgue measurable on E for which

‖f‖WLp(E) := sup
0<t≤|E|

t
1
p f∗(t) <∞, 1 ≤ p <∞,

‖f‖WL∞ ≡ ‖f‖L∞ , p =∞.

In the following, we give the local Morrey spaces LMp,λ(0,∞) which we use in proving our main results
(see, e.g., [1, 3, 4, 21, 22]).
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Definition 2.1. Let 1 ≤ p <∞ and 0 ≤ λ ≤ 1. We denote by LMp,λ ≡ LMp,λ(0,∞) the local Morrey space, the
space of all functions φ ∈ Llocp (0,∞) with finite quasinorm

‖φ‖LMp,λ = sup
r>0

r−
λ
p ‖φ‖Lp(0,r).

Also, by WLMp,λ ≡ WLMp,λ(0,∞) we denote the weak local Morrey space of all functions φ ∈ WLlocp (0,∞)
for which

‖φ‖WLMp,λ = sup
r>0

r−
λ
p ‖φ‖WLp(0,r) <∞.

The local Morrey-type spaces LMpθ,w were introduced by Guliyev in the doctoral thesis [12] in 1994 (see
also [13]) defined by

‖φ‖LMpθ,w =
w(r)‖φ‖Lp(B(0,r))

Lθ(0,∞),

where w is a positive measurable function defined on (0,∞). If θ =∞ and w = r−
λ
p , then we get

LMpθ,w ≡ LMp,λ .

The boundedness of the classical operators in LMpθ,w was intensively studied in [6–8] and other works.
Lorentz spaces were introduced by Lorentz in 1950. These spaces are quasi-Banach spaces and general-

izations of more familiar Lp spaces, also they appear to be useful in the general interpolation theory.

Definition 2.2 ([5]). The Lorentz space Lp,q ≡ Lp,q(ℝn), 0 < p, q ≤∞, is defined as the set of all measurable
functions f onℝn with finite quasi-norm

‖f‖Lp,q := ‖τ
1
p −

1
q f∗(τ)‖Lq(0,∞).

The functional ‖ ⋅ ‖Lp,q is a norm if and only if either 1 ≤ q ≤ p or p = q =∞. If p = q =∞, then the space
L∞,∞(ℝn) is denoted by L∞(ℝn). Clearly, Lp,p ≡ Lp and Lp,∞ ≡ WLp.

Definition 2.3 ([4]). Let 0 < p, q ≤∞ and 0 ≤ λ ≤ 1. We denote by Mloc
p,q;λ ≡ Mloc

p,q;λ(ℝ
n) the local Morrey–

Lorentz spaces, the spaces of all measurable functions with finite quasinorm

‖f‖Mloc
p,q;λ

:= sup
r>0

r−
λ
q ‖t

1
p −

1
q f∗(t)‖Lq(0,r).

If λ < 0 or λ > 1, then Mloc
p,q;λ(ℝ

n) = Θ, where Θ is the set of all functions equivalent to 0 onℝn. Also,

Mloc
p,q;0(ℝ

n) = Lp,q(ℝn) and Mloc
p,p;λ(ℝ

n) ≡ Mloc
p;λ(ℝ

n).

In the limiting case λ = 1 the space Mloc
p,q;1(ℝ

n) is the classical Lorentz space Λ∞,t 1p − 1
q (ℝn). Note that

Mloc
p,∞;λ = Lp,∞ = WLp .

Wedenote byWMloc
p,q;λ ≡ WMloc

p,q;λ(ℝ
n) the weak local Morrey–Lorentz spaces of all measurable functions

with finite quasinorm
‖f‖WMloc

p,q;λ
:= sup

t>0
t−

λ
q ‖τ

1
p −

1
q f∗(τ)‖WLq(0,r).

We will use the boundedness of the following two Hardy operators to obtain the boundedness of the Riesz
potential Iα in the local Morrey–Lorentz spaces Mloc

p,q;λ.

Definition 2.4 ([22]). Let φ be a measurable function on (0,∞) and γ and β be real numbers. The weighted
Hardy operators with power weights acting on φ are defined by

Hβ
(γ)φ(t) = tγ+β−1

t

∫
0

φ(y)
yγ

dy, H
β
(γ)φ(t) = tγ+β

∞

∫
t

φ(y)
yγ+1

dy, t > 0.
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Definition 2.5 ([2]). Let φ be a measurable function on (0,∞), and let η be a real number. The Hardy opera-
tors Pη and Pη are defined by

Pηφ(t) = t−η
t

∫
0

φ(s) ds, Pηφ(t) = t−η
∞

∫
t

φ(s) ds.

Throughout the paper we use the letter C for a positive constant independent of appropriate parameters
and not necessarily the same at each occurrence. If p ∈ [1,∞], then the conjugate number p is defined by
pp = p + p.

The following theorem was proved in [2] by K. F. Andersen and B. Muckenhoupt.

Theorem C ([2]). Suppose 1 ≤ p ≤ q <∞, u and v are nonnegative weight functions. Then the following (p, q)
weak-type inequalities are valid.
(i) For η > 0, if

B(η; a) = sup
ξ>0
(
∞

∫
ξ

(
ξ
x)

a
(
u(x)
xηq )

dx)
1
q
(

ξ

∫
0

v(x)−
1

p−1 dx) 1
p (2.1)

is finite for some a > 0, then (u, v) is a (p, q) weak-type weight pair for Pη:

( ∫
{t∈(0,∞):|Pηφ(t)|>μ}

u(t) dt)
1
q
≤ Cμ−1(

∞

∫
0

|φ(t)|pv(t) dt)
1
p
. (2.2)

(ii) For η > 0, if

B(η) = sup
ξ>0

ξ−η(
ξ

∫
0

u(x) dx)
1
q
(
∞

∫
ξ

v(x)−
1

p−1 dx) 1
p (2.3)

is finite, then (u, v) is a (p, q) weak-type weight pair for Pη:

( ∫
{t∈(0,∞):|Pηφ(t)|>μ}

u(t) dt)
1
q
≤ Cμ−1(

∞

∫
0

|φ(t)|pv(t) dt)
1
p
, (2.4)

and consequently, ‖Pη‖w = B(η).

The smallest choice of constants C in (2.2) and (2.4), called theweak norms of Pη andPη, is denoted by ‖Pη‖w
and ‖Pη‖w, respectively. Furthermore,

[
a

ηq + a ]
1
q
B(η; a) ≤ ‖Pη‖w ≤ [

ηq + a
η ]

1
q
(q)

1
p B(η; a),

[
a

a − ηq ]
1
q
B(η; a) ≤ ‖Pη‖w ≤ [

ηq − a
η ]

1
q
(q)

1
p B(η; a).

Note that, taking u(τ) = v(τ) = χ(0,t)(τ) in inequalities (2.2) and (2.4), we get the inequalities

( ∫
{τ∈(0,t):|Pηφ(τ)|>μ}

dt)
1
q
≤ Cμ−1(

t

∫
0

|φ(τ)|p dt)
1
p
,

( ∫
{τ∈(0,t):|Pηφ(t)|>μ}

dt)
1
q
≤ Cμ−1(

t

∫
0

|φ(τ)|p dt)
1
p
.

In the following two lemmas we give the boundedness of the Hardy operators Hα
(γ) and Hα

(γ) on Morrey
and weak Morrey spaces.
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Lemma 2.6 ([22]). Let

0 < λ < 1, 0 < β < 1 − λ, 1 ≤ r < 1 − λ
β

and 1
r
−
1
s
=

β
1 − λ .

If γ < 1
r + λ

r , then Hβ
(γ) is bounded from LMr,λ(0,∞) to LMs,λ(0,∞), and if γ > λ−1

r , then the operator Hβ
(γ) is

bounded from LMr,λ(0,∞) to LMs,λ(0,∞).

Lemma 2.7. Let
0 < λ < 1, 0 < β < 1 − λ, 1 ≤ r < 1 − λ

β
and 1

r
−
1
s
=

β
1 − λ .

If γ = 1
r + λ

r , then H
β
(γ) is bounded from LMr,λ(0,∞) toWLMs,λ(0,∞), and if γ = λ−1

r , then the operatorHβ
(γ) is

bounded from LMr,λ(0,∞) toWLMs,λ(0,∞).

Proof. It is sufficient to show that the following statement is valid:

‖Hβ
(γ)φ‖WLs,λ(0,∞) ≤ C‖φ‖Lr,λ(0,∞) ⇐⇒ sup

t>0
t−

λ
s +

λ
r
‖Hβ
(γ)φ‖WLs(0,t)

‖φ‖Lr(0,t)
≤ C <∞. (2.5)

Let γ = 1
r + λ

r . We have

‖Hβ
(γ)φ‖WLs(0,∞) = ‖χ(0,t)(τ)H

β
(γ)φ(τ)‖WLs(0,∞) = sup

μ>0
μ( ∫

{τ∈(0,t):|Hβ(γ)φ(τ)|>μ}
dτ)

1
s

= sup
μ>0

μ

{τ ∈ (0, t) : τ

λ−1
r +β

τ

∫
0

φ(y)y−1+
1−λ
r dy > μ}



1
s
.

In (2.1), if we take η = 1−λ
r − β =

1−λ
s > 0, u(τ) = χ(0,t)(τ), v(τ) = χ(0,t)(τ)τ

r+λ−1, then we get

B(η, a) = sup
ξ>0

ξ
a
s (
∞

∫
ξ

χ(0,t)(τ)τ−aτ−s(
1−λ
s ) dτ)

1
s
(

ξ

∫
0

χ(0,t)(τ)τ(r+λ−1)
− 1
r−1 dτ) 1

r

= sup
0<ξ<t

ξ
a
s (

t

∫
ξ

τ−aτλ−1 dτ)
1
s
(

ξ

∫
0

χ(0,t)(τ)τ−
r

r−1− λ
r−1+ 1

r−1 dτ) 1
r

≤ C sup
0<ξ<t

ξ
a
s ξ−

a
s +

λ
s −1−

λ
r +

1
r +1−

1
r = Ct−

λ
r +

λ
s .

Due to Theorem C (i), we can replace ‖H
β(γ)φ‖WLs (0,t)
‖φ‖Lr (0,t) in (2.5) by the above expression. Then we get

C sup
t>0

t−
λ
r +

λ
s −

λ
s +

λ
r = C <∞.

Now let γ = λ−1
r . We will carry out the proof by using similar methods to those used in the proof of the

boundedness of Hβ
(γ). We have

‖Hβ
(γ)φ‖WLs(0,∞) = ‖χ(0,t)(τ)H

β
(γ)φ(τ)‖WLs(0,∞) = sup

μ>0
μ( ∫

{τ∈(0,t):|Hβ(γ)φ(τ)|>μ}
dτ)

1
s

= sup
μ>0

μ

{τ ∈ (0, t) : τ

λ−1
r +β
∞

∫
τ

φ(y)y−1+
1−λ
r dy > μ}



1
s
.

Taking into account (2.3), if we take η = 1−λ
r − β > 0, u(τ) = χ(0,t)(τ), v(τ) = χ(0,t)(τ) τ

r+λ−1, we get

B(η) = sup
ξ>0

ξ
1−λ
r +β(

ξ

∫
0

χ(0,t)(τ)dτ)
1
s
(
∞

∫
ξ

(χ(0,t)(τ)(τr+λ−1)−
1
r−1 dτ) 1

r

≤ C sup
0<ξ<t

ξ
λ−1
r +β+

1
s −

λ(r−1)r = Ct− λr + λs .
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Due to Theorem C (ii), we can replace ‖H
β(γ)φ‖WLs (0,t)
‖φ‖Lr (0,t) in (2.5) by the above expression. Then we get

C sup
t>0

t−
λ
r +

λ
s −

λ
s +

λ
r = C <∞,

which completes the proof.

3 Proof of Theorem 1.1
In this section, the necessary and sufficient conditions are found for the boundedness of the Riesz potential
Iα in the local Morrey–Lorentz spaces Mloc

p,q;λ(ℝ
n) by using related rearrangement inequality, Lemmas 2.6

and 2.7.

Proof. If f satisfies (1.1), then by Theorem A the Riesz potential Iα f(x), x ∈ ℝn, exists almost everywhere.
(i) Sufficiency. Let r

r+λ < p < (
λ
r +

α
n )
−1. By using inequality (1.2), we get

‖Iα f‖Mloc
q,s,λ
= sup

t>0
t−

λ
s ‖τ

1
q −

1
s (Iα f)∗(τ)‖Ls(0,t)

≤ C sup
t>0

t−
λ
s

τ

1
q −

1
s (τ

α
n −1

τ

∫
0

f∗(y) dy +
∞

∫
τ

y
α
n −1f∗(y) dy)

Ls(0,t)

≤ C sup
t>0

t−
λ
s

τ

1
q −

1
s +

α
n −1

τ

∫
0

f∗(y) dy
Ls(0,t)
+ C sup

t>0
t−

λ
s

τ

1
q −

1
s

∞

∫
τ

y
α
n −1f∗(y) dy

Ls(0,t)

= I1 + I2.

Let us estimate I1:

I1 = C sup
t>0

t−
λ
s

τ

1
q −

1
s +

α
n −1

τ

∫
0

f∗(y) dy
Ls(0,t)
= C‖Hβ

(γ)g‖Ls,λ(0,∞).

We take γ = 1
p −

1
r and consider the Hardy operator H

β
(γ) and g(t) = t

1
p −

1
r f∗(t). Therefore we get

β = 1
q
−
1
s
+
1
r
−
1
p
+
α
n
.

By Lemma 2.6, we have β = (1 − λ)(1r −
1
s ), and then we obtain

1
p −

1
q = λ(

1
r −

1
s ) +

α
n .

Hence the operator Hβ
(γ) is bounded from the Morrey space Lr,λ(0,∞) to Ls,λ(0,∞) under the condition

γ = 1
p −

1
r <

1
r + λ

r . Then we get

I1 ≤ C‖H
β
(γ)g‖Ls,λ(0,∞) ≤ C‖g‖Lr,λ(0,∞) = C sup

t>0
t−

λ
r ‖τ

1
p −

1
r f∗(τ)‖Lr(0,t) = C‖f‖Mloc

p,r;λ
. (3.1)

Now we consider I2:

I2 = C sup
t>0

t−
λ
s

τ

1
q −

1
s

∞

∫
τ

y
α
n −1f∗(y) dy

Ls(0,t)
= C‖Hβ

(γ)g‖Ls,λ(0,∞).

We take γ = 1
p −

1
r −

α
n in the Hardy operatorH

β
(γ) and g(t) = t

1
p −

1
r f∗(t). Therefore we get

β = 1
q
−
1
s
+
1
r
−
1
p
+
α
n
.

By Lemma 2.6, we have β = (1 − λ)(1r −
1
s ), then we obtain

1
p −

1
q = λ(

1
r −

1
s ) +

α
n .

Hence the operatorHβ
(γ) is bounded from the Morrey space Lr,λ(0,∞) to Ls,λ(0,∞) under the condition

λ−1
r < γ =

1
p −

1
r −

α
n . Then we get

sup
t>0

t−
λ
s ‖Hβ
(γ)g‖Ls(0,t) ≤ C‖g‖Lr,λ(0,∞) = C sup

t>0
t−

λ
r ‖τ

1
p −

1
r f∗(τ)‖Lr(0,t) = C‖f‖Mloc

p,r;λ
. (3.2)

From inequalities (3.1) and (3.2), we obtain the boundedness of the operator Iα from Mloc
p,r;λ to Mloc

q,s;λ.
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Necessity. Suppose that the operator Iα is bounded from Mloc
p,r;λ to Mloc

q,s;λ, and r
r+λ ≤ p ≤ (

λ
r +

α
n )
−1.

Define fτ(x) =: f(τx) for τ > 0. Then f∗τ (t) = f∗(tτn) and

‖fτ‖Mloc
p,r;λ
= sup

t>0
t−

λ
r ‖y

1
p −

1
r f∗τ (y)‖Lr(0,t) = sup

t>0
t−

λ
r ‖y

1
p −

1
r f∗(yτn)‖Lr(0,t)

= sup
t>0

t−
λ
r τ−

n
p ‖y

1
p −

1
r f∗(y)‖Lr(0,tτn) = τ

− np +
nλ
r sup

t>0
(tτn)−

λ
r ‖y

1
p −

1
r f∗(y)‖Lr(0,tτn)

= τ−n(
1
p −

λ
r )‖f‖Mloc

p,r;λ
.

Also, (Iα fτ)(x) = τ−α(Iα f)(τnx), (Iα fτ)∗(t) = τ−α(Iα f)∗(tτn) and

‖Iα fτ‖Mloc
q,s;λ
= sup

t>0
t−

λ
s ‖y

1
q −

1
s (Iα fτ)∗(y)‖Ls(0,t)

= τ−α sup
t>0

t−
λ
s ‖y

1
q −

1
s (Iα f)∗(yτn)‖Ls(0,t)

= τ−α sup
t>0

t−
λ
s (

t

∫
0

(yτn)
s
q −1((Iα f)∗(yτn))s d((yτn)))

1
s
τ−

n
q

= τ−α−
n
q +

nλ
s (tτn)−

λ
s ‖y

1
q −

1
s Iα f∗(y)‖Ls(0,t)

= τ−α−n(
1
q −

λ
s )‖Iα f‖Mloc

q,s;λ
.

Since the operator Iα is bounded fromMloc
p,r;λ toMloc

q,s;λ, we have ‖Iα f‖Mloc
q,s;λ
≤ C‖f‖Mloc

p,r;λ
, where C is independent

of f . Then we get

‖Iα f‖Mloc
q,s;λ
= τα+n(

1
q −

λ
s )‖Iα fτ‖Mloc

q,s;λ
≤ Cτα+n(

1
q −

λ
s )‖fτ‖Mloc

p,r;λ

= τα+n(
1
q −

λ
s )−n(

1
p −

λ
r )‖f‖Mloc

p,r;λ
= τα+n(

1
q −

1
p )+nλ(

1
r −

1
s )‖f‖Mloc

p,r;λ
.

∙ If 1
p <

1
q + λ(

1
r −

1
s ) +

α
n , then, for all f ∈ M

loc
p,r;λ, we have ‖Iα f‖Mloc

q,s;λ
= 0 as τ → 0.

∙ If 1
p >

1
q + λ(

1
r −

1
s ) +

α
n , then, for all f ∈ M

loc
p,r;λ, we have ‖Iα f‖Mloc

q,s;λ
= 0 as τ →∞.

If 1
p −

1
q ̸= λ(

1
r −

1
s ) +

α
n for all f ∈ M

loc
p,r;λ, we have Iα f(x) = 0 for almost every x ∈ ℝn, which is impossible.

Therefore we get 1
p −

1
q = λ(

1
r −

1
s ) +

α
n .

(ii) Sufficiency. For the limiting case p = r
r+λ , 1 ≤ r ≤ s <∞, suppose f ∈ M

loc
p,r;λ. By using inequality (1.2)

and Minkowski’s inequality, we get

‖Iα f‖WMloc
q,s;λ
= sup

t>0
t−

λ
s ‖τ

1
q −

1
s (Iα f)∗(τ)‖WLs(0,t)

≤ C sup
t>0

t−
λ
s

τ

1
q −

1
s (τ

α
n −1

τ

∫
0

f∗(y) dy +
∞

∫
τ

f∗(y)y
α
n −1 dy)

WLs(0,t)

≤ C sup
t>0

t−
λ
s

τ

1
q −

1
s +

α
n −1

τ

∫
0

f∗(y) dy
WLs(0,t)

+ C sup
t>0

t−
λ
s

τ

1
q −

1
s

∞

∫
τ

f∗(y)y
α
n −1 dy
WLs(0,t)

= N1 + N2.

Let us estimate N1:

N1 = C sup
t>0

t−
λ
s

τ

1
q −

1
s +

α
n −1

τ

∫
0

f∗(y) dy
WLs(0,t)

= C‖Hβ
(γ)h‖WLs,λ(0,∞).

We take γ = 1 + λ−1
r in the Hardy operator Hβ

(γ) and h(t) = t1+
λ−1
r f∗(t). Therefore we get

β = 1
q
−
1
s
+
1
r
+
α
n
− 1 − λ

r
.
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By Lemma 2.7, we have β = (1 − λ)(1r −
1
s ), and then we obtain 1 −

1
q =

α
n −

λ
s . Thus we have

N1 ≤ C‖H
β
(γ)h‖WLs,λ(0,∞) ≤ C‖h‖Lr,λ(0,∞) = C sup

t>0
t−

λ
r ‖τ1+

λ−1
r f∗(τ)‖Lr(0,t) = C‖f‖Mloc

p,r;λ
. (3.3)

Now we consider N2:

N2 = C sup
t>0

t−
λ
s

τ

1
q −

1
s

∞

∫
τ

f∗(y)y
α
n −1 dy
WLs(0,t)

= C‖Hβ
(γ)h‖WLq,λ(0,∞).

We take γ = 1 + λ−1
r −

α
n in the Hardy operatorH

β
(γ) and h(t) = t1+

λ−1
r f∗(t). Therefore we get

β = 1
q
−
1
s
+
1
r
+
α
n
− 1 − λ

r
.

By Lemma 2.7, we have β = (1 − λ)(1r −
1
s ), and then we obtain 1 − 1

q =
α
n −

λ
s . Hence the operator H

β
(γ) is

bounded from the Morrey spaces Lr,λ(0,∞) toWLs,λ(0,∞). Then we get

N2 ≤ C‖H
β
(γ)h‖WLs,λ(0,∞) ≤ C‖h‖Lr,λ(0,∞) = C sup

t>0
t−

λ
r ‖τ1+

λ−1
r f∗(τ)‖Lr(0,t) = C‖f‖Mloc

p,r;λ
. (3.4)

From inequalities (3.3) and (3.4), we obtain the boundedness of the Riesz potential operator Iα from Mloc
p,r;λ

toWMloc
q,s;λ.

Necessity. Suppose that the operator Iα is bounded from Mloc
p,r;λ toWMloc

q,s;λ for p = r
r+λ .

Define fτ(x) =: f(τx) for τ > 0. Then ‖fτ‖Mloc
r/(r+λ),r;λ = τ−n‖f‖Mloc

r/(r+λ),r;λ and
‖Iα fτ‖WMloc

q,s;λ
= sup

t>0
t−

λ
s ‖y

1
q −

1
s (Iα fτ)∗(y)‖WLs(0,t)

= τ−α sup
t>0

t−
λ
s ‖y

1
q −

1
s (Iα f)∗(yτn)‖WLs(0,t)

= τ−α−
n
q +

nλ
s (tτn)−

λ
s ‖y

1
q −

1
s Iα f∗(y)‖WLs(0,t)

= τ−α−n(
1
q −

λ
s )‖Iα f‖WMloc

q,s;λ
.

Since the operator Iα is bounded fromMloc
p,r;λ toWMloc

q,s;λ, we have ‖Iα f‖WMloc
q,s;λ
≤ C‖f‖Mloc

p,r;λ
, where C is indepen-

dent of f . Then we get

‖Iα f‖WMloc
q,s;λ
= τα+n(

1
q −

λ
s )‖Iα fτ‖WMloc

q,s;λ
≤ Cτα+n(

1
q −

λ
s )‖fτ‖Mloc

p,r;λ

= τα+n(
1
q −

λ
s )−n‖f‖Mloc

p,r;λ
= τα+n(

1
q −1−

λ
r )+nλ(

1
r −

1
s )‖f‖Mloc

p,r;λ
.

∙ If 1 < 1
q +

α
n −

λ
s , then, for all f ∈ M

loc
r/(r+λ),r;λ, we have ‖Iα f‖WMloc

q,s;λ
= 0 as τ → 0.

∙ If 1 > 1
q +

α
n −

λ
s , then, for all f ∈ M

loc
r/(r+λ),r;λ, we have ‖Iα f‖WMloc

q,s;λ
= 0 as τ →∞.

If 1 ̸= 1
q +

α
n −

λ
s , then, for all f ∈ M

loc
p,r;λ, we have Iα f(x) = 0 for almost every x ∈ ℝn, which is impossible.

Therefore we get the equality 1 − 1
q =

α
n −

λ
s and the proof of the theorem is completed.

Remark 3.1. Note that for the limiting case λ = 1, the space Mloc
p,q;λ is the classical Lorentz space Λ∞,t 1p − 1

q

(see [4]). The boundedness of Iα in Λ∞,t 1p − 1
q is investigated in [23].

4 Some applications
Theorem1.1 can be applied to various operators that are estimated from above by the Riesz potentials. In this
section, we apply the theorem to the fractional maximal operator, fractional Marcinkiewicz operator and the
fractional powers of some analytic semigroups.
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4.1 Fractional maximal operator

For 0 ≤ α < n, we define the fractional maximal operator

Mα f(x) = sup
t>0
|B(x, t)|

α
n −1 ∫

B(x,t)

|f(y)| dy,

where B(x, t) is the open ball centered at x of radius t for x ∈ ℝn, and |B(x, t)| is a Lebesguemeasure of B(x, t)
such that |B(x, t)| = ωn tn, in which ωn denotes the volume of the unit ball in ℝn. The fractional maximal
operator Mα is closely related to a Riesz potential operator such that

Mα f(x) ≤ ω
α
n −1
n (Iα|f|)(x). (4.1)

From inequality (4.1) we get the following corollary.

Corollary 4.1. Let 0 < α < n, 0 ≤ λ < 1, 1 ≤ r ≤ s ≤∞, 1 ≤ q ≤∞,

r
r + λ
≤ p ≤ ( λr

+
α
n)
−1

and 1
p
−
1
q
= λ(1r −

1
s )
+
α
n
.

(i) If r
r+λ < p < (

λ
r +

α
n )
−1, then the condition 1

p −
1
q = λ(

1
r −

1
s ) +

α
n is necessary and sufficient for the bounded-

ness of the fractional maximal operator Mα from the space Mloc
p,r;λ to Mloc

q,s;λ.
(ii) If p = r

r+λ , then the condition 1 −
1
q =

α
n −

λ
s is necessary and sufficient for the boundedness of the operator

Mα from the space Mloc
p,r;λ toWMloc

q,s;λ.

Proof. Let 0 < α < n, 0 ≤ λ < 1, 1 ≤ r ≤ s ≤∞, 1 ≤ q ≤∞ and r
r+λ ≤ p ≤ (

λ
r +

α
n )
−1.

Sufficiency. The sufficiency parts of (i) and (ii) follow from Theorem 1.1 and inequality (4.1).
Necessity. (i) Suppose that the operatorMα is bounded fromMloc

p,r;λ toMloc
q,s;λ for r

r+λ < p < (
λ
r +

α
n )
−1. Then

we have
Mα fτ(x) = τ−αMα f(τx) and ‖Mα fτ‖Mloc

q,s;λ
= τ−α−n(

1
q −

λ
s )‖Mα f‖Mloc

q,s;λ
.

By the same argument as in Theorem 1.1, we obtain

1
p
−
1
q
= λ(1r −

1
s )
+
α
n
.

(ii) Suppose that the operator Mα is bounded from Mloc
p,r;λ toWMloc

q,s;λ for p = r
r+λ . Then we have

Mα fτ(x) = τ−αMα f(τx) and ‖Mα fτ‖WMloc
q,s;λ
= τ−α−n(

1
q −

λ
s )‖Mα f‖WMloc

q,s;λ
.

Hence we obtain the equality 1 − 1
q =

α
n −

λ
s .

4.2 Fractional Marcinkiewicz operator

Let Sn−1 = {x ∈ ℝn : |x| = 1} be the unit sphere in ℝn equipped with the Lebesgue measure dσ. Suppose that
Ω satisfies the following conditions.
(a) Ω is the homogeneous function of degree zero onℝn \ {0}, i.e.,

Ω(tx) = Ω(x) for any t > 0, x ∈ ℝn \ {0}.

(b) Ω has mean zero on Sn−1, i.e.,
∫

Sn−1 Ω(x
) dσ(x) = 0.

(c) Ω ∈ Lipγ(Sn−1), 0 < γ ≤ 1, that is, there exists a constant C > 0 such that

|Ω(x) − Ω(y)| ≤ C|x − y|γ for any x, y ∈ Sn−1.
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In 1958, Stein [24] defined the fractional Marcinkiewicz integral of higher dimension μΩ,α as

μΩ,α(f)(x) = (
∞

∫
0

|FΩ,α,t(f)(x)|2
dt
t3
)

1
2
,

where
FΩ,α,t(f)(x) = ∫

|x−y|≤t

Ω(x − y)
|x − y|n−1−α

f(y) dy.

The continuity of the Marcinkiewicz operator μΩ was extensively studied in [10, 11, 17, 25]. Let H be the
space

H = {h : ‖h‖ = (
∞

∫
0

|h(t)|2 dt
t3
)

1
2
<∞}.

Then it is clear that μΩ(f)(x) = ‖FΩ,t(f)(x)‖.
By Minkowski’s inequality and the conditions on Ω, we get

μΩ,α(f)(x) ≤ ∫
ℝn

|Ω(x − y)|
|x − y|n−1−α

|f(y)|(
∞

∫
|x−y|

dt
t3
)

1
2
dy ≤ C ∫

ℝn

|f(y)|
|x − y|n−α

dy = Iα(|f|)(x).

Then we have the following corollary.

Corollary 4.2. Let 0 < α < n, 0 ≤ λ < 1, 1 ≤ r ≤ s ≤∞, 1 ≤ q ≤∞,

r
r + λ
≤ p ≤ ( λr

+
α
n)
−1

and 1
p
−
1
q
= λ(1r −

1
s )
+
α
n
.

(i) If r
r+λ < p < (

λ
r +

α
n )
−1 and 1

p −
1
q = λ(

1
r −

1
s )+

α
n , then the fractional Marcinkiewicz operator μΩ,α is bounded

from the space Mloc
p,r;λ to Mloc

q,s;λ.
(ii) If p = r

r+λ and 1−
1
q =

α
n −

λ
s , then the operator μΩ,α is bounded from the space Mloc

p,r;λ toWMloc
q,s;λ.

4.3 Fractional powers of some analytic semigroups

Suppose that L is a linear operator on L2 that generates an analytic semigroup e−tL with the kernel pt(x, y)
satisfying a Gaussian upper bound, i.e.,

|pt(x, y)| ≤
c1
t n2

e−c2
|x−y|2

t (4.2)

for x, y ∈ ℝn and all t > 0, where c1, c2 > 0 are independent of x, y and t.
For 0 < α < n, the fractional powers L− α2 of the operator L are defined by

L−
α
2 f(x) = 1

Γ( α2 )

∞

∫
0

e−tL f(x) dt
t− α2+1

.

Note that if L = −∆ is the Laplacian onℝn, then L− α2 is the Riesz potential Iα. Property (4.2) is satisfied for
large classes of differential operators. In [7], other examples of operators which are estimates from above by
the Riesz potentials are given. Since the semigroup e−tL has the kernel pt(x, y)which satisfies condition (4.2),
it follows that |L− α2 f(x)| ≤ CIα(|f|)(x). Hence we get the following corollary.

Corollary 4.3. Let 0 < α < n, 0 ≤ λ < 1, 1 ≤ r ≤ s ≤∞, 1 ≤ q ≤∞,

r
r + λ
≤ p ≤ ( λr

+
α
n)
−1

and 1
p
−
1
q
= λ(1r −

1
s )
+
α
n
.

(i) If r
r+λ < p < (

λ
r +

α
n )
−1 and 1

p −
1
q = λ(

1
r −

1
s ) +

α
n , then the operator L

− α2 is bounded from the space Mloc
p,r;λ

to Mloc
q,s;λ.

(ii) If p = r
r+λ and 1 −

1
q =

α
n −

λ
s , then the operator L

− α2 is bounded from the space Mloc
p,r;λ toWMloc

q,s;λ.
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