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1 Introduction

Suppose that S~ be the unit sphere in R™ (n > 2) equipped with the normalized Lebesgue
measure do = do(x'). Suppose that (2 satisfies the following conditions.
(7) £2is a homogeneous function of degree zero on R™. That is,

2(tx) = 2(x) (1.1)

forall¢ > 0 and z € R".
(1) {2 has mean zero on S™~!. That is,

/ Q' )do(2') = 0, (12)
gn—1

where 2’ = x/|z| for any x # 0.
(iii) 2 LY(S"1).
The parametric Marcinkiewicz integral is defined by

2
1 / Mf(y)dy dt

tT) le—y|<t ’[E - y’n—p t ’

1/2

i@ ={ [

where 0 < p < n. When p = 1, we simply denote it by p(f). It is well-known that the
operator /( f) is defined by Stein in [13].
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Form € N, b € BMO(R™), the higher-order commutator of parametric Marcinkiewicz
integral is defined as follows

1/2

t

1/ Qe —y) ®

w0 = 715 [ e s

The classical Morrey spaces LP*(R") were introduced by Morrey [10] to study the lo-
cal behavior of solutions to second-order elliptic partial differential equations. Moreover,
various Morrey spaces are defined in the process of study. Mizuhara [9] introduced general-
ized Morrey spaces LP>?(R™) (see, also [11,4]); Komori and Shirai [8] defined the weighted
Morrey spaces LP"(w); Guliyev [3] gave a concept of generalized weighted Morrey space
MY (R™, w) which could be viewed as extension of both LP*¥(R™) and LP"(w).

Let 1 < p < oo and let  be a positive measurable function on R™ x (0, 00) and let
w be a non-negative measurable function on R". Following [3], we denote the generalized
weighted Morrey space M&,(R™, w), the space of all functions f € L{ (R™) with finite
quasinorm

_1
Il @rwy = sup oz, )" w(B@,r) 7 || fll o B ),
zeR™ r>0

where

”fHLP(B(ac,T),w) = (/B(m " |f(y)|pw(y)dy>

Here and everywhere in the sequel B(x, ) is the ball in R™ of radius r centered at .

In this paper, we consider the boundedness of parametric Marcinkiewicz integral oper-
ator and its higher order commutator with rough kernels on generalized weighted Morrey
spaces.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A ~ B and say that A and B are
equivalent.

2 Background materials

Even though the A, class is well-known, for completeness, we offer the definition of A,
weight functions.

Definition 2.1 For, 1 < p < oo, a locally integrable function w : R™ — [0, 00) is said to
be an A, weight if

sg <‘;’/Bw(x)dfv> <‘113’/Bw($)_2’d$>p < o0, 2.1

where the supremum is taken with respect to all the balls B and % + 1% = 1. A locally
integrable function w : R™ — [0, 00) is said to be an Ay weight if

1
|B|/Bw(y)dy < Cw(x), a.e x €B

for some constant C > 0. We define Ao = Upzl Ap.
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For any w € A and any Lebesgue measurable set F, we write w(E) = [, w(x)dz
For any w € A,, by (2.1) we have

/ 1/p’
2 _1 _
(675 @) =0l < LBl () 22
and )
w' TP € Ay. (2.3)
We recall the definition of the space of BM O(R").
Definition 2.2 Suppose thatb € L{ (R™), let

1
b= sup [ 1) = ol
H H z€R™,r>0 |B($,T)| B(x,r)‘ ( ) Bl )|

1
)= [5G O

BMO(R™) = {b e L .(R") : ||b]|l« < 1}.

The following results concerning the boundedness of Marcinkiewicz integral and its
higher-order commutator on weighted LP space are known.

Theorem 2.1 [12] Suppose that 2 € LI(S" 1) (¢ > 1) satisfying (1.1)-(1.2) and 0 < p <

n. Then, for every ¢ < p < coandw € A, /q'» there is a constant C' independent of f such
that

where

Define

[Pl e ®rw) < CIf Nl @n w)-

Theorem 2.2 [12] Suppose thatb € BMO(R™), 2 € L4(S" 1) (¢ > 1) satisfying (1.1)-
(1.2) and 0 < p < n. Then, for every ¢ < p < co and w € A, there is a constant C

p/q
independent of f such that

|t ()1 om0y < CIF N Lo @7 0)-
In the next sections where we prove our main estimates, we use the following lemma.

Lemma 2.1 /3]
i)Letw € Aoo and b € BMO(R™). Letalso 1 < p < oo, z € R", m > 0and ry,r3 > 0.

Then
1/p m
B o 0 = a1 ) ol
w(B(x,71)) JB(zm) B(@ra), - T 7
where C'is independent of f, w, x, 11, T2 and bp(y ry).w = w(B(lz,T‘z) fB(xT w(y)dy.
ii) Let w € Ay and b € BMO(R™). Let also 1 < p < oo, z € R", m > 0 and

r1,T9 > 0. Then
1/p'
1
7 b - b T,r2),Ww g w d
<w1p (B(z,r1)) /B(:r,n)‘ ®) = bl 7w y)

§C<1+1

where C' is independent of f, w, x, r1, To.

1
n—

r m
) o
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3 Local Guliyev estimates

Inspiring by the ideas of [3] (see, also [7]) and [2] we prove the following local estimates
for the operators z* and yif,,.

Lemma 3.1 Suppose that 2 € LI(S" 1) (¢ > 1) satisfying (1.1)-(1.2) and 0 < p < n.
Then, for every ¢ < p < oo and w € A, there is a constant C independent of f such
that

p/q
H:up(f) HLP(B(CC()J“)ﬂU)

dt
7 3.1

_1
< C w(Blane ) [~ 110200100 (0Bl )
Proof. For arbitrary xo € R", set B = B(x¢,r) and 2B = B(x, 2r). We represent f as

=R+t LW =FWx.e®, f20) =FW)Xeopn @), >0,

and have
11 ()l e (Bw) < 112 (f1) e (Bw) + 117 (f2) | Lo (B,w)-

Since f; € LP(R™,w) and from the boundedness of p” in LP(R™, w) (Theorem 2.1) it
follows that

112 (f1) lzeBaw)y < N1 (f1) lze e ) S 1l e e wy = 111 2o 2B,w)-

By using Holder’s inequality at (2.1), we have
_1
1Bl S (wB)YP |w > | 1y 3)-

Then, for ¢’ < p < oo,

> dt
I ) i 5 1811 |
dt
S ‘B| HfHLp B(xzo,t),w) thrl

2r
_1 dt
S BN [0 iy | W owiaenn o

o0 1 dt
S @BNY? [ 1l ioBeosw 1077 | (5w -
(B(wo.t)) 1

2r

By (2.2), we get

dt
7 (3.2)

1 _1
112 (f1) L (B ) S w(B)? /2 £ zr (B(@o.b)w) w(B(x0, 1)) 7
T
Note that, using spherical coordinates we have

1920 = Yl a(Baony S 1920 zagsn-1y 1BO,t+ |z — o)) 7. (3.3)
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It’s clear that x € B, y €° (2B) implies %\xo —yl < |z —y| < %]:J:O — y|. Then by the
Minkowski inequality, we get

- 1/2
w i< [ D) (/ lti;) dy

§/ |f (y)||9(l‘—l/)|dy (3.4)
(2B)

|z —y|"

</ |f(y)|\9($—y)|dy
~ Jeepy w0 —y|™

By Fubini’s theorem we have

o Lo, - | [
dy ~ 2(x — —d
Lom e B = [ 19—l [
e dt
~[] 26—l W)y G
2r J2r<|zo—y|<t

o dt
< 2(x — dy——.
sf ) el

Applying Holder’s inequality and (3.3), we get
Nz —
/ [2(x = y)| \{(y)\dy
c2B) |70 — |
dt

< 1920 agsny / 17 | BOE + 2 = o) [F o 36)

Q=

Note that for ¢ > 2r and |z — 2| < r we have t + |z — z9| < t +r < 3t. Since

¢ <p<oo,v= g > 1 and w € A,, from the Holder’s inequality and (2.2) we get that

26w, [~ I
Lo 5 [ 1l wtenno 18 ) o

2o — y|™
1 1 onodt
S [ 180 wBln 0) Blao, 0] £ o
_1dt
S [ 1o Bl ) 5.
Therefore
_1dt
() @IS [ 17300000 0 B0, ) . 6)

Moreover, for all p € (1, 00), the inequality

L 1l v @By 5§ 8)

3=

16” (f2) lLe(Bw) S w(B)

holds. Combining (3.2) and (3.8), the proof of Lemma 3.1 is completed.
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Lemma 3.2 Suppose that b € BMO(R"™), m € N, 2 € Li(S" 1) (¢ > 1) satisfying
satisfying (1.1)-(1.2) and 0 < p < n. Then, for every ¢’ < p < oo and w € A, there is

p/q
a constant C' independent of f such that

g ()| L (B0, 10)

(1+m t)m||f””(3(x°’t)’“? a (3.9)
"7 (w(B(xo,1)))7

Proof. For arbitrary xg € R", set B = B(xg, r) for the ball centered at z( and of radius 7.
We represent f as

f=h+f HY)=fWxs®, F0)=FfYXqos®), >0,

and have

o0

< bl (w(Bao ) [

2r

[t () 2o (Baw) < Nt (1) e (o) + ttgm (f2) | (Boaw)-

Since f; € LP(R™,w) and from the boundedness of y},, in LP(R", w) (Theorem 2.2) it
follows that

[t (F) lpe (B < Nt (F1) lpe e w) < CIBI N fill o @n ) = ClUBIE L 120 25,0) -
As the proof of (3.2), we get

%. (3.10)

1 [0 _1

[t (f1) |l r(B,w) < ClIBITw(B)? /2 | £1l Lr (B (0,t) ) W(B (20, 1)) P
T

We now turn to deal with the term || 4. (f2) | Lo (5,w)- For any given = € B, we have

[t (f2) | < Cl(b(x) = bpw)™ |1 (f2) (@) + Clp? ((b = bp,w)™ f2) ()]
=1 + I

By (3.7), we have

e 1
I < |(b(x) — b)) / 1 L (Ban.ty (B0, £)) 7

Then from Lemma 2.1 we get
1 [ 1
Il < IBw(B)? / 1L Ban.ty (B, £)) 7

When 2 € LI(S™~1), it follows from (3.4), (3.5) and (3.6) that

& ndt
RS [ 16— b5, o panntt T

T

Setv = g > 1. Since w € A,, from (2.3), we know w'~%" € A,,. By Holder’s inequality

N m n dt
IQ 5 /2 Hf”Lp(B(xovt)ﬂU) H(b - bBﬂu) HLU"I,(B(:Eo,t),wlfv’) ta t”ﬁ

r

Since w!™?" € A/, from (2.2), we know

|3

(wl—“’(B(mo,t)))”’l"' < Ct¥ (w(B(wo, 1)) 7 - 3.11)
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Using (3.11) and Lemma 2.1, we obtain

_1
o

(b — bB,w)mHLv’ql(B(xo,t),wl—v’) = (/ b(y) — bp w|mv ! ( )dy>
B(Io,t)

1
7

< o (1 )" (= (Blao.t) 7

1

t\m n _1
S ol (1) "7 (w(Blao, 1) 7

Hence
o [ 1dt
RS [ (14 108) " Il @B 0) 5.
2r
Therefore,
m 1 1dt
el S 2B [ 1l wB )3 5. G2

Combining (3.10) and (3.12), the proof of Lemma 3.2 is completed.
Remark 3.1 For the case p = 1 and m = 1 the local estimate (3.9) was proved in [6,

Lemma 5.2]. But there are some gaps in that proof. We also fill the gaps of proof of [6,
Lemma 5.2] in the proof of Lemma 3.2.

4 Main results

Theorem 4.1 Let 1 < p < oo, 2 € LI(S™ 1) (¢ > 1) satisfying (1.1)-(1.2) and 0 < p <
n. Let alsow € Ay, o with ¢’ < p < oo and (¢1, p2) satisfy the condition

hSAl

fes<o0 . — < C oz, ), 4.1
w(B(x,t)ﬁ t

/oo ess inf 1 (z, S)W(B(x’ S)) dt

where C' does not depend on x and r. Then the operator pif is bounded from MY, (R", w)
to MS%Z (an U))

Proof. The proof follows from [5, Theorem 3.1] and Lemma 3.1. We can also give the
following alternative proof for Theorem 4.1.

Since f € MY, (R™, w) and the fact || f|| .»(5(z,t),w) is @ non-decreasing function of ¢,
we get

1 f1 Lr (Bt 0 < esssup I £l e (B(a.t)w) 1

£ B p 0<i<s<oo B »

Joss inf o1, s)w( (9«“,8))? p1(z, s)w(B(, )7
< swp Il 2o (w,B(2,s))

D=

s>0, xeR™ Y1 (Jj, S)U)(B(xa S))
w)

IN
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Since (1, p2) satisfies (4.1), we have

& _1dt
£l e (B(w,t),w) (w(B(z,1))) 7 ¥
1
- /°° £l 2o (B(2,) ) ?iiig(pl(x’s)w(B(x’s))p@
= 1 1
T ess inf oz, s)w(Bla, s))? (w(B(z,1))? t
1
0 ?Ességg ®1 (:L'a S)w (B($a 5)) b dt
< HfHM{;l(Rn,w)/ T "
r (w(B(z,1)))»
S ||f||M€,1(R",w)(P2($7T)'
Then by (3.1) we get
Hﬂp”./\/lgz(]R",w) = Sup 902@77r)_lw(B(xvT)_l/p)HupHLT’(B(x,r),w)
zeR™ r>0
4 [ _1dt
S osup oz, ) 1o Bz 0).0) (W(B(2,2))) 7
zER™ r>0 T

S e, e -

Theorem 4.2 Let1 < p < 0o, b € BMO(R"), m € N, 2 € LI(S™" 1) (¢ > 1) satisfying
(1.1)-(1.2) and 0 < p < n. Let also w € A,/ with ¢ < p < oo and (1, p2) satisfy the
condition

A

00 ¢ m 88 inf ¢y (z, s)w(B(z,s)) di

/ (1 +1In 7>mt<s<oo . — < Cy(z,r),

r r w(B(z,t))? t

where C' does not depend on x and r. Then the operator (i, is bounded from M, (R™, w)
1o ML, (R™, w).

Proof. The proof of Theorem 4.2 is similar to the proof of Theorem 4.1.

Remark 4.1 In the case w = 1 and m = 1, Theorems 4.1 and 4.2 are proved in [1]
for 2 € Lip,(S" 1) (0 < a < 1), respectively. Since Lip,(S" 1) (0 < a < 1) &
L4(S™ 1) (¢ > 1), our results are better than the results of [1].
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