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Characterizations for the Nonsingular Integral Opera-
tor and its Commutators on Generalized Orlicz-Morrey
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Abstract. We show continuity in generalized Orlicz-Morrey spaces M ‘1’7W(Ri) of nonsingular in-
tegral operators and its commutators with BM O functions. We shall give necessary and sufficient
conditions for the boundedness of the nonsingular integral operator and its commutators on gen-
eralized Orlicz-Morrey spaces M®#(R").
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1. Introduction

The classical Morrey spaces were introduced by Morrey [26] to study the local behavior
of solutions to second-order elliptic partial differential equations. Although such spaces
allow to describe local properties of functions better than Lebesgue spaces, they have some
unpleasant issues. It is well known that Morrey spaces are non separable and that the usual
classes of nice functions are not dense in such spaces. Moreover, various Morrey spaces
are defined in the process of study. Mizuhara [25] and Nakai [27] introduced generalized
Morrey spaces MP?(R™). Later, Guliyev [10] defined the generalized Morrey spaces MP:?
with normalized norm

I fllame = sup (@, )" B, )| 7P || fllLo(Be.):
zeR™ r>0

where the function ¢ is a positive measurable function on R x (0, c0). Here and everywhere
in the sequel B(x,r) is the ball in R™ of radius r centered at x and |B(z,r)| = v,r™ is its
Lebesgue measure, where v,, is the volume of the unit ball in R".
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The Orlicz spaces were first introduced by Orlicz in [31, 32] as generalizations of
Lebesgue spaces LP(R™). Since then, the theory of Orlicz spaces themselves has been
well developed and the spaces have been widely used in probability, statistics, potential
theory, partial differential equations, as well as harmonic analysis and some other fields of
analysis.

In [6], the generalized Orlicz-Morrey space M ®#(R") was introduced to unify Orlicz
and generalized Morrey spaces. Other definitions of generalized Orlicz-Morrey spaces
can be found in [28] and [34]. In words of [16], our generalized Orlicz-Morrey space is the
third kind and the ones in [28] and [34] are the first kind and the second kind, respectively.
According to the examples in [9], one can say that the generalized Orlicz-Morrey spaces
of the first kind and the third kind are different and that second kind and third kind are
different. However, we do not know the relation between the first and the second kind.

Note that, Orlicz-Morrey spaces unify Orlicz and generalized Morrey spaces. We ex-
tend some results on generalized Morrey space in the papers [1, 8, 10, 12, 13, 17, 18] to
the case of Orlicz-Morrey space in [6, 14, 15, 16].

As based on the results of [10, 12], the following conditions were introduced in [6] (see,
also [14]) for the boundedness of the singular integral operators on M ®%(R"):

/:O (ess inf M) @—l(t—n)% < Coooa,7), 0

t<s<oco Pp—1 (3—")
where C' does not depend on x and r.

Consider the half-space R? = R""! x (0,00). For z = (2/,2,,) € R%, let & = (2/, —x,,)
be the "reflected point”. Let x € R’}. The nonsingular integral operator 7" is defined by

Tiw) = [ OCay = @) 2)

@ =y

The commutators generated by b &€ LIIOC(R”) and the operator T are defined by

0,715 = [ ML= g)ay

Ry T -y

The operator |b, T| is defined by

b 715w = |

The operator T and its commutator appear in [4] in connection with boundary esti-
mates for solutions to elliptic equations.

b(z) = b(y)|

dy.
7 f(y)dy

n
+
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Therefore, the purpose of this paper is mainly to study the boundedness of the nonsin-
gular integral operator T and its commutators [b, T | on generalized Orlicz-Morrey spaces
of the third kind M®*(R7) .

A function ¢ : (0,00) — (0, 00) is said to be almost increasing (resp. almost decreasing)
if there exists a constant C' > 0 such that

p(r) < Cp(s)  (resp. ¢(r) = Cp(s)) forr <s.

For a Young function ®, we denote by Gg the set of all decreasing functions ¢ : (0,00) —
(0, 00) such that t € (0,00) > ®~1(t7")p(t)~! is almost decreasing.
The following results are the fundamental theorems in this paper:

Theorem 1. Let ® € A’ and ¢1, 2 € Q. N

1. The condition (1) is sufficient for the boundedness of T from M*%*(R) to WM *#2(R").
If, in addition, ® € Vo, then the condition (1) is sufficient for the boundedness of T from
M®?1(RY) to M®#2(R%).

2. If o1 € Go, then the condition

Sol(xv’r) < CQOQ(va)’ (3)

where C' does not depend on x and r, is necessary for the boundedness off from M®#1 (R%)
to WM®#2(R7) and from M®#1(R%) to M®#2(R7).
3. If ¢1 € Gg satisfies the reqularity type condition

| e <can. ®

for all't >0, where C > 0 does not depend on t, then the condition (3) is necessary and
sufficient for the boundedness of T from M®%1(R%) to WM‘I)""Q(R?F). If, in addition,

® € Vo, then the condition (3) is necessary and sufficient for the boundedness off from
M‘I”W(Rﬁ) to M 22 (R%).

If we take ®(t) = tP, p € [1,00) in Theorem 1, we get the following new result for
generalized Morrey spaces.

Corollary 2. Let p € [1,00) and p1,p2 € ) = Q.
1. The condition

n

oo ess inf pi(s)s?
J

t<s<oo

it < Coa(r), (5)

for all r > 0, where C > 0 does not depend on r, is sufficient for the boundedness off
from MP#1(R%) to WP (R%). If 1 < p < oo, then the condition (5) is sufficient for
the boundedness of T' from MP¥1(R') to MP#2(R").
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2. If o1 € Gy, then the condition (3) is necessary for the boundedness of T from
MP#YRY) to WMP#2(RY) and from MP# (R?) to MP¥2(R").

3. If 1 € G, satisfies the regularity condition (4), then the condition (3) is necessary
and sufficient for the boundedness of T from MP#1 (R%) to WMP#2(RY). If, in addition,
1 < p < o0, then the condition (3) is necessary and sufficient for the boundedness off
from MP#1(R}) to MP¥2(R).

Theorem 3. Let b€ BMO(RY), ® € A’ and o1, 2 € Qo.
1. If ® € Vo, then the condition

/TOO (1 +1In ;) (ess inf (,01(36,3))) o1 (t_”)% < Cpa(z,7), (6)

t<s<oco P—1 (s—n

where C does not depend on x and v, is sufficient for the boundedness of |b, TV\ from
M®#H(RY) to M®#2(R7). N

2. If p1 € Go, then the condition (3) is necessary for the boundedness of |b,T| from
M®#1(RY) to ME#2(R%).

3. If ® € Vg and ¢y € Gg satisfies the reqularity type condition

[ (0 )an)? < ca) @

for all t > 0, where C' > 0 does not depend on t, then the condition (3) is necessary and
sufficient for the boundedness of |b,T| from M®®1(R™) to M®®2(R").

If we take ®(t) = tP, p € [1,00) in Theorem 3, we get the following new result for
generalized Morrey spaces.

Corollary 4. Let p € [1,00), 1,92 € Qp and b € BMO(RY).
1. If 1 < p < o0, then the condition

n

00 ¢ ©ss inf py(s)sv
/ (1 +1In 7> —t<s<°°ﬂ+l dt < Cpa(r),
T r te

for all v > 0, where C' > 0 does not depend on r, is sufficient for the boundedness of |b,Tv|
from MP#1(R%) to MP¥2(RY). N

2. If p1 € Gy, then the condition (3) is necessary for the boundedness of |b,T| from
MP-¥1 (Ri) to MP-¥2 (Rﬁ)

3. If1 <p < oo and p1 € Gy satisfies the reqularity type condition (7), then the
condition (3) is necessary and sufficient for the boundedness of |b,T| from MP#'(R7) to
MP#2(R™),
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By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A &~ B and say that A and B are
equivalent.

2. Definitions and Preliminary Results

2.1. On Young Functions and Orlicz Spaces

We recall the definition of Young functions.
Definition 5. A function ® : [0,00) — [0,00] is called a Young function if ® is convex,
left-continuous, lim ®(r) = ®(0) =0 and lim ®(r) = co.
r—40 r—00

From the convexity and ®(0) = 0 it follows that any Young function is increasing. If
there exists s € (0,00) such that ®(s) = oo, then ®(r) = oo for r > s. The set of Young
functions such that

0<®(r)<oo for 0<r<oo

will be denoted by Y. If & € ), then & is absolutely continuous on every closed interval
in [0, 00) and bijective from [0, c0) to itself.
For a Young function ® and 0 < s < o0, let

d(s) = inf{r >0: ®(r) > s}.
If ® € Y, then &' is the usual inverse function of ®. We note that
O (r) <r <O HP(r)) for 0<r < oo
It is well known that
r< & Hr)d 1 (r) < 2r for r > 0, (8)
where ®(r) is defined by

5(7“) _ { sup{rs — ®(s): s € [0,00)} , 7 €[0,00)

00 , T =00.
A Young function @ is said to satisfy the As-condition, denoted also as ® € Ao, if
®(2r) < k®(r) for r > 0
for some k£ > 1. If & € Ay, then ® € ). A Young function @ is said to satisfy the
Vo-condition, denoted also by ® € Vo, if

1
< — >
D(r) < 2k<I>(kr), r >0,

for some k > 1.
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Definition 6. (Orlicz space). For a Young function ®, the set

L?R?Y) = {f € L (RY) : / O(k|f(x)|)dx < oo for some k > 0 }
R

n
is called Orlicz space. If ®(r) = 1P, 1 < p < oo, then L*(R}) = LP(R%}). If ®(r) =
0,(0<r<1) and ®(r) = oo, (r > 1), then L*(R?) = L>®°(R%). The space L _(R7) is

loc

defined as the set of all functions f such that fx, € L‘D(Rﬁ) for all balls B C R’}

L*(R7) is a Banach space with respect to the norm

”fHL‘P(]Ri) = inf{A >0: /n @(W)dm < 1}.

/ @<M>dm <1. 9)
R
The weak Orlicz space

WLP(RY) = {f € L},.(R}) : HfHWL‘I’(RT}r) < 400}

We note that

£l @n)

n
+

is defined by the norm
| fllw e @) = inf{)\ >0 : supq)(t)m(i, t) < 1}.
+ t>0 A
Lemma 7. ([22], Lemma 1.53.2) Let ® € Ay. Then there exist p > 1 and b > 1 such that

D(ts) _ b(t)
ty =

for 0 <ty < to.

Lemma 8. ([33], Proposition 62.20) Let ® be a Young function with canonical represen-
tation

t
<I>(t):/ o(s)ds, >0,
0
(1) Assume that ® € Ag. More precisely ®(2t) < AD(t) for some A > 2. If p >

1+ logy A, then
/ o) s < 28 oy
t

sP ~o

(2) Assume that ® € Vy. Then

t
/So(s)dsqu)(t), t>0.
0 S t



68 A. Eroglu, V.S. Guliyev, M.N. Omarova
The following lemmas are valid.

Lemma 9. [2, 2] Let ® be a Young function and B a set in RY with finite Lebesgue

measure. Then !

HXBHWL‘P(R"JQ = HXBHL@(Ri) = W

Lemma 10. For a Young function ® and all balls B in R" | the following inequality is
valid

1 ersy < 21BI1@7H (1BI7Y) 1/ 2o (m)-

2.2. Generalized Orlicz-Morrey Space

Various versions of generalized Orlicz-Morrey spaces were introduced in [28], [34] and
[6]. We used the definition of [6] which runs as follows.

We now define generalized Orlicz-Morrey spaces of the third kind. The generalized
Orlicz-Morrey space M®?(R™) of the third kind is defined as the set of all measurable
functions f for which the norm

1 1 ( 1 >
omrry= sup ——P _— o
Whivowny = 2Py Gen® \Bren) Ve en
is finite, where BY(z,r) = B(z,r) NR%. Also by WM®?(R") we denote the weak gener-
alized Orlicz-Morrey space of the third kind of all functions f € WL? (R%) for which

loc

Ifllwrreo®n) = sup o(z,r) 1N (|IBT (z,r)|7) | fllw e B+ (zm) < 00
mGR’}r,r>0

where W L®(B*(z,7)) denotes the weak L®-space of measurable functions f for which
I llwre s+ @) = 1 X e lWLe@n)-

Note that M®¢(R") covers many classical function spaces.

Example 11. Let 1 < ¢ < p < 00 and ® € Ay N Va. From the following special cases,
we see that our results will cover the Lebesgue space LP(R"), the classical Morrey space
ME(R%), the generalized Morrey space M®P(R™) and the Orlicz space L®(R™) with norm
cotncidence:

1. If &(t) =tP and ¢(t) =t b, then M®?(R?) = LP(R) with norm equivalence.

2. If ®(t) =t and ¢(t) = t7v, then M®?(R™), which is denoted by MY (R™), is the
classical Morrey space.
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8. If®(t) = tP, then MEP(R™) = MP?(R") is the generalized Morrey space which was
discussed in [10, 25, 27].

4. If o(t) = @71 (t™™), then M®?(R"™) = L®(R%), which is beyond the reach of gener-
alized Orlicz-Morrey spaces of the second kind defined in [9] according to an example
constructed in [34].

Other definitions of generalized Orlicz-Morrey spaces can be found in [28, 29, 30, 9].
Therefore, our definition of generalized Orlicz-Morrey spaces here is named “third kind”.
o (B )
&1 (|B(a,r)| "
generalized Orlicz-Morrey space M®#(R"). We refer to [7, Lemmas 2.8 and 2.9] for more
information about Orlicz-Morrey spaces.

In the case p(z,r) =

) , we get the Orlicz-Morrey space M®*(R") from

Lemma 12. [7, Lemma 2.12] Let ® be a Young function and ¢ be a positive measurable
function on R™ x (0, 00).

(1) If

@—1 —1
wp 20B@ I
t<r<oo So(xa T)

=00 for somet >0 and for all x € R", (10)

then M®¥(R") = O.
(i) If ® € A’ and

sup @(z,7)" =00  for some T >0 and for all x € R", (11)
o<r<r

then M®#(R") = O.

Remark 13. Let ® be a Young function. We denote by Qo the sets of all positive mea-
surable functions ¢ on R™ x (0,00) such that for all t > 0,

o Y(|B -1
sup (1B, 7)] )H < o,
zERN o(x,r) Lo (¢,00)
and
-1
sup ||¢(x,r H < 00,
rER™ ( ) Loo(()’t)

respectively. In what follows, keeping in mind Lemma 12, we always assume that ¢ € Qg
and ® € A’.

The following lemma plays a key role in our main results.
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Lemma 14. Let B := B (z,70) be a ball in R:. If o € G, then there exists C > 0

such that
1 C

S X + P, n é .
ooy = g laree ey < Za

Proof. Let Bt = B*(z,r) denote an arbitrary ball in R’.. By the definition and
Lemma 9, it is easy to see that

1
g1/ -1
Xt pree = sup r) & (|B

1 1
—15—-1 +|-1 _
> (o) O B ) G g

Now if r < rg, then ¢(ro) < Co(r) and

“lo-t(Bt|! < .
SD(T) (’ | )HXBSFHL‘I)(B+) = QO(’I") SO(TO)

On the other hand, if » > rg, then ¢(ro) < qulvﬁ(?“) ; and

S (B (1571
o) B (B ) st o) < —
0 @(r0)

This completes the proof.«

3. Nonsingular integral operators in the Orlicz space L*(R")

The following theorem was proved in [5].

Theorem 15. Let 1 < p < oo and f € LP(R"}). Then there exists a constant C), indepen-
dent of f, such that

”TfHLP(Ri) < Cp||f||Lp(R1)7 I<p<o
and N
ITfllw iy < Cullfllorge)-

Theorem 16. Let ® be a Young function and T be a nonsingular integral operator, defined
by (2). If ® € Ay Va, then the operator T is bounded on L*(R™) and if ® € Ao, then
the operator T is bounded from L*(R) to WL®(R?).
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Proof. First, let’s prove that for ® € Ay the nonsingular integral operator T is bounded
from L®(R7) to WL*(R?).
We take f € L®(R'}) satisfying || f|| e = 1. Fix A > 0 and define f1 = x{jf>} - f and
fg = X{|fI<A} f Then f = f1 + fQ. We have
n T n T A n T A
{z e RL:|Tf(2)| > M| < {z e Ry« [Thi)| > S+ [{z e R 1 |Th(z)| > T}
and
SN {z € RY : |Tf(z)] > A}

n Cal A n Cal A
< |®(\){z € RY : |Tfi(z)| > 5}] + ®(N)[{z € R} : |Tfao(z)| > 5}]
We know that from the weak (1,1) boundedness and L?, p € (1, 00) boundedness of T

_ 1
no. |7 . A< = d
{z € R+ [T(xqpsay - F@)] > A} S )‘/{xeRiz|f(x)>)\}‘f(x)‘ x

and
- 1
(e e R [TOxnen  N@] >N S 5 [ f(@)Pda.
| T T O 10 > M55 e )

Since f; € WLY(R) and w is increasing, we have

()| {x € B : [T > 3} S ‘I’(AA)/R i)l

B(n) o(1f(2))
A /{xeR1:|f<x>|>A} @l

By Lemma 7 and fy € LP(R") we have

- (@) lde < / (@)

RY

7 = / (| ()]

+

o) [{z € RY : |Tfo()] > %}| < (I))(\;‘) /Rn | fo(2)[Pda
o0 . @D, .
=22 /{ L i M@ / , 2D

Thus we get

e e R : [Tf(2)| > A}| < (I)(A)/Rn (| f(z)|)dz < (o)
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72
Since || - || norm is homogeneous, this inequality is true for every f € L®(R7).

Now let’s prove that for ® € Ay () Va the nonsingular integral operator T is bounded

in L (R").
Using the distribution functions, we have

i [ (%) e e Ry IT @] > Mo

Tf ()l _
/Riq)< A )dx_A A
2 [ [2A .
_A/ ¢<A>|{xeR+:\Tf(x)\>2)\}\d/\.

The following inequality is valid:
[{z € R : [Tf(z)| > 20} < [{z € RY : [Txgpsay - £)| > A
+{z e RY : [T(xqr1<0y - /(@) > A}

Let p > 1 be sufficiently large. By the weak (1,1) boundedness and LP-boundedness of T
(see Theorem 15) we have

~ 1
R" :|T . A < = d
{z e RY [T (xq 01 - F)@)] > A} S )‘/{xeRi:If(a:)M}‘f(x)‘ T

|f (@) [Pda.

and 1
‘{xeR":lf(X FI<A f)(a:)‘>)\}‘§/
+ {I71=A} AP Jwern | £ (@) <A}

The same calculation as we used for the maximal operator works for the first term to

obtain
i [e (B e r s Topen - D@l > s [ o (V) a2

As for the second term, a similar computation still works, but we use the fact that ® € A,

1 /OOSO <2x\> Hx S Rﬁ_ : ‘T(X{If\g)\}'f)(ﬂf)’ > )‘Hd)‘

A A
d\

L[ 2)\) /
< - P s
S ¥ |f(@)[Pdz
Ao <A ( {w€R 1S (2) <} AP

= el (/OO 0 (2:) ;“) dr.

f@)
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Using Lemma 8 (1), we have

i/ooo 4 <2/;\> {z € R [T(xqigny - H@)] > A}|dA

< /Ri o <2lfA(x)!> do < /Ri o (c\f/(\x)]) . 13

Thus, putting together (12) and (13), we obtain

/Rn P ('TfA(x”) dz < /Rn P (CO’{\(”””) da.

Again we shall label the constant we want to distinguish from other less important con-
stants. As before, if we set A = ca|| f|| L2 (R]), then we obtain

Tf ()]
/Ri P (A) dr < 1.

Hence the operator norm of T is less than co.4

4. Nonsingular integral operators in the space M**¥(R")

We will use the following statement on the boundedness of the weighted Hardy operator

[ee)
Hg(t) := / g(s)w(s)ds, 0<t< oo,
t
where w is a weight.
The following theorem was proved in [11, 13] and in the case w =1 in [3].

Theorem 17. Let v1, vy and w be weights on (0,00) and v1(t) be bounded outside a
neighborhood of the origin. The inequality

Sup v2(t)Hyg(t) < C Sup vy (t)g(t) (14)

holds for some C' > 0 for all non-negative and non-decreasing g on (0,00) if and only if

B :=supwva(t) /too w(s)ds < 0. (15)

t>0 SUPs<r<o0 Ul(T)

Moreover, the value C' = B is the best constant for (14).
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Remark 18. In (14) and (15) it is assumed that == =0 and 0 - oo = 0.

For any z € R define # = (2, —z,,) and recall that 2° = (2/,0). Also define B} =
Bt (2% r) = B(2%r) NRE, 2B} = BT (20, 2r).

Lemma 19. Let ® be any Young function and f € LE _(R™) be such that

S e di
| I lrmr e @7 ) F <0 (16)
Z) If® € AQﬂVg, then
-~ C o0 —1 -n dt
T fllze B+ (20,r)) < <I>_1(7‘_")/2,, £l o B+ (20,) @ (¢ )7- (17)
1) If @ € Ay, then
1T fllwres @0 < i) /zr 1Fl o B+ (20,0) @ (£77) FE (18)

where the constants are independent of z°, r and f.

Proof. i) Denote B = B*(2%,r), B = B*(2%,t) and for any f € LT (R") write
f = fi+ fo with f1 = fXgB;r and fy = fx(%‘mc Because of the ®-boundedness of the

operator T’ (see Theorem 16) and f; € L®(R7), we have

ITfill e sy < WTHillze@n) < ClAllLa@n) = Cllf o osr)-

It is easy to see that for arbitrary points x € B, and y € (2B;")¢ it holds

3
Slz® —yl. (19)

1 .
*\wo—ylﬁ\w—yISQ

2

Applying the Fubini theorem to T fa, we get

\w - y\”
<c 'f <C / W)ldy / T
= Jastye 20—y y|" ja0—y] 11

!f(y)!dy> %-

= C/:O </2r<|930—y|<t ’f(y”dy) % : C/:o </B+

t
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Applying the Holder’s inequality (see, Lemma 10), we get

- \|f\|m3t+)él(,;ﬂl)tffl (20)
~ [ Ul G
Direct calculations give
ITfoll o gty < Cq)l(lrn) /200 ||fHL¢(Bt+)q>_1(t_”)% (21)

and the last estimate holds for all f € L?(R") satisfying (16). Thus

~ 1 = o dt
HTfIIL<1><Bi>§C<||f||L¢<2B¢>+W/% 1l sy @ (8 )t>' (22)
On the other hand,
c o gt
1 fllLe @B,y = ey | flle 28, /2r (¢ )7
< o1 /27» £l oy @7 (2 )7 (23)

which unified with (22) gives (17). N
ii) Let now f € L®(R"). Then the weak (®, ®)-boundedness of T (see Theorem 16)
implies B B
1Ty po sy < 1T filhwre s < Ol o = I o
The estimate (18) follows by (21).«

For proving our main results, we need the following estimate.
Lemma 20. If By := B (z¢,70), then C < TXB(T (z) for every x € By .

Proof. If x,y € Bar, then | —y| < | —xo| + |y — xo| < 2r¢. We get Cry™ < |2 —y|™"™.
Therefore

Txgi () = | xpr(y)|7 —y| "dy = |z —y| "y > Cry"|Bf | = C.
0 Rn 0 BT

0
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Theorem 21. Let ® be any Young function, and @1, 02 : R x Ry — Ry be measurable
functions satisfying (1).
i) If ® € Ay Va, then it is bounded from M*%1(R%) to M*¥2(R%) and

Hva”M‘I’v‘%(Rj_) < Ol fllarwer ) (24)

ii) If ® € Ay, then it is bounded from M®*1(R") to WM®#2(R) and

HTfHM‘I”M(]Ri) < CHfHWM‘I)v‘Pl(]Ri)
with constants independent of f.
Proof. Let T be bounded in L® (R%). Then by Lemma 19 we have
T 0 ,\—1 > —1(4—n dt
T fllpree2@ny < C sup @a(z”, 1) 1l o5+ (z0,0) @ (E7") —
+ z0,7>0 r 3
Applying Theorem 17 to the above integral with

w(r) =& (r), va(a®,r) = pa(a® 1) w2 ) = (@ )T (r ),

o0
9@ r) = | fllposr@omy,  Hug(a®r) = / [ £l o B+ (0,0 w(t)dt,
T
where the condition (15) is equivalent to (1), we get

HTfHM‘P*“"?(Ri) < Czeﬁ}f%o p1(2% ) LT T) [ fll Lo s+ 0 r)) = CllFllpseer gr)-

The case p = 1 is treated in the same manner making use of (18) and (15):

~ B 00 L dt
HTf”WMlv% (R7) <C sup @2(3707T) 1/ ||f||L‘I>(B+(mO,t)) d l(t n) 7
zOGRi,r>O r

=C sup()@l(xoﬂ")_l O (r ™) If 1l Lo 5+ 200 = Cllf | areer g
v, r>

Proof of Theorem 1. The first part of the theorem follows from Lemma 19 and
Theorem 21. We shall now prove the second part. Let By = B (xg,79) and x € By . It is
easy to see that TXBO* (x) =1 for every z € Bar . Therefore, by Lemmas 9 and 20

1= @~ (wBF) ™ I Txsll e sy < 02BN T Xt asees
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p2(By)
e1(By)

< Coa(B) gt larmon < C

Since this is true for every B, we are done.
The third statement of the theorem follows from the other statements of the theorem.«

5. Commutators of nonsingular integrals in the space M**(R")

For a function b € BMO define the commutator [b, T] = T[b, f] = bT f — T(bf). Our
aim is to show the boundedness of [b,T] in M®*#(R"). For this goal we recall some well
known properties of the BM O functions.

Lemma 22. (John-Nirenberg lemma, [19]) Let b € BMO and p € (1,00). Then for any
ball B there holds

<‘llg‘/8|b(y) - belpdy>‘7 < C(p)||b]|. (25)

Definition 23. A Young function ® is said to be of upper type p (resp. lower type p) for
some p € [0,00), if there exists a positive constant C' such that, for all t € [1,00)(resp.
t €1[0,1]) and s € [0, 0),

O(st) < CtPD(s).
Remark 24. We know that if © is lower type pg and upper type p1 with 1 < pg < p1 < 00,

then ® € Ay N Vy. Conversely if ® € Ay NV, then ® is lower type py and upper type p1
with 1 < pg < p1 < oo (see [22]).

Before proving the main theorems, we need the following lemma.

Lemma 25. [20] Let b € BMO(R™). Then there is a constant C > 0 such that
t
lbg, — bg,| < C||bll«In— for 0<2r<t,
T

where C is independent of b, x, r, and t.

In the following lemma which was proved in [15] we provide a generalization of the
property (25) from LP-norms to Orlicz norms.

Lemma 26. Let b € BMO and ® be a Young function. Let ® be lower type pg and upper
type p1 with 1 < pg < p1 < oo. Then

b~ sup ®7 () [o()

z€R™,r>0 B bB(x,T) HL‘b(B(x,r)) ‘
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Remark 27. Note that, the Lemma 26 for the variable exponent Lebesgue space LrO) case
was proved in [21].
Definition 28. Let ® be a Young function. Define
t®'(t to'(t
( ), by := sup ( )
te(0,00) ‘I)(t)

Remark 29. It is known that ® € Ay NV if and only if 1 < by < by < oo (See, for
example, [23]).

by := inf
T 000) B(t)

Remark 30. Remark 29 and Remark 24 show us that a Young function ® is lower type
po and upper type p1 with 1 < pg < p1 < oo if and only if 1 < b < by < 0.

To estimate the commutator, we use the same idea which we used in the proof of
Lemma 19.

Lemma 31. Let ® be a Young function with ® € Ay N Va and b € BMO(RY). Suppose
that for all f € LY (R%) and r > 0 it holds

0 ¢ Lt
/1 (1 +In ;) £l o (s 20,01y @ (E )7 < o0. (26)
Then

dt

C||b °
116, T1f Nl o 5y < H(TH)/Q ( +In— )||fHL<I> B0 @) — -

r

Proof. Decompose f as f = fX23+ + fx 2B = = f1 + fo. From the boundedness of
[b,T] in L®(R7) it follows that

18, TVl osty < 1B T Aillno ey < Bl Al = ClOlL 1] ooss

On the other hand, because of (19) we can write

1

16,7152l sy < € ( L ( /23+ el y) d:v) "
1) Y
=¢ </B+ </2B+ —y|" dy) dx)
—bg+||f( NN
C (/B+ </ZB+ — y’n dy) d.’IJ) =1L+ Is.

_l’_
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We estimate I; as follows:

L <C—F———

- (o) ~ b 1)
o1 (r) Jast)e |20 —y["
1 & dt
Ca17) g, P~ P 150 /.xoy.tnﬂdy

1 / dt

) = b || ()| dy ——

Q) 1(T n 2r 2r<|m0—y|<t Br H ( )| tntl
1

dt
< O / ) = b I Wy o

dy

Applying Holder’s inequality, Lemma 22 and (25), we get
1 dt
< _ ki
<0Gy L0 b 1wl s
1

q) 1(r n) /27» b +_bBJf|/ tn-‘rl)

1 dt

= C(@lr") /27~ ‘b(') ~bs; L¥(B}) IFllze ) ot
1 e _o\dt

- m /2r ‘bB,.* - ijH‘fHL@(Bj) o (t ) P )

1 dt

<l gy / (1410 ) 1oy @ ) T

In order to estimate Is, note that

/()]

LB Jopte |20 — y|"

I = Hb(-) -

By Lemma 22 and (21) we get

e QWL
51 Jose e 20— oF
clpl. [ i
S g Jy Mo * 0005

Summing up I; and Iy we get that for all p € (1, 0)

~ C_llb
1161 ol ) < )

r

L[ t .
q)_l(T_n)/z (1 ) ey 27 () T

79
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Finally,

N Clbll. [ ¢ L dt
u[b,T]f\mw)s0||bu*uf||m(23;>+¢_l'(r”_n) [ (w2 M S

2r

and the statement follows by (23).«

Theorem 32. Let ® be a Young function with ® € Ao NVa, b€ BMO(RY) and o1, 92 :

R? x Ry — Ry be measurable functions satisfying (6). Then [b,f] is bounded from
M®#1(RY) to MP#2(R%) and

10, TV f llag.e2 ) < Clbl 1 llagn ) (27)
with a constant independent of f.

The statement of the theorem follows by Lemma 31 and Theorem 17 in the same
manner as in the proof of Theorem 21.

Lemma 33. Ifb e L] _(R?) and By := BT (20, 70), then
|b(x) — bgar| < C|b,f‘x8$ (z)
for every x € By, where bBO+ = @ fBO+ b(y)dy.

Proof. If z,y € By, then |z —y| < |z — x| + |y — 20| < 2ro. We get Cry" < |z —y|™".
Therefore

Tl (@) = [ 1) = b)lle =i "dy = O™ [ 1bla) = b}l

0 0

>Cry" :C|b(x)—l)65r|.

[ (bla) = by
BO

Proof of Theorem 3.

The first part of the theorem follows from Lemma 19 and Theorem 21.

We shall now prove the second part. Let Bi = B¥(xg,7) and = € Bar . By Lemma 33
we have |b(x) — b38L| < C’|b,T|XBSr (). Therefore, by Lemma 26 and Lemma 14

H’b7T|XB+HL\IJ(B+) C .
= 000 < —|IIb, Tlxg o sy (1B
160) = by o sgy — [0l g ey (1B
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®2(r0)
¢1(r0)

C -
< W¢2(T0)|H57T|X83”M‘I’M < 0902(7“0)”X53r||M®m <C
*

Since this is true for every ro > 0, we are done.

D |

The third statement of the theorem follows from first and second parts of the theorem.
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