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Rough Fractional Multilinear Integral Operators on Gene-
ralized Weighted Morrey Spaces

A. Akbulut*, V.H. Hamzayev, Z.V. Safarov

Abstract. In this paper, we study the boundedness of fractional multilinear integral operators
with rough kernels T{? " on the generalized weighted Morrey spaces M, ,(w). We find the sufficient
conditions on the pair (1, o) with w € Ap(R™) which ensures the boundedness of the operators
T{;T from M, ,, (w) to My, o, (w) for 1 < p < co. In all cases the conditions for the boundedness

of the operator T, 6‘7 " is given in terms of Zygmund-type integral inequalities on (¢1,p2) and w,
which do not assume any assumption on monotonicity of ¢1(z,7), @2(x,r) in r.
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weighted Morrey space.
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1. Introduction and results

The classical Morrey spaces were originally introduced by Morrey in [20] to study the lo-
cal behavior of solutions to second order elliptic partial differential equations. For the prop-
erties and applications of classical Morrey spaces, we refer the readers to [7, 8, 11, 20, 23].
Mizuhara [19] introduced generalized Morrey spaces. Later, Guliyev [11] defined the gen-
eralized Morrey spaces M, , with normalized norm. Recently, Komori and Shirai [18]
considered the weighted Morrey spaces LP*(w) and studied the boundedness of some clas-
sical operators such as the Hardy-Littlewood maximal operator, the Calderén-Zygmund
operator on these spaces. Guliyev [12] gave a concept of generalized weighted Morrey
space M, ,(w) which could be viewed as extension of both generalized Morrey space M,
and weighted Morrey space LP*(w). In [12] Guliyev also studied the boundedness of the
classical operators and its commutators in the spaces M, ,(w) (see also Guliyev et al.
[15, 16, 17]).

Suppose that Q € Ls(S*!) (s > 1) is homogeneous of degree zero on R" with zero
means value on S"71, A is a function defined on R™. Following [3], the rough fractional
multilinear integral operator Té’ ™. is defined by

TN = [ R 0t - )Wy )
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where 0 < o < n, and R,,(A;x,y) is the m-th remainder of Taylor series of A at x about
y. More precisely
1

DYA@) (@ - y)". (2)

Ry (A;z,y) = Az) — ) ~

[vl<m

When m = 1, then Téa = Té’; is just the commutator of the fractional integral T o f(x)
with a function A:

Tha)w) = [ TR

rn |7 —y[rm

(A(x) — A(y)) f(y)dy.

The weighted (L,, Ly)-boundedness of such a commutator is given by Ding and Lu in [4].
When m > 2, T, 6‘7 ., 1s a non-trivial generalization of the above commutator. Wu and Yang
in [27] proved the following results.

Theorem 1. Letm > 2, 0<a<n, 1 <s <p<n/aandl/q=1/p— a/n. Suppose
that Q € Ly(S*1), w® € A(p/s',q/s') and A has derivatives of order m—1 in BMO(R").
Then there exists a constant C, independent of A and f, such that

Am
ITow Ly ey <C D DAl fllL, 0 - (3)

Iy|=m—1

Here, and in the sequel, we always denote by p’ the conjugate index of any p > 1, that
is1/p+1/p' =1, and by C a constant which is independent of the main parameters and
may vary from line to line.

We define the generalized weighted Morrey spaces as follows.

Definition 1. Let 1 < p < oo, ¢ be a positive measurable function on R™ x (0,00) and
w be non-negative measurable function on R™. We denote by M, (w) the generalized
weighted Morrey space, i.e. the space of all functions f € L;,%(R”) with finite norm

_1
12ty oy = sup @l )" w(B(@,m) "% || fllLyw(Bar):
zeR™,r>0

where Ly, ,(B(x,r)) denotes the weighted Ly-space of measurable functions f for which

p

1Ly wB@r) = 1 X | Lpw®e) = (/B |f(y)|pw(y)dy> ,

(zr)

and x5 denotes the characteristic function of f in the set of B.
Furthermore, by WM, ,(w) we denote the weak generalized weighted Morrey space of
all functions f € WL;D‘?ZJ(R") for which

_1
1 fllw sz, (w) = Sw oz, 7)  w(B(@,m) "7 | flweywBer) < o0
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where W Ly, ,(B(z,1)) denotes the weak Ly, .,-space of measurable functions f for which

P
1AW Ly By = 1 X000 WLy o (me) = SUDE (/ w(y)dy> .
>0 {yeB(z,r): |f(y)|>t}

The commutators are useful in many nondivergence elliptic equations with discontin-
uous coefficients, [5, 6, 7, 13, 14]. In the recent development of commutators, Pérez and
Trujillo-Gonzalez [24] generalized the multilinear commutators and proved the weighted
Lebesgue estimates. Moreover, they showed that some classical integral operators and
corresponding commutators are bounded in weighted Morrey spaces. Ye and Zhu in
[26] obtained the boundedness of the multilinear commutators in weighted Morrey spaces
Ly .(w) for 1 < p < oo and 0 < k < 1, where the symbol gbelongs to bounded mean
oscillation (BMO)"™. Furthermore, they established the weighted weak type estimate for
these operators in weighted Morrey spaces of Ly, ,(w) for p=1and 0 < k < 1.

It has been proved by many authors that most of the operators which are bounded
on a weighted Lebesgue space are also bounded in an appropriate weighted Morrey space
(see [2, 25]). As far as we know, there is no research regarding boundedness of the frac-
tional multilinear integral operator on Morrey space. In this paper, we are going to prove
that these results are valid for the rough fractional multilinear integral operator Tf?, o On
generalized weighted Morrey space. Our main results can be formulated as follows.

Theorem 2. Let 0 < a<n, 1 < s <p<nf/aand1/q=1/p— a/n. Suppose that
Qe LS ), w' e Az g, and (p1,p2) satisfies the condition
ess inf o1 (z,7)(w?(B(z, 7)))?

/’“ OO (e ;> o (wi(B(z, 1)) : % < Copala,m), (4)

where Cy does not depend on x and r. If A has derivatives of order m — 1 in BMO(R"™),
then the operator Té’(;n is bounded from My, (WP) to My e, (w?). Moreover, there is a
constant C > 0 independent of f such that

Am
NTom sty pywn) S C D IDVANf gy, o0

ly|=m—1
In the case w = 1 we get the following corollary proved in [1].

Corollary 1. [1] Let 0 < a<n, 1 < s <p<n/a and 1/¢=1/p — a/n. Suppose that
Q€ Lg(S"Y), and (¢1,p2) satisfies the condition

1—|—1H;) - SC()(,OQ(.T,?"), (5)

/oo( py s infoi(z,m)Te g
. ta t

where Cy does not depend on x and r. If A has derivatives of order m — 1 in BMO(R™),
then the operator T{?’;n is bounded from My ,, (R™) to My ,,(R™). Moreover, there is a
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constant C > 0 independent of f such that

T FlMtyy <C D DT Al 10ty -

|v[=m—1

2. Some preliminaries

We begin with some properties of A, weights which play a great role in the proofs of
our main results.

A weight w is a nonnegative, locally integrable function on R™. Let B = B(xo,7B)
denote the ball with the center g and radius rg. For a given weight function w and a
measurable set E, we also denote the Lebesgue measure of E by |E| and set weighted
measure w( = [pw pw(x)dr. For any given weight function w on R", Qp C R™ and
0<p< oo, denote by p,w(QO) the space of all functions f satisfying

1l = ( /
Qo

A weight w is said to belong to A, for 1 < p < oo, if there exists a constant

(o) G fror =) 2

where s’ is the dual of s, such that % + é = 1. The class A; is defined by

f(m)|pw(x)dx) ’ < 0.

Bl / y)dy < C -essinfw(x) for every ball B C R". (7)

zeB

A weight w is said to belong to Ay, (R™) if there are positive numbers C' and 0 such that

for all balls B and all measurable £ C B. It is well known that

The classical A, weight theory was first introduced by Muckenhoupt in the study of
weighted L,-boundedness of Hardy-Littlewood maximal function in [21].

We also need another weight class A, , introduced by Muckenhoupt and Wheeden in
[22] to study the weighted boundedness of fractional integral operators.

Given 1 < p < g < oo, we will say that w € A, , if there exists a constant C' such that
for every ball B C R", the inequality

1 1/19 1/q
(a1 f, 0 7a0) " (g f ) < i
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holds when 1 < p < oo, and for every ball B C R™ the inequality
|B\ / qdy < Ceiseglfw(x), 9)

holds when p = 1.
By (8), we have

([ wtoras)"" ([ wtwran)™ < cipprme (10)

We summarize some properties about weights A, , (see [9, 22]).

Lemma 1. Given 1 < p < g < oo, we have.
(i) w€ Apgq if and only if Wi € Ay gy ;
(i) w € Apq if and only if w? e Ay /g5
(13i) w e App if and only if wP € Ay;
(iV) If p1 < p2 and g2 > qu1, then Ap, ¢, C Ap, go-

In this paper, we need the following statement on the boundedness of the Hardy type
operator

(H1g)(t) := 1/(: In (e + ;) g(r)du(r), 0 <t < oo,

where 1 is a non-negative Borel measure on (0, 00).
The following lemma was proved in [12].

Lemma 2. Let b be a function in BMO(R™). Let also1 <p < oo, x € R", and ri,r9 > 0.

Then )
1/ () — bony Py | < C 14 m ) o
|B(z,71)| JB(2,r1) Y Blar) P | = 1 ro "

where C' > 0 is independent of f, x, r1 and ro.
The following lemma was proved by Guliyev in [12].

Lemma 3 ([12]). i) Let w € As and b be a function in BMO(R™). Let also 1 < p < oo,
z € R", and r1,72 > 0. Then

1 . 1
- _ P reo (14 |m ™ \
Gaery [ 10 - teemaPema)” <c (14w} p.,

B(z,r1)

where C' > 0 is independent of f, x, r1 and ra.
ii) Let w € A, and b be a function in BMO(R"™). Let also 1 < p < oo, x € R", and
r1,79 > 0. Then
1

1 / ’ T
_ P 1-p P 1
(omam) [ 1) = byl ) ) _C(H\lnm\) (L

B(z,r1)

where C' > 0 is independent of f, x, r1 and ro.
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Below we present some conclusions about R,,(A4;x,y).

Lemma 4 ([22]). Suppose b is a function on R™ with the m-th derivatives in Lq(R™),
q>n. Then

|Rin (b2, 9)| < Clz —y|™ >

[v|=m

X 1/q
D7b(z)|dz .
(B(:c, 5v/nlz — yl) /B@,wm—yn | ) >

The following property is valid.

Lemma 5. Let x € B(zo,7), y € B(xo, 2/ )\ B(z0,2/r). Assume that A has derivatives
of order m—1 in BMO(R™). Then there ezists a constant C, independent of A, such that

<Cle—y[™ " 7 Y. DA+ D [D7A(y) — (D A)paeml |- (11)

[v[=m—1 Iy|=m—1
Proof. For fixed z € R", let

1
Alw) = A@) = D> (DA psyie—y-

l=m-1 "

Then
|R (A5 2,y)| = |Rm(A; 2,y)| <

S Rna Gzt Y (DAl -y (12
lv|=m—1

From Lemma 4 we have

R (A;,y)] < Cle —y[™™1 Y DAL (13)

[v[=m—1
If x € B(xo,7), y € B(zo,2 ")\ B(x0,2’r), then 2/~ < |z — y| < 2727, Thus, we have
B(zo,27'r) € B(z,5v/n|z — y|) € 100y/nB(x, 27).
Then

|100v/n B (z0, 277)| - 1100/nB(z0, 2/7)| <0
|B(z,5v/nlz —y|)| = [B(zo, 27 r)]  —

Hence

(D7 A) p(a5mja—y)) — (DTA)Bag,2im | <
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e
< DVA(y) — (DY A) p(agzim|dy <
|B(z,5v/n|z —y|)| B(:B,5\/ﬁ|;r—y|)‘ W) = (D A)p(ao.2om)|

1
< [100v/nB (w0, 277)| J100 ym 5w .2im) IDVA(y) — (DVA) g(ag 20 |dy <
< C||D7 All..
Note that
|(D’YA)B(Q:0 2ir) — (DY A) By, | <
j
< Y ID7A) (g 2t = (D7 A) pag 117 <
< ;"jHD”AH*.
Then

| ) B(z,5/n|z— y\)_(DPYA) a:or)‘ <

(D7
< ’( ) B(z,5y/n|lc—y|) — (D A) xo,2jr)| + ‘(D’YA)B(Io,ZjT‘) - (DFVA)B(xo,r)’ <
< ¢, Al

Thus

|D7A(y)| = |DYA(y) — (D" A) p(a syl | <
< [DYA(y) = (DVA) B(ag,n| + (DY A) a5 mfe—yl) = (D7 A) Blaon| <
< [D7A(y) = (D7 A) p(ao,m| + Cill DT Al (14)

Combining (12), (13) and (14), we get the validity of (11).

3. A local weighted estimates

In the following theorem we get the local weighted estimate (see, for example, [10, 11]
in the case w =1, m =1 and [12] in the case w € A,, m = 1) for the operator Té’ocn

Theorem 3. Let 1 < s’ < p <n/a and 1/q=1/p — a/n. Suppose that w® € Ar g and
A has derivatives of order m — 1 in BMO(R™). Then for any r > 0 there is a constant C
independent of f such that

TS Ly e (Bloor)) < (15)

1 [® 1dt
<C Y DAL Blan ) [ 1 ey @Bl )

Iy|=m—1 2
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Proof. We write f as f = f1 + fo, where fi(y) = f(y)XB(
characteristic function of B(xg, 2r). Then

wg,2r) (1) XB(x0,2r) denotes the

m Am Am
||T§1,’a (PN Ly waB@or) < 1Tom (fllLy, waB@or) T 1Tom (f2)lL, wa(Bor):

Since f1 € Ly .»(R™), by the boundedness of Té o from Ly 0 (R™) to Lgwa(R™) (Theorem
1) we get
Am Am
||TQ,a (fl)”Lq,wq(B(xo,r)) < ||TQ7Q (fl)HLq’wq(R") <

<C Y DAL, @ =

[y|=m—1

=C Z ||D7A||*HfHprp(B(xo,Zr))'

Iy|=m—1

Note that ¢ > p > 1 and ﬁ > 1, then by Holder’s inequality

S
p—s’

s (o w(y)?dy)’l’ (/. w<y>—p’dy)”l' <

’
p

< (; / w(y)ffdy)‘l’ (,; / w(y)‘f"?dy) "

n 1 _
ro T < (WI(B(wo, ) lw M| vy
Lr=s"(B(wo,r))

This means

Then
I £l zr (wr,B(zo,2r)) < C“’aHfHLp,wp(B(zo,zr))/z v <

Lo _ o a—n_
< CW(Bao, ) w | v / 1z, (et 5L dt <
Lr=5" (B(xzo,r)) J2r

Q=

< C(w!(B(xo,1))) / 1l mseoylw™ wn o

2r Lr=5" (B(zo,t))

Since w® € Az o, by (10), for all 7 > 0 we get

(@!(B(xo, )l < Ord . (16)
Lr=+" (B(zo,r))

Then

Am
1700 (FOLy wa(Bor)) <
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1 _1dt
<C ) ||D7A||*(wq(3($o,7”)))q/2 1112, o (B0t (@ (B(20, 1)) e . (A7)

ly|=m—1

Let 2\; = (B(z0,2717)) \ (B(z0,2'7)), and let 2 € B(zo,r). By Lemma 5,

T (f2) ()] <

Q(x — dyl <
/(3(36027“ lz —y |n*a+m71 (z—y)f(y)dy| <
<cz [ Bt

EETE

[v]=m—1 |v]=m—1
5 |Q (v)]
<C > HDAHZ yl”a o Ty +
lv[=m—1
C ‘Q W)l D7A D7A dy =
+ Z Z _ qn—a ’ ( ( )B(xo,r)’ Yy =
| | yl
yl=m—1j=1
=1+ I>. (18)

By Holder’s inequalities

[ et = (oo o) ([, o)™

If z € B(zo,s) and y € A;, then by direct calculation we can see that 2071 < |y — 2| <
271y Hence

1
s i 1
(/A @z — y)*dy) " < ClQ ey Blao, 27 11)| 7 (19)

We also note that if x € B(xo,r), y € B(xg,2r)¢, then |y — x| = |y — z¢|. Consequently

fw)l” e 1 / 5
— < : s g . 50
(/Ai |z — y|(n—)s y) = |B($0,2]+1T)1—a/n< e )’ ()] y) (20)

Then

1
o7

n<o Y DAl Z] et ( [ ers)” e

[v|=m—1

Since s’ < p, it follows from Holder’s inequality that

1

([ @) <Clley o™ @)
B(zo,2it1r) Lpr—=s" (B(x0,29+17))
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Then
1
L<c ID7ALL S @it / F)7dy) 7 <
vzm 1 Z ( B(z0,2711s) )
<c Y Dl Z( t? )<2f“r>“%||f||Lp,w,,<B<xo,2j+1r>>x
[v|=m—1
2i+2]
<ol . <C Y DAL Z / (1+m!
Lr—s" (B(zo,27+1r)) Iy|=m—1
<Ny Baoap 1 s, ¢ Ffldtﬁ
Lr=5" (B(zo,t))
o0 t n
<c 1D AL / L ) 1o seay o =¥y,
I”/Izm:—l 2 (1102 ) 0l Lp= (B(xo,0)

From (16) we know

n _1
lw ™ v < Cry = (w(B(zo,7))) 1. (23)
Lp—s (B(zo,m))

Then
o t _1dt
I < C/ (1 +1In *)HfHL o (B(zo,t) (W (B(20,1))) 9 —. (24)
2r r P 13
On the other hand, by Holder’s inequality and (19), (20), we have

/A‘ M‘DVA@) — (D7 A) B(go,m)ldy <

([ e ipa)} ([ A O

o — g0

IN

7 2

SN @ty </ ‘ \DWA(y)—(D”A)B(xo,r)Isl\f(y)\sldy>
B(x0,23+11")

hl=m-1i=1

s/

Applying Holder’s inequality, we get

/

(/ - DYA(y) - (D’YA)B(mg,r)|8/|f(y)|81dy> <
B($0,2J+17")

< ClIfllz, oo (Bao2+ 1) [(DYAC) = (DYA) Blag,m)w () T o o
Lr—s" (B(z,29%1r))

Consequently

25+2

L<c Y / (@)% | f (o (o) ¥

i+1
l=m—1j=1"2""""
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x [(DYA(:) = (DYA) pzo,m)w () et dt <
Lr=s"(B(zo,t))
<c ¥ / T
[y|=m—1
oLt

< [(DYA() = (DT A) pagm)w ()M s
LP~ (B(o.))

s
/

1+(p s")q

By w® € A» ¢ and (ii) of Lemma 1 we know w »— € A

Lemma 3 and the inequality (23) that

I(DTA() = (D7 A) pag,r) ) ()

/
p—s

"7 (B(ao, 1)) 7
<

< DA (1 +1n 5)@

= Al (1410 ) o)
Lr=s"(B(zo,r))

< DAl (141 )0 @B, 1) H.

Then
B<C Y DAL [ (140l a1 (Bl t)

[v|=m—1

Combining the estimates for I; and Is, we have

sup [T (f2)(@)] <
_1dt

z€B(zo,r)
q —

<C S0 DAl [ (110 D)1l Bl 1)

[v]l=m—1

Then we get

162" (o)l v baory) <
L1810 (B, 1)

<C Y DA (Blxo,r))

[v]=m—1

Q=

This completes the proof of Theorem 3

Then it follows from

_1dt

q —

(25)
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4. Proof of Theorem 2

Since f € My 4, (wP), then by the fact || f||zr(wr,B(xo,t)) 18 @ non-decreasing function of
t, we get

11|z, o (B(zo.)

<

1 _—

. f D B D

(0700 (Bl 7))

S oSS Sup HfHLpWJP(B(xUJ)) S
0<t<r<e0 g (xg, 7)(wWP(B(x0,T)))

oy Moy
7>0,x9ER"™ (pl(.f(,'o,T)(wp(B(xO?T)));

< N1 fllas, 4, @wr)-

B =

Since (1, ¢2) satisfies (5), we have

00 t _1
/ (1 +In ;) 1F 1, o (o) (WO (B0, 1))

1

> /1L, .» (Bo.t)) £ ¢88 inf o1 (20, ) (w?(B(20, 7)))7 1y
S/ 2 ’ : (1 +In 7> at
v ess inf 1 (zg, 7) (WP (B(x0,7)))? r t

<<

IN

' 1

o " esilrggol(xo,T)(wp(B(xo,T)))p dt

< Wl on | (14107) 55 @B
r w xo, a

< Ol fll a0, @wryP2(0, ).
Then by (]_5) we get

Am
1T o (DIt wr) <

1 1 A 1/‘1
<(C su / T5m 19 (y)d <
N e BT S T (D0}

1 °° t _1dt
<C D7A|l.  su / 1+1In- o (B(z wi(B(xp,t 1 — <
M;ln e s s | (U ) US atenn (@ (Blao )77

<C Y D AL vy g, )

[v]=m—1
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