ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/312332458

Parametric Marcinkiewicz integral operator on generalized Orlicz-Morrey
spaces

Article - January 2016

CITATIONS READS
2 106

2 authors, including:

Fatih Deringoz
Ahi Evran Universitesi

26 PUBLICATIONS 246 CITATIONS

SEE PROFILE

All content following this page was uploaded by Fatih Deringoz on 15 January 2017.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/312332458_Parametric_Marcinkiewicz_integral_operator_on_generalized_Orlicz-Morrey_spaces?enrichId=rgreq-cec6418851c7a548ce809f252c2df9cc-XXX&enrichSource=Y292ZXJQYWdlOzMxMjMzMjQ1ODtBUzo0NTA3MjA1MDA1ODg1NDdAMTQ4NDQ3MTU0OTM2Ng%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/312332458_Parametric_Marcinkiewicz_integral_operator_on_generalized_Orlicz-Morrey_spaces?enrichId=rgreq-cec6418851c7a548ce809f252c2df9cc-XXX&enrichSource=Y292ZXJQYWdlOzMxMjMzMjQ1ODtBUzo0NTA3MjA1MDA1ODg1NDdAMTQ4NDQ3MTU0OTM2Ng%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-cec6418851c7a548ce809f252c2df9cc-XXX&enrichSource=Y292ZXJQYWdlOzMxMjMzMjQ1ODtBUzo0NTA3MjA1MDA1ODg1NDdAMTQ4NDQ3MTU0OTM2Ng%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Fatih-Deringoz?enrichId=rgreq-cec6418851c7a548ce809f252c2df9cc-XXX&enrichSource=Y292ZXJQYWdlOzMxMjMzMjQ1ODtBUzo0NTA3MjA1MDA1ODg1NDdAMTQ4NDQ3MTU0OTM2Ng%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Fatih-Deringoz?enrichId=rgreq-cec6418851c7a548ce809f252c2df9cc-XXX&enrichSource=Y292ZXJQYWdlOzMxMjMzMjQ1ODtBUzo0NTA3MjA1MDA1ODg1NDdAMTQ4NDQ3MTU0OTM2Ng%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/Ahi_Evran_Ueniversitesi?enrichId=rgreq-cec6418851c7a548ce809f252c2df9cc-XXX&enrichSource=Y292ZXJQYWdlOzMxMjMzMjQ1ODtBUzo0NTA3MjA1MDA1ODg1NDdAMTQ4NDQ3MTU0OTM2Ng%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Fatih-Deringoz?enrichId=rgreq-cec6418851c7a548ce809f252c2df9cc-XXX&enrichSource=Y292ZXJQYWdlOzMxMjMzMjQ1ODtBUzo0NTA3MjA1MDA1ODg1NDdAMTQ4NDQ3MTU0OTM2Ng%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Fatih-Deringoz?enrichId=rgreq-cec6418851c7a548ce809f252c2df9cc-XXX&enrichSource=Y292ZXJQYWdlOzMxMjMzMjQ1ODtBUzo0NTA3MjA1MDA1ODg1NDdAMTQ4NDQ3MTU0OTM2Ng%3D%3D&el=1_x_10&_esc=publicationCoverPdf

Transactions of NAS of Azerbaijan, Issue Mathematics, 36 (4), 70-76 (2016).
Series of Physical-Technical and Mathematical Sciences.

Parametric Marcinkiewicz integral operator on generalized
Orlicz-Morrey spaces

Fatih Deringoz - Sabir G. Hasanov

Received: 07.01.2016 / Revised: 03.06.2016 / Accepted: 05.08.2016

Abstract. In this paper we study the boundedness of the parametric Marcinkiewicz integral operator
¢, on generalized Orlicz-Morrey spaces Mg .. We find the sufficient conditions on the pair (o1, 2, )
which ensure the boundedness of the operators /‘?z from one generalized Orlicz-Morrey space Mg , to
another Mg ,,. As an application of the above result, the boundedness of the Marcinkiewicz operator
associated with Schrodinger operator ,uJL on generalized Orlicz-Morrey spaces is also obtained.
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1 Introduction

Suppose that S~ be the unit sphere in R™ (n > 2) equipped with the normalized Lebesgue
measure do = do(z'). Let {2 is a homogeneous function of degree zero on R" satisfying
2 € L*(S™ 1) and the following property

/S 0ol =0,

where 2’ = x/|z| for any x # 0.
In 1960, Hormander [9] defined the parametric Marcinkiewicz integral operator of higher
dimension as follows.

1/2

2
W (f) () = /0 9 L@=y) ropayl T

tP lz—y|<t ‘x - y‘n—p t

where 0 < p < n. It is well-known that the operator ,u}z = g 18 just introduced by Stein
in [16].
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A natural step in the theory of functions spaces was to study Orlicz-Morrey spaces where
the "Morrey-type measuring”of regularity of functions is realized with respect to the Orlicz
norm over balls instead of the Lebesgue one. Such spaces were first introduced and studied
by Nakai [11]. Then another kind of generalized Orlicz-Morrey spaces were introduced by
Sawano et al. [13]. Our definition of generalized Orlicz-Morrey spaces introduced in [2]
and used here is different from that of the papers [11] and [13].

Boundedness of classical operators of harmonic analysis on generalized Orlicz-Morrey
spaces were recently studied in various papers, see for example [2,7,8,12]. In the present
work, we shall prove the boundedness of the Marcinkiewicz operator pf, from one general-
ized Orlicz-Morrey space Mg ,, to another Mg ,.

By A < B we mean that A < C'B with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A =~ B and say that A and B are
equivalent.

2 Preliminaries

0, 00) is called a Young function if it is a convex

Recall that a function @ : [0, +00) — |
=0,9(t) > 0forallt € (0,00) and P(t) — oo as

increasing function satisfying ¢(0)
t — oo.
For a Young function &, its inverse ! is defined by setting, for all ¢ € (0, o)

& L(t) == inf{s € (0,00) : B(s) > t}.

Recall that the Ay-condition, denoted also as @ € Ay, is ¢(2r) < k®(r), and the V-
condition, denoted also by @ € Vs, is &(r) < 5-&(kr), r > 0, where k > 1. The function
&(r) = r satisfies the Ay-condition but does not satisfy the Vy-condition. If 1 < p < oo,
then @(r) = rP satisfies both the conditions. The function @(r) = e — r — 1 satisfies the
V2-condition but does not satisfy the As-condition.

The function

&(r) = sup{rs — &(s) : s € [0,00)}, 7€ [0,00)

complementary to a Young function 9, is also a Young function and =0,
We will also use the numerical characteristics
&' (t)

ag := inf b := sup t()
T e () T e 20

of Young functions.
Remark 2.1 It is known that ® € Ay N Vg if and only if 1 < ag < bg < 00, see [10].

Orlicz space everywhere in the sequel is defined by a Young function ¢ via the norm

1flle = inf{)\ >0 /n@<f()\x)’>dx < 1}.

The space L'9¢(R™) is defined as the set of all functions f such that fx, € Lg(R"™) for all
balls B C R™.
The following generalized version of Holder’s inequality holds:

1fgllzy <20 f1Lallgllzs-
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As is well known, Morrey spaces are widely used to investigate the local behavior of so-
lutions to second order elliptic partial differential equations. Recall that the classical Morrey
spaces M, x(R"™) are defined by

zeR™, r>0

a
MpA(R™) = {f € LigeR")  Ifllay, , == sup 2| fllz,(Bar) < OO},

where 0 < A <n,1 <p< .
The spaces M, ,(R™) defined by the norm

_1
1lla,., = sup (e, )" Bz, )77 |1 fll1, 800

zeR™,r>0

with a function ¢(z, r) positive on R™ x (0, co) are known as generalized Morrey spaces.
Generalized Orlicz-Morrey Spaces which unify the generalized Morrey and Orlicz spaces
are defined as follows.

Definition 2.1 (/2] )(Generalized Orlicz-Morrey Space) Let o(x,r) be a positive measur-
able function on R™ x (0,00) and ® any Young function. The generalized Orlicz-Morrey
space Mg ,(R™) is the space of functions f € L2(R™) with finite norm

1flIne, = sup (e, r) '~ (1B(@, )| "D fll Lo (B
z€R™,r>0

According to this definition, we recover the generalized Morrey space M), , under the
choice @(r) = 7P, 1 < p < oo and Orlicz space under the choice p(z,7) = &~ 1(|B(z,7)| ™).

3 Marcinkiewicz operator in the spaces Mg,

The following result concerning the boundedness of parametric Marcinkiewicz integral op-
erator 1, on LP is known.

Theorem 3.1 [15] Suppose that 1 < p,q < oo, 2 € LI(S" 1) and 0 < p < n. Then,
there is a constant C independent of f such that

16 ()l e @ny < ClFll Lo mny-
The following interpolation result is from [4].

Lemma 3.1 Let T be a sublinear operator of weak type (p, p) for any p € (1,00). Then T
is bounded on L? (R™), where & is a Young function satisfying that 1 < ag < bg < 00.

As a consequence of Lemma 3.1 and Theorem 3.1, we get the following result.

Corollary 3.1 Let  be a Young function, 0 < p < nand 2 € LI(S" ) (¢ > 1). If
1 < ag < bg < oo, then f, is bounded on LT (R™).

We will use the following statements on the boundedness of the weighted Hardy operator

Hg(r):= /00 g(s)w(s)ds, r € (0,00),

where w is a weight.
The following theorem was proved in [6].
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Theorem 3.2 Let vy, vy and w be weights on (0, 00) and v1(t) be bounded outside a neigh-
borhood of the origin. The inequality

sup va(r) Hy,g(r) < C'supvi(r)g(r) (3.1

w
r>0 r>0

holds for some C > 0 for all non-negative and non-decreasing g on (0, c0) if and only if
& t)dt
B := supvg(r)/ _witdt < 0.
>0 r SUPjcscoo V1(8)
Moreover, the value C = B is the best constant for (3.1).
We also use the following lemma to prove our main estimates.
Lemma 3.2 For a Young function ® and all balls B, the following inequality is valid
1) < 21BI97" (IBI7Y) 1f] Lo(s)-

Proof. The proof follows from Holder’s inequality and the well known facts
r <& N r)@ (r)<2r for >0 (3.2)
and [|x ||z, = W-
The following lemma was a generalization of the [1, Lemma 3.2] for Orlicz spaces.

Lemma 3.3 Let @ be a Young function and 2 € L>®(S" ). If 1 < agp < by < 00, then
the inequality

1 ee dt
p < o1 (|B -H—
Moot S Gy o, et ® ™ (B0 )T,

holds for any ball B(xo,r), 0 < p < n, and for all f € LE(R™).

Proof. For arbitrary xg € R", set B = B(xg, r) for the ball centered at z( and of radius r.
We represent f as

f=h+fy AW =FfWx.sW®), foly)=fy)x

o r >0,
(2B)

and have
(L) < iy (F1) o) + 1 (f2) [l Lo(B)-

Since L>(S™1) § L(S™~1), from the boundedness of 4, in Lg(R™) provided by
Corollary 3.1 it follows that
110, (F1) ooy < N5 (F1) lLpm@ny S Ifilleo@ny = 1 fllLo2B)-

It’s clear that z € B,y € IJ(2B) implies 3|zo — y| < |2 — y| < 2|zo — y|. Then by the
Minkowski inequality and conditions on {2, we get

- 1/2
12, (£2) (z) S/ M\fz(y)‘ (/ |tlit2p> dy

R" |$ - y|n—p T—y

5/} |f(y)] dy,ﬁ/} |f(y) dy. (3.3)

@B) |z —y" @B) |To — y["
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By Fubini’s theorem we have

()l / dt
Ty &~ b —dy
/0(23) w0 — y[" 7@ jwo—yl £

dt
)| ytn—H
2r J2r<|zo— y|<t

S F)ldy-2L
/27" /B(xo,t)‘ ( )‘ tntl
By Lemma 3.2, we get

d
oo Aty S [l (B0 G

CoB) [0 — y|" t

Moreover

1 dt
1 () a0 % gy [, W liaiotennn® (B0 01 )G 69

is valid. Thus

1 dt

A Gk

On the other hand, by (3.2) we get
_ _ _ _ dt
B e e
2r
o _q dt
S [ o 1BEo )T

T

10 () o) S IfllLo2B)

and then

dt

1 o0
HfHqu@B) N 451(|B|1)/2r HfHLq;( B(zo,t) P (\B(JJ(L )]~ 1) = (3.6)

Thus
HM?z(f)Hqu(B) S W \/27‘ HfHqu( xo,t) (\B(a?o, t)] )7.

Theorem 3.3 Let 0 < p < n, @ any Young function, 1, po and P satisfy the condition

> ¢1(z, s) -1 -1 @
[ (s e ) (B0 0D < Conen. 6

where C does not depend on x and r. Let also 2 € L>(S"1). If & satisfy the condition
1 < ag < by < oo then the operator i, is bounded from Mg ,, (R™) to Mg ., (R™).

Proof. By Lemma 3.3 and Theorem 3.2 we have

_ o dt
I Dllata ey S s ()~ / (B ) o e s
zeR™,r>0 r
S sup c)01(*7;77ﬂ) (|B(l‘ ’l“)‘ 1)”f”L¢ B(z,r))
zeR™,r>0

1l 0t (RE)-
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4 Applications

The study of Schrodinger operator L = —A + V recently attracted much attention. In

particular, Shen [14] considered L,, estimates for Schrédinger operators L with certain po-
tentials which include Schrodinger Riesz transforms R]L = a%jL_%, 7 =1,...,n. Then,
Dziubanfiski and Zienkiewicz [3] introduced the Hardy type space H} (R") associated with
the Schrodinger operator L, which is larger than the classical Hardy space H'(R"™).
Similar to the classical Marcinkiewicz function, we define the Marcinkiewicz functions

f; associated with the Schrodinger operator L by

it = | [

where Kf(a:,y) = vajL(a:,y)|x — y| and }(\JZ(x,y) Ehe kernel of R; = %If%,j =

2 1/2
dt
tig )

/_ - K (z,y)f(y)dy

1,...,n. In particular, when V' = 0, K]»A(x,y) = Kf(x,y)kc —y| = % and

(x,y) is the kernel of R; = %A‘é,j =1,...,n. In this paper, we write K;(z,y) =

pif(x) = /OOO

Obviously, ju; are classical Marcinkiewicz functions. Therefore, it will be an interesting
thing to study the property of ujL . In this section, we show that Marcinkiewicz integrals
associated with Schrodinger operators are bounded from one generalized Orlicz-Morrey
space Mg ,, to another Mg , .

Note that a nonnegative locally L, integrable function V' (z) on R™ is said to belong to
B, (1 < g < o0) if there exists C' > 0 such that the reverse Holder inequality

1/q
1 1
|B(z,7)| Vily)d <C\ mrm V(y)d 41
(lB(WI/B(m) i y) . <|B<a:,r>1 sery V) y) .0

holds for every ball x € R™ and r > 0, see [14]. It is worth pointing out that the B class
is that, if V' € B, for some g > 1, then there exists € > 0, which depends only n and the
constant C'in (4.1), such that V' € B, .. We always assume that 0 # V' € B,,.

K2
J
A

K& (z,y) and

2
[ snsma

Lemma 4.1 Let V € B, and ® be a Young function satisfying the condition 1 < ag <
bg < o0, then the inequality

holds for any ball B(xo,r), and for all f € LY%¢(R™).
Proof. The validity of the following inequality was proved in [5]
i f(x) < pif(x) + CMf(x), a.e xeR",

where M denotes the well-known Hardy-Littlewood maximal operator. Statements of the

Lemma 4.1 for the operators M and p; was proved in [2, Lemma 4.4] and Lemma 3.3,

respectively. Then we get that the statements of the Lemma 4.1 also true for the operators
L .

W] =1,...,n.
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Theorem 4.1 Let V € B,,, ¢ be a Young function and (1, p2) satisfies the condition (3.7).
If1 < ag < bg < 00, then the operator ,LLJL is bounded from Mg ,, to Mg ..

Proof. The statement of Theorem 4.1 follows by Lemma 4.1 and Theorem 3.2 in the same
manner as in the proof of Theorem 3.3.
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