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Marcinkiewicz Integrals with Rough Kernel Associated
with Schrodinger Operator on Vanishing Generalized Mor-
rey Spaces

Ali Akbulut*, Okan Kuzu

Abstract. Let L = —A 4+ V be a Schrodinger operator, where A is the Laplacian on R", while
nonnegative potential V' belongs to the reverse Holder class. In this paper, we study the bounded-
ness of the Marcinkiewicz operator with rough kernels associated with Schrodinger operator Nﬁg
on vanishing generalized Morrey spaces VM, ,(R™). We find the sufficient conditions on the pair
(1, 2) which ensure the boundedness of the operators /IJL from one vanishing generalized Morrey
space VM, ,, (R™) to another VM, ,,(R™), 1 < p < oo and from the space VM ,, (R™) to the
weak space WV My, (R").
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1. Introduction

The classical Morrey spaces were originally introduced by Morrey in [22] to study the
local behavior of solutions to second order elliptic partial differential equations. For the
properties and applications of classical Morrey spaces, we refer the readers to [6, 9, 14, 22].
The classical version of Morrey spaces is equipped with the norm

”f”MpA = S;JI; Eupr p ||f||Lp(B z,r))s (1)
where 0 < A\ < nand 1 < p < oo. The generalized Morrey spaces are defined with 7*
replaced by a general non-negative function p(x,r) satisfying some assumptions.
The vanishing Morrey space VM, , in its classical version was introduced in [29], where
applications to PDE were considered. We also refer to [4] and [23] for some properties of
such spaces. This is a subspace of functions in M, »(R"), which satisfy the condition

hn% sup t ” ||f||Lp B(a,t) = 0 @)
z€eR
0<t<r
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The main purpose of this paper is to study vanishing generalized Morrey spaces
VM, ,(R™) (see Definition 2) and prove the boundedness of the Marcinkiewicz operator
with rough kernel uﬁg on VM, ,(R"™) spaces..

Suppose that S"~! = {z € R" : |z| = 1} is the unit sphere of R" (n > 2) equipped
with the normalized Lebesgue measure do = do(z').

In [27], Stein defined the Marcinkiewicz integral for higher dimensions. Suppose that
Q) satisfies the following conditions.

(1) Qs a homogeneous function of degree zero on R™. That is,

Q(tz) = Q(z) (3)
for all ¢t > 0 and = € R™.

(i) € has a mean zero on S"~!. That is,

/ Q(2')do(2") = 0, (4)
Sn—l

where 2’ = z/|x| for any x # 0.
(idi) Q€ Li(S™1).
The Marcinkiewicz integral operator of higher dimension g is defined by

o0 1/2
o)) = ([T IFN@P )
where
Fou(f)(x) = /| H%ﬂy)dy
z—y|<

Remark 1. We easily see that the Marcinkiewicz integral operator of higher dimension
ua can be regarded as a generalized version of the classical Marcinkiewicz integral in the
one dimension case. Also, it is easy to see that jq is a special case of the Littlewood-Paley
g-function if we take

g(z) = Qa")x| ™" x ., (2])-

We say that Q € Lip,(S™"!), 0 < a < 1 if there exists a constant C' > 0 such that
1Q(2") — Q)| < Cla" — y/|* for all 2,y € S* L.

In [27], Stein proved the following results.
Theorem 1. Suppose that Q satisfies (3).

(a)  IfQ e Li(S™1) and Q is odd, then pg is bounded on L,(R™) for 1 < p < oco.

(b)  IfQ satisfies (4) and Q2 € Lip,(S™"™1), 0 < a < 1, then pg is of weak type (1,1).
That is, there exists a constant C such that for any t > 0 and f € L1(R"),

freR": po(f)@) > 1} < < /}R (@),

(¢)  If Q satisfies (4) and Q € Lip,(S™™1), 0 < a < 1, then ugq is of type (p,p) for
1 < p < 2. That is, there exists a constant Ay, such that for any f € Ly(R"™),

leo (A, < Aplfll, -
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The L, boundedness of uq has been studied extensively. See [3, 20, 27, 28], among
others. A survey of past studies can be found in [7]. Recently the following result was
obtained in [2] and [10].

Theorem 2. Suppose that Q satisfies (3) and (4). If
Qe L(logt L)Y/2(s" 7Y, (5)
then pgo is bounded on Ly(R™) for 1 < p < oo and if
Q € L(log™ L)(S™™ 1Y), (6)
then pq is bounded from L1(R™) to W L1(R™). The exponent 1/2 is the best possible.

The following theorem was proved in [5] for p =1 and in [21] for 1 < p < cc.

Theorem 3. Suppose that Q satisfies (3). If Q € L1(S™ 1), then Mg is bounded on
Ly(R™) for 1 < p < oo and if Q satisfies the condition (6), then Mg is bounded from
L1(R™) to WLy (R™).

Corollary 1. Let 1 < p < 0o and Q € L,(S"1), 1 < q < co. Then, for p > 1 Mg is
bounded on L,(R™) and for p=1 from Li(R™) to WL;(R").

On the other hand, the study of Schrodinger operator L = —A + V recently attracted
much attention. In particular, Shen [25] considered L,, estimates for Schrédinger operators
L with certain potentials which include Schrodinger Riesz transforms R]L = %L‘é,
j = 1,...,n. Then, Dziubanski and Zienkiewicz [8] introduced the Hardy type space
H!(R™) associated with the Schrodinger operator L, which is larger than the classical
Hardy space H'(R").

Similar to the classical Marcinkiewicz function, we define the Marcinkiewicz functions
;.0 associated with the Schrodinger operator L by

2 1/2
dt
t_g )

nhof (2) = /0

[ o=l )

where KJL(:E,y) = KJL(:U,y)|3:—y| and Kﬁx,y) is the kernel of R; = %L_%,’j =1,...,n.
In particular, when V = 0, KJ-A(:E,y) = KJA(m,y)|x —y| = % and KjA(;U,y) is the

kernel of R; = %A‘é, Jj=1,...,n. In this paper, we write K;(z,y) = K]-A(x,y) and

piof (@) = /OOO

Obviously, p; are classical Marcinkiewicz functions. Therefore, it will be an interest-
ing thing to study the properties of ,u]LQ. The main purpose of this paper is to show

9 1/2
dt
3

/| 196 = DI ) )y
z—y|<t
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that Marcinkiewicz integrals with rough kernel associated with Schrodinger operators
are bounded from one vanishing generalized Morrey space VM, ,, to another VM, ..,
1 < p < o0, and from the space VM ,, to the weak space WV M ,.

Note that a nonnegative locally LY integrable function V' (z) on R is said to belong to
By, (1 < g < o0) if there exists C' > 0 such that the reverse Holder inequality

1 1/q 1

holds for every ball € R™ and r > 0, where B(z,r) denotes the open ball centered at x
with radius r; see [25]. It is worth pointing out that the B, class is that, if V' € B, for
some ¢ > 1, then there exists € > 0, which depends only on n and the constant C in (7),
such that V € B,,.. Throughout this paper, we always assume that 0 # V € B,,.

By A < B we mean that A < C'B with some positive constant C independent of
appropriate quantities. If A < B and B < A, we write A = B and say that A and B are
equivalent.

2. Vanishing generalized Morrey spaces

Definition 1. Let p(x,r) be a positive measurable function on R™x (0,00) and 1 < p < co.
We denote by M, , = M, ,(R™) the generalized Morrey space, i.e. the space of all functions
fe L}DOC(R") with finite quasinorm

1fllag, = sup (@) I f L, (Ber)-
zeR? 0

,r>

Also by W M, , = WM, ,(R™) we denote the weak generalized Morrey space of all functions
fe WL;OC(R") for which

| fllwa,, = sup 090(3377“)_1 £ 1lw L, (B < oo
xr

ER™,r>

where W L, (B(x,7)) denotes the weak Ly-space consisting of all measurable functions f
for which

1w, (B = 1 Xpen WL, @) < oo

Also the spaces L}DOC(R”) and WL}DOC(R”) endowed with the natural topology are defined
as the sets of all functions f such that fx, € L,(R") and fx, € WL,(R™) for all balls
B C R”, respectively.

According to this definition, we recover the Morrey space M),  and weak Morrey space

A—n

W M, » under the choice p(x,r) =r"7 :

Mp,)\ = Mp7cp WMP.)\ = WMP#,

15

A
gp(x,?"):rp ’ ga(x,r):r
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Let f € Llloc(]R”). The Hardy-Littlewood maximal operator with rough kernel Mg is
defined by
Mqf(x) = sup IB(%t)Il/ €2z = y)I|f (y)ldy.
t>0 B(z,t)
Suppose that T represents a linear or a sublinear operator, such that for any f €
Li(R™) with compact support and x ¢ suppf

s < o [ L2 11y 0
RH

where ¢y is independent of f and x.

We point out that the condition (8) was first introduced by Soria and Weiss in [26]. The
condition (8) are satisfied by many interesting operators in harmonic analysis, such as the
Calderén—Zygmund operators, Carleson’s maximal operator, Hardy—Littlewood maximal
operator, C. Fefferman’s singular multipliers, R. Fefferman’s singular integrals, Ricci—
Stein’s oscillatory singular integrals, the Bochner—Riesz means and so on (see [21], [26] for
details).

The following statements, were proved in [19] (see also [16] and for Q =1 [12, 13, 14,
17]).

Lemma 1. Let 1 < p < oo, Q € Ly(S™1), 1 < q < oo satisfy (3). Let also T be a

sublinear operator satisfying the condition (8), bounded on L,(R™) for p > 1, and bounded
from L1(R™) to WL1(R™). If p> 1, then for ¢ < p or p < q the inequality

1T fllL,(Bor)) S 7“5/2 £ F L (Bl dt (9)

holds for any ball B(xzg,r), and for all f € LLOC(R”).
If p =1, then the inequality

1T fllwr, (Baor)) S 7“"/ SN L (B ) A (10)

2r
holds for any ball B(zo,r), and for all f € L*(R™).

Theorem 4. Suppose that Q is homogeneous of degree zero. Let 1 < p < 0o and (p1,p2)
satisfy the condition

oo ess inf @1 (z, )
/ t<s<oon : dt < C @2<€7r>’ (11)
r tr re

where C does not depend on x and r. Let Tq be a sublinear operator satisfying the con-
dition (8), bounded on L,(R™) for p > 1, and bounded from Li(R"™) to WL(R™). Then
the operator Tq is bounded from My, to My, for p > 1 and from My ,, to WMi,.
Moreover, for p > 1

1T f My 0y S F110, 0,
and for p=1

ITafllwan gy S I1Flan g, -
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From Theorems 2 and 4 it follows

Corollary 2. Let 1 < p < oo, Q satisfy the conditions (3), (4) and (¢1,p2) satisfy the
condition (11). If Q satisfies the condition (5), then the operators pq, pjo are bounded
from My, to My, for p>1 and if Q satisfies the condition (6), the operators g, .o
are bounded from My ,, to WMy ,,.

From Theorems 3 and 4 it follows

Corollary 3. Let 1 < p < oo, 2 satisfy the condition (3) and (@1, p2) satisfy the condition
(11). IfQ2 € L1(S™ 1Y), then Mg is bounded from My, ,, to My o, forp > 1 and if Q satisfies
the condition (6), then Mq is bounded from My ,, to WM ,.

Corollary 4. Let 1 <p < 00, Q € L,(S" 1), 1 < g < o0 and (1, p2) satisfy the condition
(11). Then the operators pq, pjo and Mg are bounded from My ,, to My, for p > 1
and from My ,, to WMy ,.

Definition 2. The vanishing generalized Morrey spaces V M, ,(R™) are defined as the
spaces of functions [ € LLOC(R”) such that

lim sup 90(33774)_1 ”f”Lp(B(z,r)) = 0. (12)

r—0 TER™

Everywhere in the sequel we assume that

n

t
im—— = 0, (13)
t—0 p(z, 1)
and
tr
sup < 00, (14)

0<t<oo 80(377 t)

which makes the space VM, ,(R™) non-trivial, because bounded functions with compact
support belong then to this space. The vanishing spaces V M, ,(R") are Banach spaces
with respect to the norm (see, for example [24])

I fllva,,, = mHSé}LlprSD(fE,T)*l £l 2, (B@r)) - (15)

3. Marcinkiewicz operator ,uﬁQ in the spaces VM, ,

In this section, we prove the boundedness of the Marcinkiewicz operator ,u]LQ on
V M, ,(R™) spaces. For « € R", the function my (z) is defined by

p(x) =supgr: n1_2/ Vi(ydy <15p.
r>0 r B(z,r)

)
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Lemma 2. [25] Let V € B, with ¢ > n/2. Then there exists lo > 0 such that

+ o —y[\ " ) lz — y| o/ ot D)
(5 et

In particular, p(z) ~ p(y) if |z —y| < Cp(x).

Lemma 3. [25] Let V € B, with ¢ > n/2. For anyl > 0, there exists C; > 0 such that

c 1

L

and

‘Kf(fmy) — Kj(x - y)‘ < P

Theorem 5. Suppose that Q satisfies (3), (4) and V' € B,,. If Q satisfies the condition
(5), then the operators Nﬁw j=1,...,n are bounded on L,(R™) for 1 < p < oo, and if
satisfies the condition (6), then these operators are bounded from Li(R™) to WLy (R™).

Proof. In the proof we used the idea in [11]. It suffices to show that
ujLQf(as) <pjaf(z)+CMaf(x), ae. z € R", (16)

where Mg denotes the Hardy-Littlewood operator with rough kernel.
Fix x € R™ and let r = p(z).

=

2
o) < | | we—vitenion &
z—y|<
2\
o d
e[ e ke pron) &
T z—y|<r
) 0\
e L ek o)
s T T—Y S
< ([ 1), oe vl ~ Kienliow) &
Jz—y|<
" * :
w1 06 i s
T=Y|>
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o=

2
N / / [z — y)| KF (@,9)f(W)dy|
r |z—y|<r

+3
1
2 3
& I dt
+ e —y)IKG (2. 9)f(W)dy| 3
r r<|lz—y|<t
= Fy + By + E3 + Ey.
For Ey, by Lemma 3, we have
|1 2 )| i
T —y
mec| [ S| | < CMaf)
0 |7 Jz—yl<t |3j - y|n—2 t3
Obviously,
By < pjaf(z).
For Es, using Lemma 3 again, we get
1
<1 Q% — )| AN
B[ 3] Pl | < CMar()
Y P IFW)ldy| =3 (x)
It remains to estimate F4. From Lemma 3, we obtain
1
* 2z ) “ar)
Ey < C / 7"/ —= [fWldy|
r r<|e—y|<t |£E - y| i
llogy t/7]+1 ?
> k \n dt
ol ] X e[ el &
r k=0 |z—y|<2kr t

1
th 2
3

=@ (/0" ([logs t] + 1) Maf(x)

r

- g\ b
o (| porers)
< CMqgf(x).

IN

Thus, Theorem 5 is proved.«

1
2

47
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Corollary 5. Suppose that Q satisfies (3), (4) and V € By,. If Q € Ly(S™1), 1 <¢< x
then the operators uﬁﬂ, Jj =1,...,n are bounded on L,(R™) for 1 < p < oo, and from
Li(R™) to WLi(R™).

Lemma 4. Let zp € R", 1 < p < 00, Q € Ly(S"1), 1 < ¢ < oo satisfy (3), (4) and
V € B,. If p > 1, then for ¢ < p or p < q the inequality
n [ _n_4
5 o f Iz, (Bory ST7 /2 t 2 fll L, (Bao))dt (17)

s

holds for any ball B(xzg,r), and for all f € L;OC(R”).

If p =1, then the inequality

‘00

”:ujl‘:(lf”WLl(B(xo,r)) St / t_n_1||f||L1(B(zo,t))dt (18)

J2r
holds for any ball B(xo,r), and for all f € L°(R™).

Proof. In the proof we use the idea and technique of Guliyev (see [14], Theorem 6.1).
Note that

1/q
196 = Mrgiaieon = [ 100)14)

- ( /0 Ll /5 low)rdet))

~ col| Q[ L, (571 | B(o,t)] /1.

Let p € (1,00). For arbitrary xg € R", set B = B(xq,r) for the ball centered at z
with radius r, 2B = B(zg,2r). We represent f as

f:f1+f21 fl(y> :f<y)X23<y>v fQ(y) :f(y)XC(QB)(y>7 T>07
and have
||N£szf||L,,(B) < ||.U£szf1||L,,(B) + ||N£szf2||L,,(B)-

Since fi € Ly(R"™), ,uﬁgfl € L,(R"), from the boundedness of /Lﬁﬂ in L,(R™) (see
Corollary 5) it follows that:

g file,m) < lugafille,en S 120,01 filln,@ny = 190z, 1f ]z es),

where constant C' > 0 is independent of f.
It’s clear that z € B, y € C(2B) imply %|zo — y| < |z — y| < Z|zo — y|. We get

iofa(@)| < / 2z —ylF@lly,

@B)  |mo—yl"
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By Fubini’s theorem we have

2z = y)IIf W)l < dt
dy ~ Q(x — d
ﬂ(2B) wo—ylm /3(23) =l /lxo—m it

e dt
<[] 96— )| |f W)y oy
2r  J2r<|zo—y|<t
< / h / 9% — o)1 F ) ldy-2
~ Jor B(zo,t) e

If ¢ < p, then by applying Holder’s inequality we get

2z —y)[ /()] > "
A(QB) lzo — y[” dy < . 192z = )Ly (Bzo.t) 11|z, (Bo.t) s

<0 & B -l 1odt
S ||Lq(5n*1) . ||f||Lp(B(aco7t))| (zo,t)| 7 7| (%JWW
[e%S) _n_4
< (19015, 5019 /2 T e oy -
‘s

Moreover, for all p € [1,00) the inequality

lfafalln, B S ||Q||Lq(5n1)7’5/2 2 Y N (Blao 1)) At
'
is valid. Thus

i o flln, B S ||Q||Lq(S"—1)<||f||Lp(2B’) +7“5/2 t_5_1||f||L,,(B(z0,t))dt>

T

On the other hand,

n ©dt
isiom ~ 71l om |~

STE/ t_;_1||f||Lp(B(mo7t))dt'

2r

Thus
L P
R L e A Y DR

57@/2 £ Ny (B 0 dt-
:

If 1 < p < g, then by Minkowski theorem and the Holder inequality we get

1
s ol < | | /oo/ 2 — @iy L) )
Hal2llL,(B) = 5\ o JBon Y Yy yth

49

(20)
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o0 dt
< Q- —y JW)ldy —
L L 106 Dl dy g
< B 11 [ Q J dt
S 180 nF 8 [0l W)l
n [ dt
S, sn-1yr? , ”fHLl(B(a:mt))W
<3 /2 5 L By -
Thus
ko fllz, s 57"5/2 2 M|l (Blao 1))

Let p=1 < s < co. From the weak (1,1) boundedness of Nﬁsz and (20) it follows that

lufiofilwee < lebofilwiies S il = I1flz.ep)
dt
<
~Y y
Lr /];3(1:0 t) | ¢ttt
< o [ g b (21)

Then by (19) and (21) we get the inequality (18).«

Theorem 6. Let 1 < p < oo, 1 < g<ooand ¢ <p orp<gq. Let also Q € Ly(S™ ")
satisfy (3), (4) and V € By,. Then the operators ,ujLﬂ, j =1,...,n are bounded from
V My, to VM, ,,, if (01,92) satisfies the condition (13)-(14) and

c5 = / sup o1(x, )t “ldt < oo (22)
§ zeRn
for every § > 0, and
r tP rp

where Cy does not depend on x € R™ and r > 0.

Remark 2. The condition (22) is not needed in the case when o(x,r) does not depend on
x, since (22) follows from (23) in this case.

Proof. The statement is derived from the estimates (17) and (18). The estimation of
the norm of the operator, that is, the boundedness in the non-vanishing space follows from
Lemma 4 and condition (23)

L —1 L
i ofllvig,,, = Sw oo, )" 5ol L, (B@r)
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< sup () lrd /OO||f||L (B t))rfl_t
z€R™ r>0 r ’ o tz_‘—l
< -1 n o0 -1 dt
S s o) [ (@) [en@t) Il oy |
zeR™,r>0 T tr
SIlvan,, swp o) F [T et
~ P,¥1 2€RM >0 ’ . ’ t%—H

Sflvag, g, -

So we only have to prove that

lim sup cpl(mvr)il”fHLp(B(x,r)) =0 = lim sup @2(1777')71”/1][‘:&2
rER" r—0

r—0 rcR" |LP(B(:E7T)) - 0 <24)

To show that sup <P2(3777“)_1||M]LQ||LP(B(x ) < € for small r, we split the right-hand side
reR™ ’ ’
of (17):
ea(x, ) Mufalln, B < Clls@,r) + Js(x, 7)), (25)
where dp > 0 (we may take dp > 1), and

n
p

do n
Is(z,r) = ﬁ (/ pr(a, )t r (‘Pl(%t)_1||f||Lp(B(x7t))) dt) ;

Ts(@,r) i= ——— (/ pr(z,t)t v (1@, ) N f Ly (Bat)) dt)

¥2 (:U, T) do
and it is supposed that r < §yp. Now we choose any fixed g > 0 such that
€
su z,t -1 < —
sup o1(z,t) | fllz, (Bt 250G

where C' and C{ are constants from (23) and (25). This allows to estimate the first term
uniformly in r € (0,dp) :

€ -
sup Cls,(z,7) < =, 0<1r <dp.
ZER’H 2

The estimation of the second term now may be made by the choice of r sufficiently small.
Indeed, thanks to the condition (13) we have

Q3

T
o(x,r)’

where c¢;, is the constant from (22). Then, by (13) it suffices to choose r small enough
such that

Js(x,r) < csoll fllvm,.,

Eo
sup <
xGR" SO(',E?T) 2060||f||VMp,gp’

which completes the proof.«
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