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Abstract

In this paper, we define soft generalized preregular closed and open
sets in soft topological spaces which are defined over an initial universe
with a fixed set of parameters and we investigate some basic properties
of these concepts. Also we discuss their relationships with different types
of subsets of soft topological spaces with the help of counterexamples.
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1 Introduction

Molodtsov [1] initiated a novel concept of soft set theory, which is a completely
new approach for modeling vagueness and uncertainty. He [1] established the
fundamental results of this new theory and successfully applied the soft set
theory into several directions, such as smoothness of functions, operations
research, Riemann integration, game theory, theory of probability and so on.
Maji et al. [2] defined and studied several basic notions of soft set theory.
Shabir and Naz [3] introduced the soft topological spaces which are defined over
an initial universe with a fixed set of parameters and studied some basic notions
of soft topological spaces such as soft open and closed sets, soft subspace,
soft closure, soft neighbourhood of a point, soft separation axioms. Later
Aygiinoglu and Aygiin [4], Hussain and Ahmad [5] and Zorlutuna et al. [6]
continued to study the properties of soft topological spaces.

Recently, weak forms of soft open sets were studied. Chen [7] introduced
the concept of soft semi-open sets in soft topological spaces. Kandil et al.
[8] introduced the notions of y-operation, pre-open soft sets, c-open soft sets,
semi-open soft sets and S-open soft sets in soft topological spaces. The authors
studied the relations between these different types of subsets of soft topological
spaces. Kannan [9] defined soft generalized closed and open sets in soft topo-
logical spaces. He studied their some properties. Also he showed that every
soft closed set is soft generalized closed. After then Yiiksel et al. [10] defined
soft regular generalized closed and open sets in soft topological spaces. Also
they investigated behavior relative to union, intersection and soft subspaces of
soft regular generalized closed sets. They showed that every soft generalized
closed set is soft regular generalized closed.

In the present paper, we define soft generalized preregular closed sets which
are weaker form of the above mentioned generalizations such as soft general-
ized closed set and soft regular generalized closed set and study the properties
of them in soft topological spaces. Then we discuss their relationships with
different types of subsets of soft topological spaces with the help of coun-
terexamples. Also we introduce soft generalized preregular open sets in soft
topological spaces and some basic properties of them. We introduce these con-
cepts in soft topological spaces which are defined over an initial universe with
a fixed set of parameters.

2 Preliminaries

Let X be an initial universe set and E be the set of all possible parameters with
respect to X. Parameters are often attributes, characteristics or properties of
the objects in X. Let P(X) denote the power set of X. Then a soft set over
X is defined as follows.
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Definition 2.1 [1] A pair (F, A) is called a soft set over X where A C E
and F: A — P(X) is a set valued mapping. In other words, a soft set over
X is a parameterized family of subsets of the universe X. For ¥e € A, F(e)
may be considered as the set of e-approximate elements of the soft set (F, A).
It is worth noting that F(g) may be arbitrary. Some of them may be empty,
and some may have nonempty intersection.

Definition 2.2 [2] A soft set (F,A) over X is said to be a null soft set
denoted by ® if for alle € A, F(e) = 0. A soft set (F, A) over X is said to be

an absolute soft set denoted by A if for alle € A, F(e) = X.

Definition 2.3 [3/ Let Y be a nonempty subset of X, then Y denotes the
soft set (Y, E) over X for which Y (e) =Y, for alle € E. In particular, (X, E)
will be denoted by X.

Definition 2.4 [2] For two soft sets (F, A) and (G, B) over X, we say that
(F,A) is a soft subset of (G,B) if A C B and for all e € A, F(e) and G(e)
are identical approxzimations. We write (F,A) C (G, B). (F,A) is said to be
a soft super set of (G, B), if (G, B) is a soft subset of (F, A). We denote it by
(G,B) C (F,A). Then (F,A) and (G, B) are said to be soft equal if (F,A) is
a soft subset of (G, B) and (G, B) is a soft subset of (F, A).

Definition 2.5 [2] The union of two soft sets (F,A) and (G, B) over X
is the soft set (H,C), where C' = AU B and for all e € C, H(e) = F(e) if
ec A—B,G(e) ifeec B—A, Fle)UG(e) ifec AN B. We write (F,A) U
(G,B) = (H,C). [11] The intersection (H,C) of (F,A) and (G, B) over X,
denoted (F, A)MN (G, B), is defined as C = AN B, and H(e) = F(e)NG(e) for
alle e C.

Definition 2.6 [3] The difference (H, E) of two soft sets (F, E) and (G, E)
over X, denoted by (F,E) — (G, E), is defined as H(e) = F(e) — G(e) for all
ec k.

Definition 2.7 [3] The relative complement of a soft set (F, E) is denoted
by (F, E)° and is defined by (F,E)® = (F° E) where FF* : E — P(X) is a
mapping given by F(e) = X — F(e) for alle € E.

Definition 2.8 [3/ Let T be the collection of soft sets over X, then T is said
to be a soft topology on X if

)P, X €7
YIf (F,E), (G,E) €T, then (F,E)N(G,E) €T
) If {(FwE)}zEI €T,Viel, then UieI(Fia E) €ET.
The pair (X,7) is called a soft topological space. Every member of 7 is
called a soft open set. A soft set (F, F) is called soft closed in X if (F, E)° € 7.

(1
(2
(3
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Definition 2.9 Let (X,7) be a soft topological space over X and (F, E) be
a soft set over X.

(1) [3] The soft closure of (F, E) is the soft set (F, E)~ = {(G,E): (G,E)
is soft closed and (F, E)C(G, E)}.

(2) [5] The soft interior of (F, E) is the soft set (F, E)° = U{(H,E) : (H, E)
is soft open and (H, E)C(F, E)}.

Clearly, (F, E)~ is the smallest soft closed set over X which contains (F, F)
and (F, E)° is the largest soft open set over X which is contained in (F, E).

Definition 2.10 [8/ Let (X, 7) be a soft topological space. A soft set (F, E)
is called soft preopen set in X if (F, E)C((F, E)™)°. The relative complement
of a soft preopen set is called a soft preclosed set.

It is obvious that every soft closed set is soft preclosed.

Definition 2.11 Let (X,7) be a soft topological space over X and (F,E)
be a soft set over X.

(1) [8] The soft preclosure of (F, E) is the soft set (F, E)? = nN{(G, E) : (G, E)
is soft preclosed and (F, E)C(G, E)}.

(2) [8] The soft preinterior of (F, F) is the soft set (F, E)? = U{(H, E) :
(H, E) is soft preopen and (H, E)C(F, E)}.

Clearly, (F, E)~? is the smallest soft preclosed set over X which contains
(F,E) and (F, E)°P is the largest soft preopen set over X which is contained
n (F,F).

Theorem 2.12 [8] Let (X, 7) be a soft topological space over X and (F, E),
(G, E) are soft sets over X. Then

(1) 7P =® and (X ) > =X,

(2) (F, E)E(F, E)

(3) (FLE)™P)P (F k).

(4) (F, E)C(G, E) implies (F, E)"PC(G, )
(5) (FLE)PU(G, E)PE((F,E)U (G, E))7P
(6) (F, E)N(G, E))PE(F,E) "1 (G, E)™P

Theorem 2.13 /8] Let (X, T) be a soft topological space over X and (F, E),
(G, E) are soft sets over X. Then

(1) &7 = & and (X)? = X.
(F, E)"C(F, E).

(2)

(3) (F, E)P)P = (F, E).

(4) (F, E)E(G, E) implies (F, E)PC(G, E)°P
(5) (FLE) (G, E))PE(F, E)P N (G, E)Op
(6) (F, By U (G, BY¥C((F, E) U (G, E))*
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Theorem 2.14 [8] Let (X,7) be a soft topological space and (F,FE) be a
soft set over X. Then

(1) ((F, E)) = ((F, E)7)°.
(2) (£, E))™7 = ((F, E)7)°.

Definition 2.15 [9] Let (X, T) be a soft topological space. A soft set (F, E)
is called soft generalized closed (briefly soft g-closed) in X if (F,E)” C (G, E)
whenever (F, E) C (G, E) and (G, E) is soft open in X.

Theorem 2.16 /9] Let (X,7) be a soft topological space and (F,E) a soft
set over X. If (F, E) is soft closed, then (F, E) is soft g-closed.

Definition 2.17 [10] Let (X, 7T) be a soft topological space. A soft set (F, E)
is called soft regular open (soft regular closed) in X if (F\E) = ((F,E)™)°
(F,E) = ((F,E)°)").

Remark 2.18 [10] Every soft reqular open set in a soft topological space
(X, T) is soft open.

Definition 2.19 [10] Let (X, T) be a soft topological space. A soft set (F, E)
is called soft regular generalized closed (soft rg-closed) in X if and only if
(F,E)” C (G, E) whenever (F,E) C (G, E) and (G, E) is soft reqular open in
X.

Theorem 2.20 [10] Let (X, T) be a soft topological space and (F, E) a soft
set over X. If (F, F) is soft g-closed, then (F, E) is soft rg-closed.

3 Basic Properties of Soft GGeneralized Prereg-
ular Closed Sets

Definition 3.1 Let (X,7) be a soft topological space. A soft set (F,E) is
called soft generalized preregular closed (soft gpr-closed) in X if (F,E) ™" C
(G, E) whenever (F,E) C (G, E) and (G, E) is soft reqular open in X.

By using definitions, it is obvious that every soft regular closed set is soft
preclosed and every soft preclosed set is soft gpr-closed. The examples given
below show that the converses of this implications are not true.

Example 3.2 Let X = {71,752}, F' = {e1,e2} and
F=1{0,X,(F\, E), (Fy, E), (Fy, E), (F1, E), (Fs, E)} where
Fi(er) = {x2}, Fi(es) = {22},

F2(€1) = {951}, F2(€2) = @7
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Fy(er) = X, Fy(ez) = {2},

Fiy(er) = {za}, Fulea) =10,

F5(61) = X, F5(62) =Y.

Then (X, T) is a soft topological space over X. Let (H, E) be a soft set over
X such that H(ey) = {x1}, H(ea) = X. Clearly, (H, E) is soft gpr-closed in
(X, 7), but it is not soft reqular closed.

Example 3.3 Let X = {x1,22} and E = {e1,ea}. Let us take the soft
topology T on X in Example 3.2. Let (G, E) be a soft set over X such that
G(e1) = X, G(eq) = {x2}. Clearly, (G, E) is soft gpr-closed in (X, 7T), but it
s not soft preclosed.

Theorem 3.4 Every soft reqular generalized closed (soft rg-closed) set in
a soft topological space (X,T) is soft generalized preregular closed (soft gpr-
closed).

Proof. Let (F, E) be a soft regular generalized closed set in X. Suppose
that (F, F) C (G, E), where (G, E) is soft regular open. Since (F, F) is soft
regular generalized closed, then (F, E)~ C (G, E). Since every soft closed set
is soft preclosed, (F,E)™? C (F,E)~. Therefore (F,E)™? C (G, E). Hence
(F, E) is a soft generalized preregular closed set.

The following example shows that the converse of the above theorem is not
true.

Example 3.5 Let X = {z1, 25}, E = {e1, 2} and7 = {®, X, (F\, E), (F», E), (F3, E)}
where
Fi(er) ={a1}, Fi(e2) = {a},
Fy(er) = {a2}, Faer) =10,
Fi(e1) = X, Fs(ea) = {z1}.
Then (X, T) is a soft topological space over X. Let (H, E) be a soft set over

X such that H(ey) = {1}, H(es) = 0. Clearly, (H,E) is soft gpr-closed in
(X, 7), but it is not soft rg-closed.

From [9], [10] and Theorem 3.4, we have implications as shown in Figure-1
for a soft topological space (X, 7). These implications are not reversible.

soft closed set — soft g-closed set — soft rg-closed set — soft gpr-closed set

(1)

Figure-1
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Theorem 3.6 Let (X,7) be a soft topological space and (F,E) a soft set
over X. If (F, E) is soft reqular open and soft gpr-closed, then (F, E) is soft
preclosed and hence soft clopen.

Proof. If (F, E) is soft regular open and soft gpr-closed, then (F, E)~? C
(F, E). This implies (F, F) is soft preclosed. Since every soft preclosed and
soft open set is soft closed, hence (F, F) is soft clopen.

Remark 3.7 The union of two soft gpr-closed sets is generally not a soft
gpr-closed set.

Example 3.8 Let X = {x1,22} and E = {ej,ea}. Let us take the soft
topology T on X in Example 3.5. Let (H, E) and (G, E) be two soft sets over
X such that H(e1) = {x1}, H(ez) =0 and G(e1) =0, G(ez) = {x1}. Clearly,
(H,E) and (G, E) are soft gpr-closed sets in (X, 7) but (H, E) U (G, E) is not
a soft gpr-closed set.

Remark 3.9 The intersection of two soft gpr-closed sets is generally not a
soft gpr-closed set.

Example 3.10 Let X = {x1,22} and E = {e1,es}. Let us take the soft
topology T on X in Example 3.2. Let (H, E) and (G, E) be two soft sets over X
such that H(e1) = X, H(e2) = {x2} and G(e1) = {x2}, G(e2) = X. Clearly,
(H,E) and (G, E) are soft gpr-closed sets in (X,7) but (H,E) N (G, E) is not
a soft gpr-closed set.

Theorem 3.11 Let (X, 7) be a soft topological space and (F, E) be a soft set
over X. If a soft set (F,E) is soft gpr-closed, then (F,E) " — (F, E) contains
only null soft reqular closed set.

Proof. Suppose that (F, E) is soft gpr-closed. Let (H, E) be a soft regular
closed subset of (F,E)" — (F,E). Then (H,E) C (F,E) " 1 (F,E)¢ and so
(F,E) C (H, E)°. Since (F,E) is a soft gpr-closed set and (H, E)¢ is soft reg-
ular open, we obtain (F, E) " C (H, E)°. Consequently (H, E) C ((F,E) ")°.
We have already (H,E) C (F,E) " . Hence we obtain (H,E) C (F,E) "
((F,E) ")¢ = ®. This shows (H, E) = ®. Therefore (F, E) " — (F, E) contains
only null soft regular closed set.

Reverse implication does not hold.

Example 3.12 Let X = {x1,22} and E = {e1,es}. Let us take the soft
topology T on X and the soft set (Fy, E) in Example 3.5. We have (Fy, E)™P —
(Fy, E) contains only null soft reqular closed set. But (Fy, E) is not a soft
gpr-closed set in (X, 7).
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Theorem 3.13 Let (X, 7) be a soft topological space over X and (F, E) be a
soft gpr-closed set in X. (F, E) is soft preclosed if and only if (F,E) " —(F, E)
18 soft reqular closed.

Proof. Let (F, E) be a soft gpr-closed set. If (F, E) is soft preclosed, then
(F,E) " =(F,E). So (F,E) " — (F, E) = ® which is soft regular closed.

Conversely, suppose that (F,E) " — (F, E) is soft regular closed. Since
(F, E) is soft gpr-closed, then (F, E) " —(F,E) = ®. Thatis (F, E) " = (F, E).
Hence (F, E) is soft preclosed.

Theorem 3.14 Let (X, 7) be a soft topological space, (F, E) and (G, E) are
soft sets over X. If (F, E) is soft gpr-closed and (F,E) C (G,E) C (F,E) ",
then (G, E) is soft gpr-closed.

Proof. Let (G,E) C (H,E) where (H, E) is soft regular open. Then
(F,E) C (G,FE) implies (F,E) C (H,FE). Since (F,FE) is soft gpr-closed,
(F,E)Y™® C (H,E). (G,E) C (F,E)" implies (G,E)" C (F,E)". Thus
(G,E) " C (H,E) and this shows that (G, E) is soft gpr-closed.

4 Soft Generalized Preregular Open Sets

Definition 4.1 Let (X,7) be a soft topological space over X. A soft set
(F,E) is called soft generalized preregular open (soft gpr-open) in X if and
only if (F, E)¢ is soft gpr-closed.

Theorem 4.2 A soft set (F, E) is soft gpr-open in a soft topological space
(X,7) if and only if (H, E) C (F, E)°? whenever (H, E) is soft reqular closed
in X and (H,F) C (F, E).

Proof. Suppose that (H, F) is soft regular closed and (H,E) C (F,E)
implies (H,E) C (F,E)?. Let (F,E)° C (G, E) where (G, E) is soft regu-
lar open. Then (G, E)¢ C (F, E) where (G, E)° is soft regular closed. By
hypothesis (G, E)¢ C (F,E)°?. That is ((F,E)?)¢ C (G, E). Equivalently
((F,E)*)"? C (G, E). Thus (F, E)° is soft gpr-closed. Hence we obtain (F, F)
is soft gpr-open.

Conversely, suppose that (F,FE) is soft gpr-open, (H,E) C (F,F) and
(H, E) is soft regular closed. Then (H, E)° is soft regular open. Then (F, E)¢ C
(H,E)°. Since (F,E)° is soft gpr-closed, ((F,E))™? C (H, E)°. Therefore
(H,E) C (((F, E)) ") = (F, E).

Theorem 4.3 Let (X,7) be a soft topological space, (F, E) and (G, E) soft
sets over X. If (F, E) is soft gpr-open in X and (F,E)°? C (G,FE) C (F, F),
then (G, E) is soft gpr-open.
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Proof. (F,E)®? C (G, E) C (F, E) implies (F, E)° C (G, E)¢ C ((F, E)°P)“.
That is, (F, E)¢ C (G, E)° C ((F, E)°)~P. Since (F, E) is soft gpr-closed, by
Theorem 3.14, (G, E)¢ is soft gpr-closed and (G, E) is soft gpr-open.

Theorem 4.4 Let (X,7) be a soft topological space and (F, E) be a soft set
over X. If a soft set (F, E) is soft gpr-closed in X, then (F,E)™" — (F,E) is
soft gpr-open.

Proof. Let (F,FE) be soft gpr-closed and (H, E) be soft regular closed
such that (H, E) C (F, E)?—(F, E). Then by Theorem 3.11, (H, E') = ® and
hence (H, FE) C ((F, E)™? — (F, E))°?. Hence we obtain that (F, E)™" — (F, E)
is soft gpr-open by Theorem 4.2.

The converse of this theorem is not true in general as can be seen from the
following example.

Example 4.5 Let X = {x1,22} and E = {ej,ea}. Let us take the soft
topology T on X and the soft set (Fz, E) in Example 3.5. We have (Fy, E)™P —
(Fy, E) is a soft gpr-open set. But (Fy, E) is not a soft gpr-closed set in (X, T).

5 Conclusion

In the present study, we have introduced soft generalized preregular closed and
open sets in soft topological spaces which are defined over an initial universe
with a fixed set of parameters. We have presented its fundamental properties
with the help of some counterexamples. In future these findings may be ex-
tended to new types of soft generalized closed and open sets in soft topological
spaces. Further research is being carried out a general framework for their
applications in practical life.
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