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Abstract. In this paper we study the boundedness for a large class of sublinear
operators T generated by Calderén-Zygmund operators on generalized weighted Morrey
spaces M, ,(w) with the weight function w(z) belonging to Muckenhoupt’s class A,. We
find the sufficient conditions on the pair (1, p2) which ensures the boundedness of the
operator T' from one generalized weighted Morrey space M, o, (w) to another M, .., (w)
for p > 1 and from M, (w) to the weak space WM ,,(w). In all cases the conditions
for the boundedness are given in terms of Zygmund-type integral inequalities on (¢1, ¥2),
which do not assume any assumption on monotonicity of 1, @2 in r. Conditions of these
theorems are satisfied by many important operators in analysis, in particular pseudo-
differential operators, Littlewood-Paley operator, Marcinkiewicz operator and Bochner-
Riesz operator.
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1. Introduction

Let R™ be the n—dimensional Euclidean space of points z = (z1, ..., 2y)
with norm |z| = (31, 2?)Y/2. For € R” and r > 0, let B(x,r) be the

1
open ball centered at x of radius r and ‘B (z,7) denote its complement and
|B(x, )| is the Lebesgue measure of the ball B(z, ).
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The Hardy-Littlewood maximal operator M is defined by

M () = sup | B(z, )] /B L 1wl

t>0

for all f € Lll"c(R”). Let K be a Calderén-Zygmund singular integral ope-
rator, briefly a Calderén-Zygmund operator, i.e., a linear operator bounded
from Lo(R™) to Lo(R™) taking all infinitely continuously differentiable func-
tions f with compact support to the functions f € LIIOC(R") represented by

Kf@) = [ kan)f@ds o s

Here k(x,y) is a continuous function away from the diagonal which pro-
vides the standard estimates: there exist ¢; > 0 and 0 < ¢ < 1 such that
|k(z,y)| < ci|lz —y|™™, for all x,y € R", = # y, and

I\ €
2.9) = ')+ i)~ K] < e (EZE1) oyt
whenever 2|z — /| < |z — y|. It is well known that maximal operator and
Calderén-Zygmund operator play an important role in harmonic analysis

(see [11, 24, 34, 35, 37]).

The classical Morrey space was originally introduced by MORREY in [28]
to study the local behavior of solutions to second order elliptic partial diffe-
rential equations. For the properties and applications of classical Morrey
spaces, we refer the readers to [28, 30].

We denote by M, x = M, »(R") the Morrey space, the space of all classes
of functions f € L;,OC (R™) with finite norm

A
1l = pep T £l 2, (B(xr))s
where 1 <p<ooand 0 < A <n.

Note that M, o = L,(R") and M, = Loo(R™). If A < 0 or A > n, then
M, » = O, where © is the set of all functions equivalent to 0 on R".

We also denote by WM, x = WM, »(R") the weak Morrey space of all
functions f € WL;,OC(]R") for which

A
Ifllwag,, = sup 7 2l fllwe, () < oo
A geRn, 10



3 BOUNDEDNESS OF SUBLINEAR OPERATORS 229

where WL,(B(x,r)) denotes the weak L,-space of measurable functions f
for which

1w 2, B(ar)) = 1 X W ey = sUDE Ly € Bl 7) = |f ()] > ey

*
0<t<|B(z,r)|

Here g* denotes the non-increasing rearrangement of a function g.
CHIARENZA and FRASCA [7] studied the boundedness of the maximal
operator M in Morrey spaces. Their results can be summarized as follows:

Theorem 1.1. Let 1 < p < o0 and 0 < X\ < n. Then for p > 1 the
maximal operator M is bounded on My, », and for p =1 M is bounded from
Ml,)x to WML)\.

Fazio and RAGUSA [10] studied the boundedness of the Calderén-Zyg-
mund operators in Morrey spaces, and their results imply the following
statement for Calderén-Zygmund operators K.

Theorem 1.2. Let 1 < p < o0, 0 < A< n. Then for 1 < p <
Calderon-Zygmund operator K is bounded on My, and for p = 1 K s
bounded from My y to WM y.

Note that Theorem 1.2 was proved by PEETRE [30] in the case of the
classical Calderén-Zygmund singular integral operators.

Suppose that T represents a sublinear operator, which provides that for
any f € L1(R™) with compact support and = ¢ suppf

1/ (W)l

(1) e e
where ¢g is independent of f and x. We point out that the condition (1.1)
was first introduced by SORIA and WEISS in [32]. The condition (1.1)
is satisfied by many interesting operators in harmonic analysis, such as
the Calderén—Zygmund operator, Carleson’s maximal operator, Hardy—
Littlewood maximal operator, C. Fefferman’s singular multipliers, R. Fef-
ferman’s singular integrals, Ricci—Stein’s oscillatory singular integrals, the
Bochner—Riesz means and so on (see [25], [32] for details).

In this study, we prove the boundedness of the sublinear operator T
satisfying condition (1.1) generated by Calderén-Zygmund operator from
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one generalized weighted Morrey space M), ,, (w) to another M, ,,(w), 1 <
p < 00, and from the space M, (w) to the weak space WM o, (w). Fi-
nally, we apply this result to several particular operators such as pseudo-
differential operators, Littlewood-Paley operator, Marcinkiewicz operator
and Bochner-Riesz operator.

By A < B we mean that A < C'B with some positive constant C', where
C is independent of appropriate quantities. If A < B and B < A, then we
write A &~ B and say that A and B are equivalent.

2. Weighted Morrey spaces

A weight function is a locally integrable function on R™ which takes
values in (0,00) almost everywhere. For a weight w and a measurable set
E, we define w(E) = [,w(x)dz, the Lebesgue measure of E by |E| and
the characteristic function of F by x,. Given a weight w, we say that w
satisfies the doubling condition if there exists a constant D > 0 such that
for any ball B, we have w(2B) < Dw(B). We denote w € Ay, for short,
when w satisfies doubling condition.

If w is a weight function, we denote by L,(w) = L,(R", w) the weighted
Lebesgue space defined by the norm

£ty = ([ 5@l 0l@)ds)” < oo, when 1<p<

and by || f||Le.., = €8S sup,egn [w(z)f(z)| when p = oc.
We recall that a weight function w is in the Muckenhoupt’s class A,,
1 <p<oo,if

ula, : = supful, o

-ap o) i for ) <

where the sup is taken with respect to all balls B and % + 1&% = 1. Note
that, for all balls B by Hélder’s inequality the following holds

(2.1) ]t gy = 1B el /g o™ P, ) > 1.

For p = 1, the class A; is defined by the condition Mw(z) < Cw(z) with
(z)

M
[w]a, = SUpgern %, and for p = oo we define A = U< Ap-
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Lemma 2.1 ([12]). Let w € A,, 1 < p < oo, then

(1) w € Ag. Moreover, for all X > 1 we have w(AB) < N"P[w]a,w(B),
and

(2) there exists C > 0 and § > 0 such that for any ball B and a

1)
measurable set S C B, % < C(%) )

Definition 2.1 ([19]). Let 1 < p < 00, 0 < K < 1 and w be a weight

function. We denote by L, .(w) = L, »(R", w) the weighted Morrey space,
the space of all classes of locally integrable functions f with the norm

1 £1lL, . (w) = SUPzern r>0 W(B(@, 7)) 7 [ fllL, 0(B@r)) < OC-
By WL, .(w)=W L, ,(R", w) we denote the weak weighted Morrey space,
the space of all locally integrable functions f with the norm || f|[yw 1, (w) =

SUPgzeR r>0 w(B(x,r))_5 HfHWLp,w(B(a:,r)) < 0.

Remark 2.1. Alternatively, we could define the weighted Morrey spaces
with cubes instead of balls. Hence we shall use these two definitions of
weighted Morrey spaces appropriate to calculation.

Remark 2.2. (1) If w = 1 and kK = A\/n with 0 < A < n, then

Ly (1) = My A(R") is the classical Morrey spaces.
(2) If k =0, then Ly, o(w) = Ly(w) is the weighted Lebesgue spaces.

The following theorem was proved in [19].

Theorem 2.3. Let 1 < p < o0, 0 <k <1 and w € A,. Then the
operators M and K are bounded on Ly, .(w) for p > 1 and from Ly ,(w) to

WLL,{(U)).

3. Generalized Morrey spaces

We find it convenient to define the generalized Morrey spaces in the form
as follows.

Definition 3.2. Let ¢(z,7) be a positive measurable function on R” x
(0,00). We denote by M, , = M, ,(R"), 1 < p < oo, the generalized Morrey
space, the space of all classes of functions f € L}D"C(R”) with finite norm

_1
£ 121y, = SUPzern r0 ©(2,7) "B, 1) 77 || fll L, (B(ar))- Also by WM, , =
WM, ,(R") we denote the weak generalized Morrey space, the space of all
functions f € WL;)OC(]R”) for which

_1
Ifllwa,, = sup  @(@,r) " [Bz,r)| "7 | flwe, (Bar) < oo
z€R™,r>0
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In [13]-[16], [21], [27] and [29] there were obtained sufficient conditions
on 1 and @9 for the boundedness of the maximal operator M and Calderén-
Zygmund operator K from M, ,, to M, ,,, 1 < p < oo (see also [2]-[5]). In
[29] the following condition was imposed on ¢(x,r):

(3.1) co(z,r) < oz, t) < cp(z,r)

whenever r < t < 2r, where ¢ (> 1) does not depend on ¢, r and x € R",
jointly with the condition:

o0 dt
(32 | ety < cotarp
T
for the sublinear operator T' satisfying the condition (1.1), where C' (> 0)
does not depend on r and z € R".
In [9] the following statement containing the result in [27, 29] was proved
for a sublinear operator 1" satisfying the condition (1.1).

Theorem 3.4. Let p(x,r) satisfies the conditions (3.1)-(3.2). Let T be
a sublinear operator satisfying the condition (1.1), and bounded on L,(R"),
1 <p < oo. Then the operator T is bounded on M, ,

The following statement, containing results obtained in [27], [29] was
proved in [13] (see also [14, 15]).

Theorem 3.5. Let 1 < p < oo and (¢1,p2) satisfy the condition

(33 | e < Contan),

where C does not depend on x and r. Then the mazimal operator M and
Calderdn-Zygmund operator K are bounded from M, ,, to My ,, forp>1
and from My ,, to WMy ,,.

The following statements, containing results Theorems 3.4 and 3.5 was
proved in [17].

Theorem 3.6. Let 1 < p < oo and (¢1,p2) satisfy the condition

00 inf -
(3.4) / ess in t<st<§ig101(as, s)sp
r P

dt < C oz, 1),
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where C' does not depend on x andr. LetT be a sublinear operator satisfying
the condition (1.1) bounded on L,(R™) for p > 1 and bounded from L;(R")
to WL (R™). Then the operator T is bounded from My ,, to M, o, forp >1
and from My ,, to WMy ,,. Moreover, for p > 1, ||TfHMp,w2 < ||fHM,W17
and for p =1, |Tfllwnn oy S 1f1Ia10, -

4. Sublinear operators generated by Calderon-Zygmund op-
erators in the generalized weighted Morrey spaces M, ,(w)
We find it convenient to define the generalized weighted Morrey spaces
in the form as follows.

Definition 4.3. Let ¢(z,7) be a positive measurable function on R” x
(0,00) and w be a non-negative measurable function on R”. We denote
by M, (w) = M, (R",w), 1 < p < oo, the generalized weighted Mor-
rey space, the space of all classes of functions f € L}D?SU(R”) with finite

1
norm ||f”MpN,(w) = SUPgeRrn r>0 QD(ZD, 7,)—1 w(B(x,r)) P HfHLp,w(B(x,r))‘ We
denote by WM, ,(w) = WM, ,(R",w) the weak generalized weighted Mor-

rey space of all functions f € WL;?,ZJ(R”) for which
_1
Ifllwat, oy = sup (@, r) " w(B(@, 7)) » | fllwr,. ) < oo
zER™ r>0

Remark 4.3. (1) If w = 1, then M, (1) = M, is the generalized
Morrey space.

(2) If o(z,7) = w(B(w,r)) 7 , then My ,(w) = Ly «(w) is the weighted
Morrey space.

(3) f w=1and p(z,r) = PP with 0 < A < n, then M) (1) = M, \
is the classical Morrey space and WM, ,(1) = WM, ) is the weak Morrey
space.

4) If p(z,r) = w(B(x,r))_%, then M, ,(w) = Ly(w) is the weighted
Lebesgue space.

In this section we are going to use the following result on the bounded-

ness of the Hardy operator (Hg)(t) := %fotg(r)d,u(r), 0 <t < oo, where

be a non-negative Borel measure on (0, 00).

Theorem 4.7. The inequality ess sup;~qw(t)H g(t)<cess sup;~q v(t)g(t)
holds for all non-negative and non-increasing g on (0,00) if and only if

w(t) / ! dp(r)
0

€ss SUPgc gy V(S)

A :=sup

< 0
>0 1 ’
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and c = A.

Note that, in the case du(t) = dt Theorem 4.7 was proved in [6]. In the
general case Theorem 4.7 can be proved analogously.

Lemma 4.2. Let1 <p < oo, w € Ay, and let T be a sublinear operator
satisfying the condition (1.1), and bounded on L,(w) for p > 1 and bounded
from Lyi(w) to WLi(w).

Then, for 1 < p < oo the inequality

dt
R i PR

holds for any ball B(zo,r) and for all f € Lgffv(]R”).
Moreover, for p =1 the inequality

hSA

HTfHLp,w(B(xo,r)) S; w(B)

i dt
(4.1) T fllw Ly, (B@or) Sw(B) /QT 11|y (B0, l0™ ||Lw(3(m0,t))tnﬁ,
holds for any ball B(xzg,r) and for all f € Llffu(R”).

Proof. Let p € (1,00) and w € A,. For arbitrary zy € R", set B =
B(xg, ) for the ball centered at z¢ and of radius r, 2B = B(xo,2r). We
represent f as

(42) f=fitfo Ni(y) = FW)x2W): f2(y) = f(Y)xeyp (1Y), 7> 0.

Then we have [|T'f|[, ,5) < T f1llL,.8)TIT f2ll1,,.(B)- Since fi € Ly(w),
Tfi € Lp(w) and from the boundedness of T' in Ly(w) it follows that

ITfille,wm < ITAlL,W < ClfillL,w = CllfllL,..8), where the con-
stant C' > 0 is independent of f.

It is clear that z € B, y € C(2B) implies |zg —y| < |z —y| < 3|z —yl-

We get
T fo()] < 2"cq / /()]

Com) |20 — y|"
By Fubini’s theorem we have

|f ()l / *
W 2y
/3(23) [z — y|™ 2B) 7(w)l jwo—y| t"T1
~["] (v)ldy 2
2r  J2r<|zo— y|<t tntt
S fly dyi-
/27” /B(azo,t)| W)l trtl
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Applying Hélder’s inequality, we get

Lf(y)] > _ dt
(4.3) /“(23) wdys/% [ £1 2.0 (B(ot)) [0 Up”Lp/(B(xo,t))W-

Moreover, for all p € [1,00) the inequality

A

> _ dt
@A) 1T Lelyin) S 0B [ 17 ltpmianen 077l oo i

2r

is valid. Thus

e _ dt
/QT 1112y (Baot)) lw 1/ZDHLP,(B(a:O,t))ltnﬁ-

B =

ITfllL,..8)SIfllL,..e8)tw(B)

On the other hand,

1 wemy ~ BN spam) [ o
(4.5 SB[ 1511, oiann o
< wBH Py [ IF a0 i
SWBF [ 181wty 107N, ot

Thus

1 [ _ dt
7 F 1) S 0B [ 1ty mtamn 107 iy 0y s

2r

Let p = 1. From the weak (1,1) boundedness of 7" and (4.5) it follows
that:

ITfullwey o) < ITAlweyw) S fillzy, = 1L w0e@s)
(4.6) 00 3 dt
Sw(B)/Z ANz (B0t 1w 1HLOO(B(aso,t))tnﬁ-

Then by (4.4) and (4.6) we get the inequality (4.1). O
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Theorem 4.8. Let 1 <p < oo, w € Ay, and (1, p2) satisfy the condi-
tion

Sl

o ess inf 1 (z, s)w(B(z, s))
(4 7) / <oo

t<s _
= e+l Hw 1/pHLp/(B(x,t))dt§C§02 (33‘, T)?

where C does not depend on x and r. Let T be a sublinear operator satisfying
the condition (1.1), bounded on L,(w) for p > 1 and bounded from Ly(w)
to WLi(w). Then the operator T is bounded from M, , (w) to My ,,(w)
for p>1 and from M ,, (w) to WM ,,(w). Moreover, for p > 1

1T f 0y (w) S NNy, ()5
and forp=1
1T flwaty gy o) S W llat 4, ()
Proof. By Lemma 4.2 and Theorem 4.7 we have for p > 1

1T f 1|2y ()
dt

oo
< -1 1/p
S x€§35>0<ﬁ2($77‘) /T 11 LBt 1w Pl L, (B gt s}

~ —1 . —l/p dt
L ealen) /0 [ e H,

— 1 - —1/p
S n — dt
xeR}}gws@(ﬂc roe) / N, ey 10l Bty

S swp i(arn) tw(Ble,r )T II£1l,
z€R™,r>0

_1
= Sup ¢1($7T)_1w(B(x7T)) P HfHLp,w(B(x r))
z€R™ r>0

= [[flla1 4, (w)
and forp=1

1T llwaty oy ()

dt

o
< -1 -1 —
S pa(w,) /r Iz B 10 L (B0 Gt

ron

- ~1 ~1

R po(zx, dt
xe§33>o 2(w.7) /0 Hf”L w(Blat 7)) o HLoo(B(wvt’%))

-1
o PR / W0y sy 1 e by
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S ) w(Bla, )
S o erl ) wB@r )T, ety
= HfHMwl(w).

O

Corollary 4.1. Let 1 < p < oo, w € Ay, and (¢1,p2) satisfy the con-
dition (4.7). Then the operators M and K are bounded from My ,, (w) to
My o, (w) for p > 1 and bounded from M, (w) to WMy g, (w).

Note that in the case w = 1 Corollary 4.1 was proved in [1].

In the case ¢1(x,r) = pa(z,7) = w(B(m,T))%, from Theorem 4.8 we
get the following new result.

Corollary 4.2. Let1 < p < o0, 0 < k <1 and w € A,. Let also
T be a sublinear operator satisfying the condition (1.1), bounded on Ly(w)
for p > 1 and bounded from Li(w) to WLi(w). Then the operator T is
bounded on the weighted Morrey spaces Ly, .(w) for p > 1 and from Ly ,(w)
to WLL,{(U)).

Proof. Let 1 <p < oo, w € Ay and 0 < k < 1. Then the pair

(w(B(x,r))%,w(B(x,r))%) satisfies the condition (4.7). Indeed,

* ess infics Oow(B(:z:,s))% _
/ tron ¥ w7 ey

s Hw_l/pHLp/(B(z,t)) dt

_ /°° w(B(x,t))7

<wlf? [T wBn §

< Cw(B(z,r)7,

where the last inequality follows from Lemma 13 in [4]. Then we get the
proof. O
Note that from Corollary 4.2 we get Theorem 2.3.

5. Some applications

In this section, we will apply Theorem 4.8 to several particular opera-
tors such as the pseudo-differential operators, Littlewood-Paley operator,
Marcinkiewicz operator and Bochner-Riesz operator.
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5.1. Pseudo-differential operators

Pseudo-differential operators are generalizations of differential operators
and singular integrals. Let m be real number, 0 < § < 1 and 0 < p < 1.
Following [18, 36, a symbol in S}; is a smooth function o(x,§) defined on
R™ x R™ such that for all multi-indices o and 3 the following estimate holds:

D3Do(w,)| < Cap(l + [¢])mridl+olal

where C,3 > 0 is independent of x and £. A symbol in Sp_go is one which
satisfies the above estimates for each real number m.
The operator A given by

Af@) = [ ot feyie

is called a pseudo-differential operator with symbol o(x, ) € S’g}(;, where f is

a Schwartz function and f denotes the Fourier transform of f. As usual, L7
will denote the class of pseudo-differential operators with symbols in S;’fé.
MILLER [26] showed the boundedness of the pseudo-differential opera-
tors of the Hormander class L%O on weighted Lebesgue spaces whenever the
weight function belongs to Muckenhoupt’s class Ay, 1 < p < oco. In [§] it
is shown that pseudo-differential operators in L(l),0 are Calderon-Zygmund
operators, then from Corollary 4.1 we get the following new results.

Corollary 5.3. Let w € A,, 1 < p < oo, and (p1,p2) satisfy the
condition (4.7). If A is a pseudo-differential operator of the Hdérmander
class L(1),07 then the operator A is bounded from M, , (w) to M, ,,(w) for
p > 1 and bounded from M o (w) to WMy o, (w).

Corollary 5.4. Let1 <p < oo, 0 <k <1land,we A, IfAisa

pseudo-differential operator of the Héormander class L(1],0¢ then the operator
A is bounded on Ly (w) for p>1 and from Ly ,(w) to WLy .(w).

5.2. Littlewood-Paley operator

The Littlewood-Paley functions play an important role in classical har-
monic analysis, for example in the study of non-tangential convergence of
Fatou type and boundedness of Riesz transforms and multipliers [33, 34,
35, 37]. The Littlewood-Paley operator (see [22, 37]) is defined as follows.
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Definition 5.4. Suppose that ¢ € Li(R™) satisfies

(5.1) Y(x)dx = 0.
Rn

Then the generalized Littlewood-Paley g function g, is defined by

win@ = ([T iEn@rd) "

where Fi(f) = 1y * f such that ¢ (z) =t~ (x/t) for t > 0.

The following theorem for the Littlewood-Paley operator gy, is valid (see
[24], Theorem 5.2.2).

Theorem 5.9. Suppose that 1 € L1(R™) satisfies (5.1) and the follow-
g properties:

c
(5.2) ()] < At )t
C
(5.3) Vo@) s G

where C' > 0 are both independent of x. If w € A,, then gy is bounded on
Ly(w) for all1 < p < oo.

Let H be the space H = {h : ||h| = (f;° |h(t)[2dt/t)'/? < oo}, then,
for each fixed x € R™, Fi(f)(x) may be viewed as a mapping from [0, c0)

to H, and it is clear that gy (f)(z) = ||F:(f)(x)|. Indeed, by Minkowski
inequality and the conditions on 1, we get
@) < [

[ ([0 )

00 4—2n dt 1/2
<o [l ([ arp S t) @
_ |/ (y)]

- C/]R” =y

Thus we get the following new results.
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Corollary 5.5. Let 1 < p < oo, w € A,, (¢1,92) satisfy the condi-
tion (4.7) and ¢ € L1(R™) satisfies (5.1)-(5.3). Then the Littlewood-Paley
operator gy, is bounded from My, (w) to My e, (w).

Corollary 5.6. Let 1 <p <o0, 0 <k <1, weA,andp € Li(R")
satisfies (5.1)-(5.3). Then the Littlewood-Paley operator gy is bounded on
Lp7K/(w)'

5.3. Marcinkiewicz operator
Let "1 = {x € R" : |z| = 1} be the unit sphere in R” equipped with the
Lebesgue measure do. Suppose that (2 satisfies the following conditions.
(a) © is a homogeneous function of degree zero on R™ \ {0}, that is,

Qtz) = Q(x), for any ¢ >0, z € R"\ {0}.

(b) €2 has mean zero on S"~1, that is,
/ Q(a')do(2') = 0.
Sn—1

(c) @ € Lip,(S™ 1), 0 < v < 1, that is there exists a constant C' > 0
such that,

Q) = Q)| < Cla’ — /" for any o',y € S

In 1958, STEIN [33] defined the Marcinkiewicz integral of higher dimen-
sion uq as

00 1/2
o)) = ([ IR N@PE)
where
Fou(f)(z) = /| | S
z—y|<t

The continuity of Marcinkiewicz operator uq has been extensively studied
in [24, 34, 35, 37].

Let H be the space H = {h : [|h| = ([;* \h(t)[2dt/t3)'/? < oo}. Then,
it is clear that po(f)(x) = ||Fa.(f)(z)].

By Minkowski inequality and the above conditions on €2, we get

- 1/2
pa(f)o) < | w!f(yN(/l dt) weo [ MWL,

R |$ - y‘n z—y| tig R ‘SL’ - y’n




15 BOUNDEDNESS OF SUBLINEAR OPERATORS 241

Thus, pq satisfies the condition (1.1). It is known that ug is bounded on
Ly(w) for 1 < p < oo and w € A, (see [38]), then from Theorem 4.8 we get
the following new results.

Corollary 5.7. Let 1 < p < oo, w € Ap. Suppose that (¢1,p2) sat-
isfy the condition (4.7) and Q satisfies the conditions (a)-(c). Then uq is
bounded from My, (w) to M o, (w).

Corollary 5.8. Let 1 <p < o0, 0 <k <1, w € A,. Suppose that Q
satisfies the conditions (a)-(c). Then pq is bounded on Ly .(w).

5.4. Bochner-Riesz operator
Let 6 > (n —1)/2, BY(f)(€) = (1 — 22[¢[*)%.f () and B () = t " B°(x/t)
for t > 0. The maximal Bochner-Riesz operator is defined by (see [23, 20])

Bs«(f)(x) = sup 1B (f)()].

Let H be the space H = {h : ||h|| = sup,~ |h(t)| < oo}, then it is clear

that Bs.(f)(x) = B} (f)(2)].-
By the condition on B? (see [11]), we have

|B(a = y)| < Or (1 + |a — y|/r) "+

r d—(n—1)/2 1
—o(—" < Cla—yI™,
<r+x—yr) =gy = oY
and )
Yy
Bs.(f)(x) < C ———dy
NS J Ty

Thus, Bs . satisfies the condition (1.1). It is known that Bs, is bounded on
Ly(w) for 1 < p < oo and w € Ap, and bounded from L;(w) to WL;(w)
for w € Ay (see [31, 39]), then from Theorem 4.8 we get the following new
results.

Corollary 5.9. Let 1 < p < oo, w € A,, (¢1,p2) satisfy the condition
(4.7) and § > (n —1)/2. Then the Bochner-Riesz operator By, is bounded
from M, o, (w) to My ,,(w) for p>1 and from M, (w) to WM 4, (w).

Corollary 5.10. Let 1 <p<o0,0< k<1, we A, andd > (n—1)/2.
Then the Bochner-Riesz operator By, is bounded on Ly, .(w) for p > 1 and
from Ly ,(w) to WL x(w).
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Remark 5.4. Recall that, under the assumptions ¢(z,r) satisfy the

conditions (3.1) and (3.2), Corollary 5.9 were proved in [23].
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