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We consider the Riesz potential operator #,, on the Heisenberg group H,, in generalized
Morrey spaces My ,(H,) and find conditions for the boundedness of .7 as an operator
from M, ,, (Hy) to M, ,,(H,), 1 < p < oo, and from M, (Hy) to a weak Morrey
space WM, o, (H,). The boundedness conditions are formulated it terms of Zygmund
type integral inequalities. Based on the properties of the fundamental solution of the
sub-Laplacian on H,, we prove two Sobolev-Stein embedding theorems for generalized
Morrey and Besov—Morrey spaces. Bibliography: 40 titles.

1 Introduction

The Heisenberg group appears in quantum physics and many fields of mathematics, including
Fourier analysis, functions of several complex variables, geometry, and topology.

In this paper, we establish the boundedness of the Riesz potential on the Heisenberg group
in generalized Morrey spaces. We start with some basic results concerning the Heisenberg
group and refer the interested reader to [1]-[3] and the references therein for more details. The
(2n + 1)-dimensional Heisenberg group H,, is the Lie group with underlying manifold R?" x R
and multiplication

n
(0, 1)(5>) = (349,145 42 3 (@nsss — 2i3ms))-
j:
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The inverse element of g = (x,t) is g~! = (—x, —t) and the identity is denoted by e = (0, 0).

The Heisenberg group is a connected, simply connected nilpotent Lie group. We define one-
parameter dilations on Hl, for r > 0 by the formula

5r(x,t) = (ra,r’t).

These dilations are group automorphisms and the Jacobian determinant is r%, where Q = 2n+2
is the homogeneous dimension of H,,. The homogeneous norm on H,, is given by the formula

gl = I, )| = (l«I* + [t)">.

This norm satisfies the triangle inequality and leads to the left-invariant distance d(g,h) =
lg~'h|. Using this norm, we define the Heisenberg ball

B(g,r)={he€H,:|g'h| <r}

with center g = (z,t) and radius r and denote by ‘B (g,r) = H,, \ B(g,r) its complement. The
volume of the ball B(g,r) is C,,r?, where C), is the volume of the unit ball By:

2120 (3)
(n+ DL (%)

C'ﬂ - ’B(e7 1)‘ =

Using the coordinates g = (x,t) of points in H,,, we can write the left-invariant vector fields

X1,..., Xopn, Xopy1 on H, equal to at the origin as follows:

da1’ " Doy O

0 0 0 0
X,i=—+2 i—, Xpii=——-—2z;,— =1,...
J axj + 2T ot’ n+j aanrj €L ot J s , T,

0
Xopy1 = Erh

These 2n + 1 vector fields form a basis for the Lie algebra of H,, with the commutation relations
[Xj,Xn+j] = —4X2n+1, j = 1,...,77,,

whereas the other commutators vanish. The sub-Laplacian Ay, is defined by the formula

2n
Ag, =— X}
j=1
and the gradient Vy, is defined as

Vi, = (X1,..., Xon).

It is known that the sub-Laplacian operator (hypoelliptic by the Hérmander theorem [4]) plays
the same fundamental role on the group H,, as the Laplacian on R™.

Let f be a given integrable function on a ball B(g,r) C H,,. The fractional mazimal function
M,f, 0 < a<@,of fis defined by the formula

Mo f(g) = sup | B(g, r)|~1+/@ / | (R)|dh.
r>0

B(g,r)
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In the case a = 0, the fractional maximal function M, f coincides with the Hardy—Littlewood
maximal function M f = Myf (cf. [1, 3]) and is closely related to the fractional integral

If(g) = / W lgleQf(h)dh, 0 <a < Q.
Hy,

The operators M, and I, play important role in real and harmonic analysis [1, 3, 5].

The classical Riesz potential Z, is defined on R™ by the formula
Iouf = (=A)"2f 0<a<n,

where A is the Laplacian operator. It is known, that

I f (&) = 7(a) ! / & — 4" F(y)dy = L f(z),
J

where v(a) = 7/22°T'(a/2)/T(n/2 — a/2). The Riesz potential on the Heisenberg group is
defined in terms of the sub-Laplacian £ = Ap,.

Definition 1.1. For 0 < a < Q the Riesz potential .#, is defined on the Schwartz space
S(H,,) by the formula

Iuf(g) = L f(g) = / e f(g)r*/>Ldr,
0
where )
e =—— [ K.(h,g)f(h)dh
10 = gy [ Kool )

is the semigroups of the operator .Z.

In [6], relations between the Riesz potential and the heat kernel on the Heisenberg group are
studied. The following assertion [6, Theorem 1] yields an expression for .#,, which allows us to
discuss the boundedness of the Riesz potential.

Theorem A. Let qs(g) be the heat kernel on H,,. If 0 < o < Q, then for f € S(H,,)

Tuf(g) = ﬁ /Sa/“qs(~)d8 * f(g)-
0

The Riesz potential .7, satisfies the estimate [6, Theorem 2]

Lol (9)] S Laf(9), (1.1)

which provides a suitable estimate for the Riesz potential on the Heisenberg group.

In this paper, we establish the boundedness of the Riesz potential .Z,, 0 < a < @, from
M, o, (Hy) to My ,,(H,), 1 <p < q<oo,1/p—1/q=a/Q, and from M, ,, (H,) to the weak
space WMy ,,(Hy), 1 < g < 00,1 —1/q = a/Q. We also find conditions on ¢ for the Adams
type boundedness of .#, from M, ji/p to M, 1/ in the case 1 < p < ¢ < oo and from M , to
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WM gpt/a 10 the case 1 < ¢ < co. In all the cases, the boundedness conditions are expressed in
terms of Zygmund type integral inequalities for (@1, p2) and ¢, without any assumption about
the monotonicity of (1, ¢2) and ¢ in r.

As an application of the properties of the fundamental solution of sub-Laplacian . on H,,,
we prove (Theorem 6.1) the following generalized Morrey version of Sobolev inequality on H,:
for every u € C§°(H,,)

HuHMq,cpz < CHVXUHMPW’17

where 1 < p < g<oo, 1/p—1/¢=1/Q, and (g1, p2) satisfy the condition (5.6). In Theorem

6.3, we establish the boundedness of the operator %, from BMp, , (Hy) to BMy, , (Hy), where
l<p<g<oo,l/p—1/g=a/Q,1 <0< 0,0<s<1,and (¢1,2) satisfy (5.6).
For another application, we prove (Theorem 6.5) the following Sobolev—Stein embedding

inequality in the generalized Besov—-Morrey space on H,,: for every u € Cg°(H")
lullBag, . < ClIVullpag, ,

where, 1 <p<g<oo,1/p—1/g=1/Q,1<60<00,0<s<1,and (¢1,p2) satisfy (5.6).
We write A < B if A < CB, where C is a positive constant C' independent of appropriate
quantities. If A < B and B < A, we write A ~ B and say that A and B are equivalent.

2 Notation

The Morrey spaces Ly, y(R"™), together with the weighted spaces L, ,,(R™), play an important
role in the theory of partial differential equations. The Morrey spaces were introduced by
Morrey [7] in connection with certain problems in elliptic partial differential equations and
Calculus of Variations. Later, the Morrey spaces were applied to the study of the Navier-
Stokes equations [8, 9], the Schréodinger equations [10]-[12], elliptic problems with discontinuous
coefficients [13, 14], and the potential theory [15, 16]. More information about the Morrey spaces
can be found in [17].

Definition 2.1. Suppose that 1 < p < 00, 0 < A < Q, and [t]; = min{1,¢}. The generalized
Morrey space M, ,(H,,) is the set of locally integrable functions f(g), v € H, with the finite

norm
1/p
Ifls,, = sup (ﬂ / If(h)l”dh> |
g€eH,,, 7>0

B(g,7)

If A\ =0, then L,o(H,) = Ly(H,); if A = Q, then L, g(H,) = Loc(H,); if A <0 or A > Q,
then L, y(H,,) = ©, where © is the set of all functions equivalent to 0 on H,.

Definition 2.2 (cf. [18]). Suppose that 1 < p < co and 0 < A < Q. The weak Morrey space
WL, x(H,) is the set of locally integrable functions f(g), v € H,, with the finite norm

_ 1
|fllwy,, =supr sup (77 [{he Bg,m): [f(h)]>r})"".
’ r>0 geH,, >0

We note that W Ly(H,) = W Lyo(Hy), Lya(Hn) € WLya(Hy), and | fllyp, < If]y, -
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By the classical Hardy-Littlewood-Sobolev result, I, is bounded from L,(H,,) to Ly(H,,) if
and only if « = Q (1/p—1/q) in the case 1 < p < ¢ < oo and [, is bounded from L;(H,) to
W L4(H,) if and only if « = Q(1 — 1/¢) in the case p =1 < g < 0.

Spanne [19] and Adams [15] proved the boundedness of I, on R™ in the Morrey spaces
L, »(R™). This result was reproved by Chiarenza and Frasca [20]. Using the more general
results of Guliyev [21] (cf., also [18, 22, 23]), it is possible to prove the following generalization
of the results of [15, 19, 20] to the case of the Heisenberg group (cf., also [24]).

Theorem A. Suppose that 0 < a < Q, 0 <A< Q —a, and 1 <p < (Q — N)/a.

1. If1 < p < (Q— \)/a, then the condition 1/p—1/q = a/(n — ) is necessary and sufficient
for the boundedness of the operator 1, from Ly x(H,,) to Ly x(Hy,).

2. If p = 1, then the condition 1 — 1/q = a/(Q — A) is necessary and sufficient for the
boundedness of the operator 1, from Ly x(H,) to W Lg x(H,).

If « = Q/p— Q/q, then A = 0 and Theorem A reduces to the aforementioned Hardy—
Littlewood—Sobolev result.

We recall that for 0 < a < Q

Maf(9) < v/ 9 Lo (| 1) (9)- (2.1)

Hence Theorem A implies the boundedness of the fractional maximal operator M, where v,, =
|B(e, 1)| is the volume of the unit ball in H,,.

3 Generalized Morrey Spaces

Throughout the paper, ¢(g,7), ¢1(g,7), and @a(g,r) are nonnegative measurable functions
on H,, x (0,00). It is convenient to define generalized Morrey spaces as follows.

Definition 3.1. Let 1 < p < co. The generalized Morrey space M, ,(H,) is the set of all
functions f € LéOC(Hn) equipped with the norm

T_Q/p

flag,, = sup ——|fllz, B :
H H P u€H,,,r>0 90(97T)|| H p( (@)

A=Q
According to this definition, we recover the space L, x(H,,) under the choice ¢(g,r) =r 7 :

LP,A(HN> = Mp,w<Hn)‘ A=Q -
e(gr)=r P

Sufficient conditions on weights ¢ and @9 for the boundedness of a singular operator T' from
M, o, (Hy) to My ,,(H,) were obtained in [21, 22, 25]. In [25], the following conditions were
imposed:

crolg,r) <plg,7) <cplg,r), r<T<2r (3.1)
on ¢(g,r), where ¢ (> 1) is independent of ¢, r, and u € H,,,

[e.9]

[ etorr s <cotgry (32

T

369



on the maximal or singular operator, and
o0
« dT «
TPe(g, )P — < Cr*p(g,r)? (3.3)
T
T
on the potential and fractional maximal operators, where C'(> 0) is independent of r and g € Hi,.

The following assertion was proved in [25].

Theorem 3.1. Suppose that 1 < p < 00,0 < a < Q/p, 1/q = 1/p — a/Q, and p(g,T)
satisfies the conditions (3.1) and (3.3). Then the operator I is bounded from M, ,(H,) to
My o(Hy,) for p>1 and from M ,(H,) to WMy ,(Hy,) for p=1.

The following assertion, containing the results of [25], was proved in [21] (cf. also [18, 22,
23, 27, 28, 29]).

Theorem 3.2. Suppose that 1 < p < o0, 0 < a < Q/p, 1/qg = 1/p — a/Q, and (v1,p2)

satisfy the condition
o0

dr
[T < Corlan), (3.4

T

where C s independent of g and r. Then the operator I, is bounded from M, (H,) to
Mgy o, (Hy) for p>1 and from M, (Hy) to WMy, (Hy) for p=1.

4 Maximal Operator in M, ,(H,)

We denote by L (0, 00) the space of all functions g(t), ¢ > 0, with the finite norm
1911 oo (0,00) = ess supv(t)g(t)
>0

and set Loo(0,00) = Loo,1(0,00). Let M(0,00) be the set of all Lebesgue measurable functions
on (0,00), and let M™ (0, 00) be its subset consisting of all nonnegative functions on (0, 00). We
denote by 9™(0, 0o;1) the cone of all functions in M1 (0, 00) that are nondecreasing on (0, cc)
and set

A={peMm(0,00;7): tl_i)r& o(t) = 0}.

Let u be a continuous nonnegative function on (0,00). We define the supremal operator S, on
g € M(0,00) by the formula

(Sug)(t) := l[u gl Lo (to0)s t € (0,00).

The following theorem was proved in [26].

Theorem 4.1. Let v1, v be nonnegative measurable functions such that
0 < [[v1llps(t,00) < 00 for any t >0,

and let u be a continuous nonnegative function on (0,00). Then the operator S, is bounded from
Lo, (0,00) to Log,(0,00) on the cone A if and only if

HUSU(HUIHZ;(-,OO))HLw(o,oo) < 0. (4.1)
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Sufficient conditions on ¢ for the boundedness of M and M, in generalized Morrey spaces
My, ,(H,) were obtained in [21, 25, 27, 28].

Lemma 4.1. Let 1 < p < oo. Then for p > 1 and any ball B = B(g,r)

IM fllL, g S 1 llL,8 g2r))+TQ/psup7—QHf||L1 B(g,7)) (4.2)

T>2r

forall f € L;)OC(]HIn). Moreover, forp=1

IMFllwiy sy S Il B2 + ¢ sup 7 Nl By (4.3)

for all f € LY°(H,,).

Proof. Let 1 < p < oo. For an arbitrary ball B = B(g,r) we set f = fi1 + f2, where
fr=fxzp and fo = fxcy,p). Then
IMfll,B) < IMfillp, ) + 1M fallL,B)-

By the continuity of the operator M : L,(H,) — L,(H,) (cf., for example, [1]), we have

IM fillz, ) S WL, eB)-

Let h be an arbitrary point in B. If B(h,7) N (2B) # @, then 7 > r. Indeed, if w €
B(h,7) N E(QB), then 7 > |h~lw| > |¢g7'w| — |g7*h| > 2r —r = r. On the other hand,
B(h,T)N |3(2B) C B(g,27). Indeed, for w € B(h,7)N D(2B) we have [¢7tw| < |~ tw|+ |g71h| <
T+ r < 27. Hence

_ 1 Q 1

B(h,r)n%2B) B(g,27)

1

=99 sup ———— / w)|dw.

B ) T
B(g,7)

Therefore, for all h € B

0 1
Ma(h) < 29 sup el / | | (w)lduw. (1.4)
g,T

Thus,
1 1
||Mf”Lp(B) 5 ||f||Lp(2B) + |B‘ /P( sup \B(g,T)| \f(w)|dw .

T>271
B(g,7)

Let p = 1. It is obvious that for any ball B = B(g,r)

M fllwer, sy <M fillwe,s) + 1M fallwe, s)-
By the continuity of the operator M : Ly (H,) — W L;(H,),

IM fillwe, ) S 1L, 2B)-
By (4.4), we get the inequality (4.3). O
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Lemma 4.2. Let 1 <p < oo. Then for p > 1 and any ball B = B(g,r) in H,

IMfllz, (e S 9P sup TP £, B (4.5)

for all f € L;)OC(HH). Moreover, for p =1
IM fllw e, By ST Sup 7N LB (4.6)
for all f € LY°(H,,).
Proof. Let 1 < p < oo. Denote

— 1R/ 1
=18 p(fﬁ%ﬁ o J 'f(“’)'d“’>’

B(g,T)

My = ||fllL,@B)-
Applying the Hoélder inequality, we get

M S |B\1/p< sup %( / \f(UJ)\pdw> p).
72 |B(g, 7)|?

B(g,7)
On the other hand,

1 1
——
T>2T |B(g7 T)‘ B(gﬂ—)

Since || M fl|p,(B) < #1 + A in view of Lemma 4.1, we obtain (4.5).

» 1 1
]f(w)\%lw) ) 2 |Bl» ( sup 71> ”f”Lp(zB) ~ AMo.

T>2r B(g7 7—) P

Q=

Let p = 1. The inequality (4.6) directly follows from (4.3). O
Theorem 4.2. Suppose that 1 < p < 0o and (p1,p2) satisfy the condition
sup t~9/P essinf ©v1(g,s) sQP < C pa(g,r), (4.7)
r<t<oo t<s<oo

where C' is independent of g and r. If p > 1, then M is bounded as an operator from M, ,, (Hp)
to My, (Hy). If p =1, then M is bounded as an operator from M ,, (Hy) to WMy o, (Hy,).

Proof. By Theorem 4.1 and Lemma 4.2,

HMfHMp,q;Q S} sSup 902(97 T)il Sup TiQ/p HfHLp(B(g,T))
g€H, ,r>0 T>7

S sup o o1(g,n) P f s = Iy,
g€eH,, ,r>0

if pe (1,00) and

IMfllwan,, S sup @2(g.7) " supm O fllr, (Bgr))
g€eH,,,r>0 T>T

S swp o o1(g, ) N ey = I g,
g€H,,r>0

if p=1. O
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Corollary 4.1. Let p € [1,00) and let ¢ : (0,00) — (0,00) be a decreasing function. As-
sume that the mapping 7 — @(r) r@/? is almost increasing (there exists a constant ¢ such that
©(s5) s9/P < cp(r)rQ/P for s < r). Then there exists a constant C' > 0 such that

\M fll.a,., < Clfll.ay,, p>1,
1M fllw.m,, <ClIfll.a,-

5 Riesz Potential Operator in M, ,(H,)
5.1 Spanne—Guliyev type result

In this section, we use the following statement on the boundedness of the Hardy operator

wl»—l

t
/gb )dr, 0 <t < oo.
0

Theorem 5.1 (cf. [30]). The inequality

ess supw(t)Ho(t) < cess sup v(t)p(t)
>0 t>0

holds for all nonnegative and nonincreasing ¢ on (0,00) if and only if

t

—sup <oo and c¢= A.
+>0 ess sup v(s
0  0<s<r

Lemma 5.1. Suppose that 1 <p<oo, 0 <a<Q/p, 1/qg=1/p—a/Q, and f € Ll"c(]HI ).
If p > 1, then

o0

I afllz,B(gr)) S rQ/q/T_Q/q_lufHLp(B(g,T))dT

for any ball B(g,r) and all f € LLOC(HR). If p =1, then

o

Vaflw LBy < 72 / =Y L o dr (5.1)

T

for any ball B(g,r) and all f € L'°°(H,,).

Proof. Suppose that 1 <p <oo,0<a < @Q/pand 1/¢g=1/p— «/Q. For an arbitrary ball
B = B(gur) we set f = fl + f27 where fl = fX2B7 f2 = ch(QB) and 2B = B(972T) Then

Hafll,B) < HafillLys) + [HafellL,B)-

By the boundedness of the operator I, from L,(H,) to L,(H,),
[ LafillLys) < Hafill,m,) S Wil = 1fllL,@5)-
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It is clear that for g € B and h € E(QB)
1 3
—|h | < g7 R < S|hT ).
Ll < g7 < St

Therefore,

h
Lfao) <22 [ %dh.

“2B)
By the Fubini theorem,

|f dr
| i / 7o /mdh

C2B) C2B) lg=1h|
i [ dr
/ / |dh7Q+1 — 5 / / |f(h)|dhm-
2r 2r<|g—Lh|<T 2r B(g,T)
Applying the Holder inequality, we get
/() i dr
/ Wdh S ||f||Lp(B(g,T))m' (5.2)
E(ZB) 2r
Moreover, for all p € [1,00)
r d
-
Hatellymy S 720 [ 17ty 0o gmsr (5.3)

Thus,

yi dr
oSl S 102y 0 + 1% [ 151y o0 g7

On the other hand,

dr
1 liem = 70 f Ly em / A< s / 1725079 7T (5.4

Thus,

T dr
o fllzae S v [ 11y o0 g7

Let p = 1. From the weak (1, ¢) boundedness of I, and (5.4) it follows that

o fillwr,) < Hafillwr,@.) S I1flle @)

dr
= 1 l2em) S 7Y / [ (5.5)

Then from (5.3) and (5.5) we get the inequality (5.1). O
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Theorem 5.2. Suppose that 1 < p < o0, 0 < a < Q/p, 1/q = 1/p — a/Q, and (p1,¥2)
satisfies the condition

/ ess inf ¢y (g, 5)s@/P

T<S<OOTQ/Q+1 dr < C(PQ(g:r)? (56)

T

where C' is independent of g and r. Then the operators ., and I, are bounded from M, ,, (Hy)
to My o, (Hy) for p>1 and from M 4, (Hy,) to WMy ,,(H,) for p=1. Moreover,

1 Iaf Mgy S Ha a1y, S NFllatygys 2> 1,

H‘]afHWMq po ~ HIOZfHWMq o ~ HfHMl ;1) p= L.

Proof. By Lemma 5.1 and Theorem 5.1, for p > 1

dr
<
oy S 510 algr / 1712030070 =577

-1
~  sup  pa(g,T / / ~a/Q))dT
oS (9,7) 0 1Nz, B(g,r—a/@))

= su r q/Q / dr
geHn3>0802(9 1L, (Bgr—areydT

~4/Qy-1 ,q/ B
S gEISILlEvO o1(g,r~ V)T PP HfHLp(B(g,T—q/Q)) = HJCHJ\/[W1

and forp=1

dr
Maflwayu, S 0D alg,r / 1£1122Btom) g7t

gGHn:7">0
r—Q/a
_ —1
~ s (o) / T Pr——

— s pa(gr U9 / TR
geH,,, r>0

< oswp o o(g V)T fllpy mgr-aey = IFllan,, O
geH,,, r>0

Remark 5.1. It is obvious that (3.4) implies (5.6). Indeed, if the condition (3.4) holds, then

[e.o]

%0 69 n/p
e S DN A
ey o s T T%1(T - r € (0,00),

s T

so the condition (5.6) holds.
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In general, (5.6) does not imply (3.4). For example, the functions

1, r € (0,1),

o1 (r) = rB—n/p }sin (maX {1,77/(2T)}) rBnla. e (1,00), 0<pB<n/(29)

) 902(7‘) =

satisfy the condition (5.6). But, in the case r € (0,2), we have ess inf ¢ (s)s™/? = 0 and

r<s<oo
7 oss inf 1 ()57 1, re(o),
/ n/p+l—a dr =~ 5 (,02(7’)7 re (07 OO),
TP rBnla e (1, 00),

r

which means that these functions do not satisfy the condition (3.4). Another example is pre-
sented by the functions

1 _
901(7“)=X(1 K 1l pa(r)=r Q/q(l—i—rﬁ), 0<B8<Q/q

which satisfy (5.6), but do not satisfy (3.4).

5.2 Adams—Guliyev type result

The following assertion is a result of Adams—Guliyev type.

Theorem 5.3. Suppose that 1 < p < 00, 0 < a < Q/p, and q > p. Let p(g,r) satisfy the
conditions

sup ¢~ essinfp(g,s)s? < Co(g,7), (5.7)
r<t<oo 1<s<o0

i dr _ap
/Ta o(g, T )l/p? <Cr e pp (5.8)

T
where C' is independent of g € H,, and r > 0. Then the operators %, and I, are bounded from

M, j1p(Hp) to My j1/q(Hy) for p>1 and from M ,(Hy) to WM, 1/q(Hy). Moreover,

1Tallnt, 1pg S Wafllag, g S W llaz 2> 1,
1 Tafllwar, g S Wafllwar, g SUFlbng, =1

Proof. Suppose that 1 < p<o0,0<a<@Q/p, ¢>p,and f € Mp#pl/p(]H[n). Suppose that
f=h+f2 B=Blg,r), fi = [xzp, and f2 = fxvyp. For lafo(g) we have

Hafolg)l < / g7 Rl () S / £ (R)|dh / a-Q-1g,
CB(g,zr) BB(g,2r) lg~1h|
</ ( / |f(h)\dh>TaQ1d7-§ [t mgonts. 00
27 2r<|g—Llh|<T 4
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Then from (5.8) and (5.9) we get

o] B B i o] . dr
Lo f(9)| S ™ Mf(g) + / Y| | g dt < T MF(9) + 1 f v / p(g, 7)V/P—
a _ap
SrOMF(g) +r7r (|l -
P,
Choosing
qg—p

_ HfHMp’(pl/p =
"\ ()

1 f(9)| £ ALF@)|1F113""

1/10

for every g € H,,, we have

Hence the required assertion follows from the boundedness of the maximal operator M in

M, ,1/p(Hy) provided by Theorem 4.2 in view of (5.7):

o fllar, . = gE]HSIUPT>0 0(g,7) MUY I £l 2, (B

1-
S WhTY,  sup lg,m) T M

9:7))

p/q
17570 (s elo )P RN .y )

g€eH,, 7>0

1 .
LIS UM S Ul Ly, i1 <p < g < oo,

pl/P

Hafllwy o, = sup (g, 7)Y L fllwe, B
e g€H,, 7>0

< Hle 1/q sup (g, 7)" 1/q,— Q/qHMfHIl/I%Ll )
QEHn,T>O

1—1 1 l/q
= Hf”M1,£q< geﬂgupTwsO(g,T) Lr QHMfHW[/l(B(g,T)))

1 1 .
= 1A M, S I fllan, i1 < g < oo 0

In the case ¢(g,r) =779, 0 < A < @, from Theorem 5.3 we get Theorem A.

6 Applications

It is known (cf. [31, p. 247]) that if | - | is a homogeneous norm on H,,, then there exists a
positive constant Cj such that I'(g) = Co|z|?>~ is the fundamental solution of .Z.

From Theorem 5.2 it is easy to obtain an inequality extending the classical Sobolev embed-
ding theorem to the Heisenberg groups.

Theorem 6.1 (Sobolev—Stein embedding on a generalized Morrey space). Suppose that
l1<p<oo,1/qg=1/p—1/Q, and (¢1,p2) satisfy (5.6). Then for every v € C§°(H,)

lullag,yy S IV2ullag, -
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Proof. Let u € C§°(H,,). Using the integral representation formula for the fundamental
solution (cf. [31, p. 237]), we have

u(g) = /P(gly)i”U(y)dy- (6.1)

Hr

2n
Keeping in mind that ¥ = > Xi2 and X = —X; and integrating by parts on the right-hand
i=1
side of (6.1), we get
u(g) = [ (Vg™ 0)V rulw)dy. (6.2
Hy,
On the other hand, out of the origin,
Vzl(g) = Co Ve (l2*79) = 2 - Q)Co a9 Vg lal.
Therefore, since V ¢| - | is smooth in H, \ {0} and dy-homogeneous of degree zero, we have
VT(g) < Cla|'~¢

with a suitable constant C' > 0 depending only on .Z. Using this inequality in (6.2), we get

u(g)] < C/ IV zu(y)l|z]'~%dy = CL(|V 2ul)(9). (6.3)
H,

Then, by Theorem 5.2,
[ullary, e, < CILAV 2ullp, ., < CIV.2ula,,, - -
The following assertion is proved in the same way as Theorem 5.3.

Theorem 6.2 (Sobolev—Stein embedding on a generalized Morrey space). Suppose that
l<p<oo, 1/g=1/p—1/Q, and ¢ satisfies the conditions (5.7) and (5.8). Then for every
u e C3(Hy,)

lullar, 1 SINV2lln -

The following theorem establishes the boundedness of .#, in the generalized Besov—Morrey
spaces on H,

1£(g) = FOIIS 1/6
BMyy ,(Hy) = {f s, , = 11f I, + (/ ’ 9]+ = dg) < oo} (6.4)
Hy,

where 1 < p,0 <occand 0 < s < 1.

Besov spaces B;e(G) in the setting Lie groups G were studied by many authors (cf., for
example [5] and [32]-[35]), unlike Besov—Morrey spaces (however, cf., for example [36]-[38]).

Theorem 6.3. Suppose that 1 < p < 00, 0 < a < Q/p, 1/q = 1/p — a/Q, and (¢1,p2)
satisfy the condition (5.6). If 1 < 0 < oo and 0 < s < 1, then the operator 7, is bounded
from BM;&,W(H”) to BMy, ,, (H,,). More precisely, there is a constant C' > 0 such that for all
f € BMp,, (Hn)

|IafllBrs, < CllfllBms

9,92 pop1
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Proof. By the definition of the generalized Besov—Morrey spaces on H,,, it suffices to show

||Thjaf - <ﬂaﬁ-}[‘|‘1\4q,ap < CHTyf - f”Mp,cp7

where 7, f(g) = f(hg). It is easy to see that 7, f commutes with ., i.e., 7o f = o (T f).
Hence

|Thjaf*faf| = |=ﬂa(7—hf) *jaﬂ < <ﬂoz(h—hf*ﬂ)'

Taking the M,, ,-norm on both sides of the last inequality, we obtain the desired result by using
the boundedness of .#, from M, ,(H,) to My ,(H,). O

Theorem 6.4. Suppose that 1 < p < 00, 0 < a < Q/p, 1/g=1/p— a/Q, and ¢ satisfies
the conditions (5.7) and (5.8). If 1 < 0 < 0o and 0 < s < 1, then the operator 7, is bounded

from BM;Q o/ (H,,) to Bque o/ (H,,). More precisely, there is a constant C' > 0 such that for
all f € BMY, ,,(H,)
Ioalllsae, |, < Cllflsae, -

From Theorems 6.3 and 6.4 we obtain the following Sobolev—Stein embedding inequality on
a generalized Besov—Morrey space.

Theorem 6.5 (Sobolev—Stein embedding on a generalized Besov—Morrey space). Suppose
that 1 < p < o0, 1/q = 1/p — 1/Q, (p1,92) satisfy the condition (5.6), 1 < 6 < oo, and
0 <s<1. Then for every u € C§°(H")

<
lullBagy, ,, S IVzulsng, | -

Theorem 6.6 (Sobolev—Stein embedding on a generalized Besov—Morrey space). Suppose
that 1 <p < o0, 1/q =1/p—1/Q, ¢ satisfies the conditions (5.7) and (5.8), 1 < 6 < oo, and
0 < s < 1. Then for every u € C3°(H")

HUHBM;WW < HVXUHBM;WUP-

The Dirichlet problem for the Kohn Laplacian on the Heisenberg group was considered in

[39, 40]. Note that our results lead to the following a priori estimate for the sub-Laplacian

equation Zf = g.

Theorem 6.7. Suppose that 1 <p<g<o0,0<s<1,1<0< 00, g€ BM;O)\(IHI,L), and
ZLf =g. The following assertions hold.

1.If1/q=1/p—2/Q and (¢1,p2) satisfy the condition (5.6), then

1fllBazs, . S llgllBaz, -

2. If1/q=1/p—1/Q and (¢1,p2) satisfy the condition (5.6), then

1XifllBarg, . < llgllBas i=1,2,...,2n.

0,51’

Theorem 6.8. Suppose that 1 <p<qg< oo, 0<s<1,1<0<00,g€ BM;O’/\(IHIn), and
ZLf =g. Then the following assertions hold.
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1. If 1/qg=1/p —2/Q and ¢ satisfies the conditions (5.7) and (5.8), then

£l Bass S llgllsass
po,

< .
qa0,91/4 pt/p

2. If 1/g=1/p—1/Q and ¢ satisfies the conditions (5.7) and (5.8), then

IXiflpare, ,, S lgllzare, i=12,...,2n

~ ?
a1/ el/P

The proof of Theorems 6.5 and 6.7 is similar to that of Theorem 6.1.
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