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1 | INTRODUCTION

Bor has recently obtained a main theorem dealing with absolute weighted mean
summability of Fourier series. In this paper, we generalized that theorem for
|A, 6, |, summability method. Also, some new and known results are obtained
dealing with some basic summability methods.
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Let )’ a, be a given infinite series with partial sums (s,,). By u% and t%, we denote the nth Cesaro means of order «, with
a > —1, of the sequence (s,) and (na,), respectively, that is,’

where

Ap

The series Y a, is said to be summable |C, a|x, k > 1, if**

n n
1 1 1 -1
ut = —YA%ls, and =— Y A%y, @)
Ag =0 AZ v=0
+D(a+2)..(a+n

_ (a + 1)(a n’) (a+n) = 0o(n"), A%, =0 for n>0. )
o0 ad 1
an‘llu‘,’l —u® k= Zﬁﬁfﬂk < co. )
n=1 n=1

If we take a = 1, then |C, |, summability reduces to |C, 1|, summability.Let (p,) be a sequence of positive real numbers

such that

P, =

va—>oo as n—-oo, (Pi=p;=0 1i=>1). 4)

v=0

The sequence-to-sequence transformation

th=7=—) DS, P,#0, ©)
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defines the sequence (t,) of the Riesz mean or simply the (N, p,) mean of the sequence (s,) generated by the sequence of
coefficients (p,) (see Hardy*).
The series Y. ay, is said to be summable |N, py |, k > 1, if°

) k-1
Py
Z<p_> |tn_tn—1|k< . (6)

n=1

In the special case, when p,, = 1 for all values of n (resp. k = 1), |N, p,, |, summability is the same as |C, 1|, (resp. |N, pu|)
summability.

1.1 | An application of absolute matrix summability to Fourier series

For any sequence (4,), we write that
APy =Ady— Adpyr and Ak, = Ay — Anyr.

A sequence (4,) is said to be of bounded variation, denoted by (4,) € BV, if

o

D 1A% < 0.

n=1

Let f be a periodic function with period 2z and integrable (L) over (—x, #). Without any loss of generality the constant
term in the Fourier series of f can be taken to be 0, so that

f ~ Z(an cosnt + b, sinnt) = ZCn(t), (7
n=1 n=1
where
=+ / “fodt, @=L / " fycosmpdt, by= L / " fysin(noydt.
T J_, T J_x T J-x
We write
B0 = 3 e+ D +f0c= D), ®)
t
Pa(t) = %/ (t—w)* 'pu) du, (a>0). )
0

It is well known that if ¢(¢) € BYV(0, x), then t,(x) = O(1), where t,(x) is the (C, 1) mean of the sequence (nCy,(x)). °Given
a normal matrix A = (a,,), we associate 2 lower semimatrices A = (a,,) and A = (4,,) as follows:

n
Ay = Zania nv=0,1,... Aap =auw —au_1,V a_1o0 = 0 (10)
i=v

and

dgo = Qoo = Ao, Apy = Alpy = Ay — an—l,v’ n=12,... (11)

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-series transformations,
respectively. Then, we have

n n
An(s) = Zanvsv = Zanvav (12)
v=0 v=0
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and

AAn(s) = ) Anay. (13)
v=0

Let A = (an) be a normal matrix, ie, a lower triangular matrix of nonzero diagonal entries. Then, A defines the
sequence-to-sequence transformation, mapping the sequence s = (s,) to As = (A,(s)), where

n
An(s) = Zanvsv, n= 0, 1, e . (14)
v=0

Let (6,) be any sequence of positive real numbers. The series ) a, is said to be summable |A, 0|, k > 1, if’

0k AA(s)| < oo, (1s)
n=1
where
AAn(S) = An(s) = An-1(s). (16)

If we take 9, = %, then |A, 6,,|, summability, then we have |A, p,|, summability,® and if we take 6, = n, then we have
|Al summability9 And also, if we take 6, = :;— and ap,, = p , then we have |N, p,,|, summability. Furthermore, if we take
0, = n, a, = £ and pn = 1 for all values of n, then |A, 6 | | summability reduces to |C, 1|, summability.? Finally, if we

take 8, = n and Ay = P , then we obtain |R, p,|, summability.*

2 | THE KNOWN RESULTS

Recently, many papers have been done for absolute summability factors of infinite series and Fourier series.'"** Bor!! has
proved the following theorem dealing with the Fourier series.

Theorem 2.1. Let (p,) be a sequence of positive numbers such that

P,=0(np,) as n— . 17)

If p1(t) € BY(0, ), (Xy,) is a positive monotonic nondecreasing sequence, the sequences (X,,), (4,) satisfy the following
conditions and

AmXm = 0(1) as m — oo, (18)

m

D nXa|A24,| =0(1) as m - oo, (19)
n=1

m

t k

Z&l ”(k’f)ll —0X,) as m— o, (20)
n=1 Py Xn

then the series Y. Cp(X)Ay is summable |N, py|i, k > 1.

3 | THE MAIN RESULT

The aim of this paper is to generalize Theorem 2.1 for |A, 6, |, summability method for Fourier series in the following form.

Theorem 3.1. Letk > 1 and A = (a,,) be a positive normal matrix such that

w=1 n=01, ..., (21)
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Qn-1y = Qny, for n>v+1, (22)
dn,v+1 = O(VIAanvD- (23)

Let (6,a,,) be a nonincreasing sequence. If the conditions (17) to (19) in Theorem 2.1 and (6,,) holds for the following
condition,

k
Z(en wa, M = 0(X,) as m— oo 24)

are satisfied, then the series Y. Cy(X) A, is summable |A, 0|, k > 1.
We need the following lemmas for the proof of Theorem 3.1.

Lemma 3.1. From the conditions (21) and (22) in Theorem 3.1, we have™

n-1
D 1Aan| = am, (25)
v=0
dn,v+1 Z 0, (26)
m+1
Y npir = O(D). @7
n=v+1

Lemma 3.2. Under the conditions (18) and (19) in Theorem 2.1, we have the following?>:

nX,|AAl,| =01) as n— oo, (28)
D XalAdn| < co. (29)
n=1

Proof of Theorem. Let (I,(x)) denotes the A transform of the series Y, ; Cn(X)4,. Then, by (10) and (11), we have

n
AIn(x) = Zénvcv(x)/lv'
v=1

Applying Abel transformation to this sum, we have that
c R NLTAY B in
A — A — nv/tv nn’tn
Al (x) = v;am,cv(x)/lv]—) = ;A <—v > Z;rc,(x) + ;rc,(x)

n-1 A

=Ya <a”” ) W+ Dy(6) + A dn
v=1
n-1

v
c +1 +1w
< Vv Vv A
= Aap 4y b)) —— + Zan v+1AA’ L) —— + Zan,v+l/lv+1
~ v v

v=1 v=1

+ ann Antn(x)

£y () n+1
n
= n,l(x) + In,Z(x) + In,S(x) + In,4(x)~

To complete the proof of Theorem 3.1, by Minkowski inequality, it is sufficient to show that

Y O L, 0F <0, for r=1,2,34. (30)

n=1
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First, by applying Ho6lder inequality with indices k and k’, where k > 1 and i + % = 1, we have that

m+1 m+1 1)+1 k
D O L olk < Yok 1{2‘,| | |Aan| 14 ||tv<x)|}

n=2 n=2
m+1 n-1 n-—1 k-1
=0() Y 057D |Aan| |4l 600k {2 |Aam|}
n=2 v=1 =
m+1
= 0(1) ) (0n@nn) ™" {Zm%nﬂ | |tv<x>|"}
n=2
m+1
= omZM A Y, (0nan) " [Aan|
n=v+1

11
= 0(1)Z<evaw>k L 600 an

v=1 v
m-1
+(x H(x0)|*
—O(l)ZAleZ(er -, LT +0<1>Mm|2(9v @) 2L
r=1 Xr Xv

m—1
= 0(1) Y} 1AAIX, + O A | X

v=1

=0(1) as m—-

by virtue of the hypotheses of Theorem 3.1, Lemma 3.1, and Lemma 3.2. Now, using Hélder inequality, we have that

m+1 m+1 a1 k

29" 200k < 29" 1{Z|—||am+1|m ||tv<x>|}
m+1 n-1 k

= omzok I{Zanmmvurv(xn }

v=1
m+1 n-1 n—1 k-1
=0() Y057 Y WIALD! [Aan LG X $ Y |Aan|
n=2 v=1 v=1
m+1 n-1

= O(l)Z(enannY‘—lZ(levakMaml|rv(x)|"

m+1

= O(l)Z(vmv DT EIAADILEE Y (0nan) " [Aan|

n=v+1

= O(1>2(9vaw>k 'a —— 6, [FVI AL

~ Xk 1
m—1
= 0(1>2A(v|m |>Z(9 ) a o= 11,001 + O(L)m|Ady, |§;<evaw)" 1aWXk - [6,00) [
V=
m—1
= 0(1)2 [AW[AADIX, + O | Adm | Xim
v=1
m—1 m—1
= 0(1) ) vX,| A2y + O(1) ). Xy|Ady| + O(1)m| A dm | X
v=1 v=1

=0(1) as m—>
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by virtue of the hypotheses of Theorem 3.1, Lemma 3.1, and Lemma 3.2. Again, as in I,,;, we have that

m+1 m+1 - ¢ (x) mtl s, [£,(x)] ‘
Zeﬁ_lllnﬁ(x)lk — 26’}2_1 Z nv+1/1V+1 i Zeﬁ_l { Zé-n,v+1|/1v+l| Vv }

n=2 n=2 v=1 n=2 v=1

m+1 n-1 k m+1 n—-1 n—1 k-1
= omzeﬁ-l{Z|Aam|uv+1||rv(x>|} = 0(1) Y057 Y 1Aam | Ave Fl6,00)* x {me}
v=1

n=2 v=1 n=2 v=1
m+1 n-1 m+1
—ou)Z(enann)" 12|Aaw|uv+1| 6ol = omme 16CO Y (On@nn) | Aan|
n=v+1

= 0(1>Z<9vaw>k L | OO Ao A | = O<1)Z(6 @) 1Xk = A 16,00 Fa

v=1

=0(1) as m—- o

by virtue of the hypotheses of Theorem 3.1, Lemma 3.1, and Lemma 3.2. Finally, as in I, ;, we have that

m m
DO I a)lf = 0(1) Y 057 b Al ltn(0)]* = (1)29’” n @nl Anl A 1£2(0)¢
n=1 n=1

=0(1) as m—- ©

m
= 0(1) ) (0@ apn
n=1

n

by virtue of hypotheses of Theorem 3.1, Lemma 3.1, and Lemma 3.2. This completes the proof of Theorem 3.1. O

4 | APPLICATIONS

We can apply Theorem 3.1 to weighted mean A = (ay,) is defined as a,,, = % when 0 <v < n,where P, = py+p,+...+p,.

We have that P _p (ouP)
Apy = ———— —1 and A1 = _PnTv)
P, (PnPn-1)
The following results can be easily verified.

If we take 6, = 22 in Theorem 3.1, then we have a result dealing with |A, p, |, summability.*®

If we take 6, = n'in Theorem 3.1, then we have a result dealing with |A|, summability.
If we take 6, = % and a,, = fT" in Theorem 3.1, then we have Theorem 2.1.

L

If we take 0, = n, a,, = }’;—" and p, = 1 for all values of n in Theorem 3.1, then we have a new result concerning
|C, 1|, summability. ’
5. If we take 0, = nand a,, = 1‘;—“ in Theorem 3.1, then we get |R, p,|, summability.
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