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A RECENT EXTENSION OF THE WEIGHTED MEAN
SUMMABILITY OF INFINITE SERIES

SEBNEM YILDIZ

ABSTRACT. We obtain a new matrix generalization result dealing with
weighted mean summability of infinite series by using a new general class
of power increasing sequences obtained by Sulaiman [9]. This theorem also
includes some new and known results dealing with some basic summability
methods.
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1. Introduction
By () we denote the nth (C, 1) mean of the sequence (na,). The series Y ay,
is said to be summable |C, 1|, k > 1, if (see [3])

o0

> %wk < 0. (1)

n=1
Let (pn) be a sequence of positive numbers such that

Pn:va—M)o as n—oo, (P_j=p_;=0, i>1). (2)
v=0

The sequence-to-sequence transformation

1 n
T g
™ v=0

defines the sequence (wy,) of the weighted arithmetic mean or simply the (N , pn)
mean of the sequence (s,), generated by the sequence of coefficients (p,,) (see
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[4]). A series 3" a,, with partial sums (s,,) is said to be summable [N, p,|x, k > 1,
if (see [2])

e} P k—1 .
Z (") |wy, — wp_1|" < . (4)
n=1 Pn

If we take p, = 1 for all n, then |N,p,|; summability is the same as |C, 1|,
summability.

A positive sequence (b,,) is said to be almost increasing if there exists a positive
increasing sequence (¢,) and two positive constants A and B such that Ac, <
by, < Bey, (see [1]). A positive sequence a = (ay,) is said to be a quasi-S-power
increasing if there exists a constant K = K(8,a) > 1 such that

KnPa, > mPa,, (5)

holds for n > m (see [5]). It should be noted that every almost increasing
sequence is a quasi-g-power increasing sequence for any nonnegative 3, but the
converse need not be true as can be seen by taking a,, = n=7.

Let > a, be a given series with partial sums (s,). Let A = (an,) be a normal
matrix, i.e., a lower triangular matrix with nonzero diagonal entries. Then A

defines a sequence-to-sequence transformation, mapping of the sequence s = (sy,)
to As = (A,(s)), where

A, (s) :Zamsv, n=0,1,.. (6)
v=0

A series ) ay, is said to be summable |A, p,|,, k > 1, if (see [8])

i <P">k1 [An(s) = An-a(s)]" < oo. (7)

Pn

n=1
In the special case, if we take p,, = 1 for all n, then |A, p,|, summability reduces
to |Al, summability (see [7]).

If we put a,, = &=, then |4, p,[, summability reduces to |J\7 ,Pnl|, summability.

M
If we take ay = 5’3—“ and p, = 1 for all n, then |A, p,|, summability reduces to
|C, 1| summability.

2. Known Result

In [9], Sulaiman proved the following result dealing with | N, p,, |x summability.

Theorem 2.1 ([9]). If the sequence (X,,) is a quasi-B-power increasing sequence
0< B <1, (\) is a sequence of constants both satisfying conditions

i%Pn :O(Pm)a (8)
n=1

An—0 as n— oo, (9)



and
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> nXn(B)|AJAN,]] < oo,
n=1

m 1 . 5
n| = Xm )
> el = 0 X,)

n=1

. Pn 1 ko 8
anwﬁn\ =0(m”Xm).
n=1

Then the series Zflozl anApn is summable [N, pu|r, k> 1.

3. Main Result

119

(10)

The aim of this paper is to generalize Theorem 2.1 for |A, p,|r summability

method.

Given a normal matrix A = (an,), we associate two lower semimatrices A =
(Gny) and A = (Gpy) as follows:

and

n
Apy = g Ani, m,v=0,1,..
i=v

Goo = Goo = G00; Qnv = Qnoy — Ap—1p, N = 1,2,..

It is known that

and

n n
An(S) = § ApySy = E Ay Oy
v=0 v=0

AA,(s) = z": Ay Qy -
v=0

Let w be the class of all matrices A = (ay,) satisfying

A is a positive normal matrix,
ano = 1, ’I’LZO,L...

Gn—1,v Zanv; TLZ’U+1

Theorem 3.1. Let A € w satisfying

_ Pn
ann—O(Pn)

n—1

L.
Z E|am\ = O(a,m).

v=1

(13)

(20)

(21)
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Let (X,,) be a quasi-B-power increasing sequence 0 < 8 < 1. If the sequences
(A\n), and (X,,) satisfy all the conditions of Theorem 2.1, then the series

o0
E anAn
n=1

is summable |A, py|,, k> 1.
The following lemmas are required to prove our theorem.

Lemma 3.2 ([9]). Let (X,,) be a quasi-B-power increasing sequence such that
the conditions (9) and (10) of Theorem 2.1 are satisfied. Then

nPT X, |AN,| = O0(1) as n— oo, (22)
ZnﬁXn|A)\n| < o0, (23)
n=1

nP X, M| = O(1) as n — oo, (24)

where X,,(8) = nX,,.

Lemma 3.3 ([6]). Let A € w and from the condition (13),(14),(18) and (19),
then

n—1
Z 1Ay ()| < ann, (25)
v=1
m—+1
Z |Ay ()| < @y, (26)
n=v+1
and
m—+1
Z |dn,v+1| <L (27)
n=v+1

Proof of Theorem 3.1

Proof. Let (V,,) denotes the A-transform of the series Y anA,. Then, by the
definition, we have that

n n
AV, = § I W § Va0 Yy Ay
v=1 v=1

Applying Abel’s transformation to this sum, we have that

n—1

A‘/n = z_; Av (dnv/\vv_l) Z:raT + dnn/\n’ﬂ_l z:vav.

By the formula for the difference of products of sequences (see [4]) we have
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AV,
i, 1 1 1
;(U + 1) (Manv)\ + ( T 1) A (anv)>\v + ( n 1)an v+1A)\'U>

1
+n—|— AnnAntn

3

n—1 n—1 n—1

AV = anmdov ™ty + D Ay(ano)Xoto + 3 nwp1te ANy + pnAnty

v=1 v=1 v=1

n+1

A‘/n = Vn,l + Vn,2 + Vn,3 + Vn,4-
To complete the proof of Theorem 3.1, it is sufficient to show that

) P k—1
Z(") | Vir [F< 00, for r=1,2,34. (28)

n=1 n

Firstly, using Holder’s inequality, we have

m-+1 k—1 m—+1 k—1 |n—1
Z P, Z P,

< > |Vn71 |k: <>

p n=2

Z GnpAptyt !
— \n Pn

m+1 P k—1 /n—1 . . 11 .
: Z (pn) Z|a7“’||>\”| |tv‘}C Z;|dml|

n=2 v=1

= Py o k—1 o k kl
—om S ()t S ha i .
v=1

neo \Pn

N D 1, o P e T =
DA e P

n=v+1

|

S

—
iM

m

1 [Aoflte]® |k
v (VB X,)k

—1 v m
1 |t 1 |tv‘k
(; el ) aneom (Sl

v=1

NM

vﬁX AN, | + O()mP X | A = O(1) as m — oo,

M“M

,_.

v=

by the hypotheses of the Theorem 3.1, Lemma 3.2, and Lemma 3.3. And using
Lemma 3.2, and Lemma 3.3. we have that

m—+1 Pn k—1 o m—+1 Pn k—1
> () 1mel=3(5)

n=2 n n=2 n

n—1

Y A

v=1
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m+1 P k-1 /n—1 n—1 k-1
SHEY (Zm DIt ) x <Z|Av<am>|>
—92 Pn v=1
m—+1 P k—1 n—1
—om Y (1) ekt XAl

n=2
m m—+1
= O0(1) > olFftl* D7 1AL ()]
v=1 n=v+1
= Do k(0P X, IMI)’“ '
=0(1 — | Xuol|te
W3 Bl 55
m—1 v m
pr ] po |t|*
= 1 Gl
o) M( G )AIA +0( ><¥ By ) ool
m—1
=0(1) Y VX, |AN| + O(1)mP X, | Al
v=1

by the hypotheses of the Theorem 3.1. Also, using Lemma 3.2, and Lemma 3.3.
we have that

m+1 P m+1 P k—1 |n—1
() | Vn,3 |k: Z (n> Zan v+1A)\ f;
n=2 Pn n=2 Pn v=1

m+1 k—1 /n—1 k
( ) (Z |an,v+1|mv||tv|>
v=1

m+1 k—1 n—1 k—1
AN, N
( > <Z |, v+1\ | )| 12 |k> X <Z |an,v+1|UﬂXv|A)\v|>

v=1

m+1 k—1 n—1 n—1 k—1
. P, k—1 N ‘A)‘v‘ k B
=0(1) 2 (m) e (;an,wﬂww X ;v Xo|AN|

m |A)\u| . m-+1 R
:O(UZW‘M Z |Gt

v=1 n=v+1
B “ v| AN, | \tv|”C

O(l); (WBX,)k=1 v

1 (Z 1”) Aw|AN]) +0(1) (f: 1W> m|AA]
rP X, )k Y — v (vBX,)k—1 m
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m—1
=0(1) Y VX, A|AN]) + O(1)m 1 X, | AN |
v=1
m—1 m—1
=0(1) > Xy |AN [+ O(1) D v IX[AJAN ||+ O(1)m ! X, | AN |
v=1 v=1

=0(1) as m — oo,

by the hypotheses of the Theorem 3.1. Finally, we have

m k—1 m k—1
Z(P”) |vn,4|’€=0<1>2(§") 0kl

it
1 n—=1 n

e tal” _
OTED) E - L S P L TP

n=1 v=1 n=1
m—1

=0(1) Y nPX, AN |+ O)mP X | A
n=1

=0(1) as m — oo,
by the hypotheses of the Theorem 3.1, and Lemma 3.2. (]

This completes the proof of Theorem 3.1.

4. Conclusions

1. If we take a,, = 1’;:; in Theorem 3.1, then we can return to Theorem 2.1.

2. If we take p, = 1 for all n in Theorem 3.1, then we have a new theorem on
|A|, summability method.

3. If we put a,, = ]’;’: and p, = 1 for all n in Theorem 3.1, then we obtain
another result concerning |C, 1|, summability method.
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