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Abstract.: In this study, we consider some special mates of spherical
Legendre curves by using Legendre frame along spherical front or frontal
on Euclidean unit sphere. In this sense, we define orthogonal-type and
parallel-type spherical Legendre mates. After, we get some characteri-
zations between Legendre curvatures of orthogonal-type Legendre mates.
In particularly, when spherical front is a regular curve, we give relation-
ships between Legendre and Frenet frame or Legendre and Sabban frame.
Moreover, we obtain that the evolute and the involute of spherical front
correspond to a second and third orthogonal-type Legendre mate of spher-
ical front, respectively. After, we give examples for first, second or third
orthogonal-type spherical Legendre mates of some special spherical fronts
or frontals. Finally, we show that there is no parallel-type Legendre mates
of spherical frontal.
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1. INTRODUCTION

In the field of mathematics, constructing of algebraic and geometric structures which
have similar or certain common features has been always a matter of curiosity. In particu-
lar, in classic theory of curves of differential geometry, "examining to partner curves that
have a certain common feature and obtaining characterizations between partner curves” has
remained popular to this day.

In this sense, in the category of partner curves which are defined according to whether
any two Frenet vector fields are parallel (specifically linearly dependent or coincident) or
orthogonal at corresponding points of regular curves in Euclidean 3-space, as well-known
classic example: "The pair of regular curves whose tangent line at each point of the ref-
erence curve coincides with the normal line of the other curve and whose tangents are
orthogonal at corresponding points, are called an involute-evolute curves. Then, the ref-
erence curve is called the evolute of the other curve and also, the other curve is called
involute of the reference curve. So, evolute of involute of a curve is itself. Also, the locus
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of the centers of osculating spheres (circles) of a regular spatial (planar) curve is called
evolute [16].”

A parametrized differentiable curve whose first derivative (i.e. velocity vector) is non-
zero at each point is called regular. If the first derivative of a curve is zero at any point, then
this point is called singular point of the curve. Also, if the first and second derivative of a
curve is linear dependent (or equivalently, its curvature is zero) at any point, then this point
is called inflection point of the curve. Moreover, in singular points, curvature and torsion
are not defined since the tangent vectors of the curve are not continuous. So, Frenet frame
of the curve is not well defined at the singular points. However, a Frenet-like moving frame
along the curve is defined, which is also well-defined at singular points.

Now, let’s give about some studies about singular curves from perspective of Legendre
singularity. In [1], by using Legendre singularity theory, Arnold introduce spherical geom-
etry of fronts as singular curves in unit sphere. Also, in [19], Uribe-Vargas give the singu-
larity theory of caustics and fronts in unit sphere. Especially, in [17], Takahashi gives more
explicitly theory of the spherical front (or frontal) as singular curves in the unit sphere. He
define a moving frame along spherical front (or frontal) of Legendre curve and so, give
the curvature of Legendre curve as the geodesic curvature of regular spherical curve in the
unit sphere. Moreover, as a generalization of evolute of regular spherical curves, he define
evolute of spherical front (or frontal) by using moving frame of the front (or frontal) and
the curvature of spherical Legendre curve. Some remarkable articles about front or frontal
are also [3-,11-,18, 20].

In this study, by using the concept in [17] and as inspired from partner curves of regular
curves in classic theory, we consider orthogonal-type and parallel-type spherical Legendre
mates of spherical Legendre curves with respect to moving frame (Legendre frame) along
a front or frontal in the unit sphere. This study is designed as follows. In section 2, we
give brief theory of regular and singular spherical curves in Euclidean 3-$pace\f-
ter, we give the concept about spherical Legendre curves (or Legendre immersions) and
its spherical frontal (or spherical front) as singular spherical curves. Moreover, when a
spherical front is especially regular, we obtain relationships between Legendre frame and
Frenet frame or Sabban frame. In section 3, we introduce three kinds of orthogonal type
Legendre mates of spherical Legendre immersion by using Legendre frame along its spher-
ical front or frontal on unit spher§? in R3. We give some characterizations between
Legendre curvatures of orthogonal-type Legendre mates. Especially, we obtain that evo-
lute and involute of spherical front curve correspond to second and third orthogonal-type
Legendre mate of spherical front, respectively. After, we give examples for first, second or
third orthogonal-type spherical Legendre mates of some special spherical fronts or frontals
on S2. In section 4, we define three kinds of parallel type Legendre mates of spherical
Legendre curve by using Legendre frame along its spherical front&P orfrrontal part-
ner curves on unit sphere which is defined in [9] are correspond to parallel-type Legendre
mates. But, the author did not taken into account the condition that the frontal partner curve
must be spherical Legendre curve on unit sphere and the Proof of Theorems is stated with
respect to Euclidean 3-space insteadsdf Consequently, in the sense of frontal partner
curve on unit sphere, we proof that there is no parallel-type spherical Legendre mate of a
spherical frontal o1$?.
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2. PRELIMINARY
Let R3 denote the3-dimensional Euclidean space, that is, 3adimensional real vector

3
space with the standard inner proddet y) = > z;y; for all € = (z1,20,23), y =
i=1
(y1,92,y3) € R3. Also, the norm of a vectar € R? is defined by||z| = \/(z,z). Let
{e1, e2, e3} be the standard orthonormal basis wheye= (01, 625, d3;) is an unit vector
inR3 for 4,7 = 1,2, 3 such tha¥;; is the Kronecker delta function. Then the cross product
of vectorse andy onR? is given byx x y = (xoy3 — 23y2, —T1Y3 + T3Y1, T1Y2 — ToY1)-

2.1. Regular Spherical Curves. Leta : I C R — R? be a regular curve for open interval
I C R. Namely, we havex(t) # 0forallt € I, whereq(t) = 4 (t). Thena is called unit
speed curve with arc-length parameteif ||&(s)|| = 1 for all s. Now, if  is @ non-unit
speed curve with arbitrary parametethen the tangent vector, the principal normal vector
and the binormal vector ak is defined byt(t) = %, n(t) = b(t) x t(t), b(t) =

% respectively. Thetit, n, b} is called Frenet frame et and well known Frenet

formulas are given by

t 0 k 0 t
n | =& -« 0 7 n |, (2.1)
b 0 -7 0 b

where the curvature and the torsion of the curvea are given byx = ”ﬁ'{;ﬁ”, T =

det(d,&, &)
laex&l? -
Leta : I ¢ R — S? be a non-unit speed regular spherical curve on the unit sphere
S? = {z € R3 | ||lz|]| = 1}. Since|la(t)|| = 1 and||t(t)| = 1 for eacht € I, we have
the unit vectore(t) = «(t) x t(t) onS?, which are orthogonal to bott(t) andt(¢). So,
{a,t, e} is an orthonormal frame dk® and it is called Sabban (or curve-surface) frame
alonga onS2. Then, we get the following Frenet type formulas are given by

« 0 1 0 «
t | =l -1 0 & t |, (2.2)
é 0 —ry O

det(o,0,é)
lleell®

where the geodesic curvatutg of the curvex are given by, =

Remark 2.1. Let’s give that the following well-known characterizations for regular curves
in R3, whose curvatures and torsionr or regular spherical curves whose geodesic cur-
vaturex,: It is an unit speed spherical curve which is lying on a sphere with ragdiifs

sphere with radiug if and only ifx = % andT = 0 (or equivalentlys, = 0) [16]. Itis a
general helix if and only if the ratig. is a constant [10, 16]. Itis an unit speed slant helix

and only if(%)2 + ((l)/ (1))2 = p?. In particular, it is a great circle (geodesic) on a

207\
if and only if% is a constant [8].
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2.2. Singular Spherical Curves. In this subsection, we give the concept about spheri-
cal Legendre curves (or Legendre immersion) and its spherical frontal (or front) curve.
For more detail and background about Legendre singularity theory and singular spherical
curves (see[1,2,7,17,19)).

Definition 2.1. Leta : I € R — R? be a space curve. W(ty) = 0 att, € I thenty
is called a singular point of the curva. Also, if (ty) x é&(tg) = 0 (i.e. x(ty) = 0) at
to € I thenty is called an inflection point of the curve.

By Definition|2.1, we see that the Frenet Frame of any space curve is not well-defined
at any singular or inflection point of the curve. Now, we give the following useful concepts
for regular or singular spherical curves from perspective of Legendre curves. Let us take
the setA = {(z,y) € S* x §?| (x,y) = 0} as a 3-dimensional manifold.

Definition 2.2. (a,d) : I — A C S? x S? is called a spherical Legendre curve, if
{&(t),9(t)) = 0forall t € I. Then, the curvex : I — S? is called a spherical frontal
and the curva? : I — S? is called a dual ofx.

Definition 2.3. Let the spherical Legendre curyex,d) : I — A be an immersion (i.e.
that (a(t),¥(t)) # 0 for all t € I). Then,a is called a spherical front.

Let (ax, ¥) be a spherical Legendre curve. Unlike the Frenet frame of the euriféhe
spherical frontakx have singular points then we can construct a well-defined moving frame
along the spherical frontat. Now, we can defing(t) = «(¢) x ¥(t) is an unit vector on
S?, which are orthogonal to bott andd. Thus,{«, ¥, u} is an orthonormal frame &3
and it is called the Legendre frame along the spherical framtah S?. Then, we get the
Legendre Frenet type formulas of the frontalre given by

a(t) =m()p(t), V() =n(B)p(), [()=-mba) -a®)d(),  (2.3)
where the pair of functioném, n) = (<19,,u,> (@, N>> is the Legendre curvature of the
spherical Legendre curvex, 9).

Remark 2.2. Let’s note that: Ifty is a singular point of thex (respectively, the), then
m(tp) = 0 (respectively, n(ty) = 0). If (o, ) is a spherical Legendre immersion, then
(m(¢),n(t)) # (0,0) for all t € I. Especially, ifn(tg) = 0 thent, is called an inflection
point of the fronta.

Moreover, for congruent Legendre curves and the existence-uniqueness theorem of Le-
gendre curves, see [17]. Now, let us give the following definitions of the evolute of a
spherical front ([17]) and the involute of a spherical front ( [14]).

Definition 2.4. Let the Legendre curvex, d) : I — A be animmersion. Then, the evolute
Ev(a) : I — S? of the spherical fronty is defined by

t t
go(@)(t) = +—"B s — " 5.
m2(t) + n2(t) m2(t) + n2(t)
Definition 2.5. Let the(«,¥) : I — A be a Legendre curve (or Legendre immersion).
Then, the involut€nv(a, ty) : I — S? of the spherical frontal (or frontyx att, € I is

defined byZnv (e, to)(t) = cos (f m(t)dt) a(t) — sin (ft m(t)dt) p(t).

to to
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2.3. Regular Spherical Fronts. In this subsection, whea is a regular spherical curve
as a special case, we give relationships between Legendre app@asaifise, m,n} and
Frenet apparatugt, n, b, x, 7} (or Sabban apparatysy, ¢, e, s, }) of the curvea.

By using the formulas2.1), (2.2) and R.3), we get easily the following corollaries.

Corollary 2.1. Leta be a regular spherical front with the Frenet apparatitsn, b, x, 7}
and the Legendre apparatysx, ¢, i, m, n}, then the relationship formulas are obtained
by

t=cp,

- _ m n

n= E( m2+n2a+ m2+n219)’
b

_ n _ m
T Vmrar & \/m2+n2ﬂ’
wheres = det(a, 9, t) and

vVmZ +n2 ny 2
==y ()
(&)

mn —mn

_m(m2+n2) _m<1+(%)2).

Corollary 2.2. Leta be a regular spherical front with the Sabban apparafes t, e, x4 }
and the Legendre apparatysy, ¥, i, m, n}, then the relationship formulas are obtained

by

a=aq,
t=cep,
e = —¢cl,
wheres = det(a, 9, t) and
n
KRg = —.
Y |m]

Corollary 2.3. By Remark2.1, Corollary2.1 and Corollary2.2, we have the following
statements:
e m = 0 iff  is a point onS2.
e n = 0iff a is a great circle or$s? (i.e. k, = 0).
1

ooy iy i i i i 2
o = Als aconstant iffie is a circle with radmsm onS©.

m2(&) e - . .
() is a non-zero constant it is a spherical helix o$2.

(m24n2)3/2

3. ORTHOGONAL-TYPE LEGENDREMATES

In this section, we introduce three kinds of orthogonal type Legendre mates of spher-
ical Legendre curve by using Legendre frafe, 9, u} along its spherical frontal or
front on S2. Moreover, we obtain some characterizations between Legendre curvatures
of orthogonal-type Legendre mates.

Definition 3.1. We say that spherical Legendre curves, ©) and (., 9,) are first or-
thogonal-type Legendre matesqifand o, are orthogonal at the correspondence points of
the curves.
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Definition 3.2. We say that spherical Legendre curves, ¢) and (a4, 9,) are second
orthogonal-type Legendre matesypifand3, are orthogonal at the correspondence points
of the curves.

Definition 3.3. We say that spherical Legendre curv@s,¥) and (a,,9,) are third
orthogonal-type Legendre matesgifand pt, are orthogonal at the correspondence points
of the curves.

Moreover, we call that the front (or frontay, is orthogonal-type Legendre mate of the
front (or frontal)a, if (a, ) and(a., ¥, ) are orthogonal-type Legendre mates.

Theorem 3.1. Let & and v, be spherical front of spherical Legendre immersien )
and(a, 9), respectively. Then, the froat, is second orthogonal-type Legendre mate of
the fronte if and only if (o, ¥4 ) = (9, —a) is Legendre immersion whose the curvature

m%n% = (n,Fm)
*dt’*dt - 7:': b

or if the fronta has no inflection point, thefw,, 9,) = ( mj;j—rﬂa + =1, u) is
Legendre immersion whose the curvature

dt, dt.\ (=) 3
<m*dt’n*dt)_<1+(1:)2’i m<4+n“ | .

Proof. Assume that the spherical front, be second orthogonal-type Legendre mate of
the spherical frontx. Then,d, and¥ are orthogonal at the correspondence points of the
curves. So, there exists a differentiable functionl — R such that

a, (ty) =cosf (t) a(t) +sinf (t) 9 (1), (3.1

for all t,¢, € I. By taking the derivative 0f3.1) with respect to parametérand using
Legendre Frenet type formule.g), we get

di, - ; .
My by = = (Hst) o+ (90089) 9 + (mcosf + nsinb) p. 3.2)
After taking the vector product of both sides Bt2) by «, and then using¢3.1), we have
1 . . . :
m*(ii—t"«?* = —sinf (mcosf + nsinf) o + cosf (mcos + nsinh) ¥ — . (3.3)

Now, by applying hypothesis (i.e%, 11 ) after taking the inner product of both sides of
(3.3 by the vecton?, we obtain

cosf (mcosf +nsinf) = 0. (3.4)
Then, we consider the following two cases:

Case 1.If cosf = 0in (3.4) thensin# = +1. So, by using3.1), (3.2) and B.3), we get

a, = =9, (3.5)

dty
m, E“* = Fnpu, (3.6)
db Y. = —nao. 3.7

m, ox
* dt
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Without lost of generality, after taking the inner product of both side8 @) @nd B.7), we
have

m dt, n
* dt - b)
and so,
9, = -—a, (3.8)
B, = *p. (3.9)
Moreover, after basic calculations, we obtain also
0 dt, m
I = +m.

Finally, by using8.5), (3.8) and B.9) and taking into account Legendre Frenet type for-
mulas,

(g, ) = (9, —a) =0,
d dt
>, * )y Ux = — (£ y =Y,
<dt*(a)19> dt*(nu a)=0

and sinc€a, 9¥) is a spherical Legendre immersion,

(.0 ) = m) 2 0,0)

Thus,(a., ¥4) = (£9, —a) is also a spherical Legendre immersion.

Case 2.If mcosf + nsinf = 0 in (3.4) then we can choose as

m +n . Fm
tan = ——, cosf = ——, sinf = ———— 3.10
n vm? 4 n? vm? 4 n? (3.10)

under the assumptian= 0 (i.e the fronta has no inflection point). Hence, by usiri11),
(3.2) and B.3), we get
+n Fm

a, = a+ I, 3.11
* Vm2 4 n2 vm2 4 n2 (3.11)
dt :
m*dT*“* = —0(sinfa — cos69), (3.12)
dt :
m*d—t*ﬁ* = . (3.13)

Without lost of generality, after taking the inner product of both side8dfZ and B.13),
by using 18.10), we have

w At g (%) N
@ ()
and so, by using3.10), (3.12) and B.13), we get
d, = u, (3.14)

= T o+ Ty
e vm? 4 n? vm2 +n2

(3.15)
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Moreover, after basic calculations, we obtain also

dt
n*d—t* =+vm? +n2,
Finally, by using [8.11), (3.14 and B.15 and taking into account Legendre Frenet type

formulas,

+n Fm
0*719* = a+ 197 = 07
< > <\/m2+n2 Vm? 4 n? 'u>
d a  n?(2)
<dt*(a*)’ﬂ*> = @7(m2+n2)3/2 (Fma Fnd, u) =0,

and sincga, 9) is a spherical Legendre immersion anet 0,

dt,  dt, =)
(m*dt’n*dt> = (Hf(?:)z,i\/mQ +n2> # (0,0).

Thus, (o, 9,) = (\/mjginza + \/nﬁ‘inzﬂ,u) is also a spherical Legendre immersion
under the assumptian# 0.

Conversely, we suppose that the spherical Legendre immetsipn?..) is given by
(3.9,(3.9 or (3.11),(3.14. Then, itis clear that), andd are orthogonal at the correspon-

dence points of the curves. Consequently, the proof is complete. O

Thus, if a is a spherical frontal then we can give the following theorem for second
orthogonal-type Legendre mate of the frordal

Theorem 3.2. Let @ and . be spherical frontal of spherical Legendre curiee, ) and
(o, 94, respectively. Then, the frontal, is second orthogonal-type Legendre mate of
the frontale if and only if (o, 9,) = (£9, —a) is Legendre curve whose the curvature

< dt, dt*>:(n’$m)’

m*E, H*E
or (o, ¥y) = (cosf o + sin 09, p) is Legendre curve whose the curvature
(e
dt dt

wheref : I — R is a differentiable function.

> = (—é,mcosﬁ—nshw) ,

Proof. Assume thatx is a spherical frontal. Then, all remaining possible cases are valid
except for the conditiofim, n) # 0 in Theorem 3.1. Hence, the proof is clear. O

Theorem 3.3. Let « and ., be spherical front of spherical Legendre immersien )
and (o, 9, ), respectively. Then, the front, is third orthogonal-type Legendre mate of
the fronte if and only if (o, ¥4) = (iu, o+ 19) is Legendre immersion
whose the curvature

m?2 + n2

—n m
m2+4n2 m2+4n2
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or if the fronta has no inflection point, then

o f ) o f ). )5 f )

is Legendre immersion whose the curvature

m*%,n*% = [ £nsin /mdt , NCos /mdt .
dt dt

Proof. We omit the proof since it is analogous to the proof of Theorem 3.1. O

Thus, if a is a spherical frontal then we can give the following theorem for third
orthogonal-type Legendre mate of the frontal

Theorem 3.4. Let @ and «,, be spherical frontal of spherical Legendre curice, ¥) and
(as, Y4), respectively. Then, the frontal, is third orthogonal-type Legendre mate of the
frontal « if and only if

o ) - ) . )

is Legendre curve whose the curvature

m*%,n*% = [ £nsin /mdt , ncos /mdt .
dt dt

Proof. Assume thatx is a spherical frontal. Then, all remaining possible cases are valid
except for the conditioim, n) # 0 in Theorem 3.3. Hence, the proof is clear. 0

Theorem 3.5. Let « and v, be spherical front of spherical Legendre immersien )
and(a,, Y,), respectively. Then, the froat, is first orthogonal-type Legendre mate of the
front ac if and only if (., ¥.) = (£9, Fa) is Legendre immersion whose the curvature

m%n% = (Fn,Fm)
*dt;*dt _:szF

or, (ay, ¥y) = (iu, -t _—a+ —— 19) is Legendre immersion whose the curva-

m24n?

dt, dt, 3 5 mn —nm
o he— - | = E o
(m at " dt) ( e m? 4 n?

or, if o is a great circle (i.e. thah = 0)onS*andf : I — R — {2kn| k€ Z} is

. . . . ) L2 _ .
a differentiable function thefry,,9,) = [ cos 0 + sin gp, —0rT@gin 9 _msinfcosfp
m2sin29+(9)
is Legendre immersion whose the curvature
0 . . . 2
dt dt r—— msing 6 —tmsingd 6 —2mcos® § — m3sin?0cosd
m*T;’n*Tg =§ m2sin20 4+ 6

X0 B

2
m2sin20 + 6

Proof. We omit the proof since it is analogous to the proof of Theorem 3.1. O
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Thus, ifa is a spherical frontal then we can give the following theorem for first orthogonal-
type Legendre mate of the frontal

Theorem 3.6. Let « and v, be spherical frontal of spherical Legendre curie, 9) and
(as, 9y), respectively. Then, the frontal, is first orthogonal-type Legendre mate of the
frontal « if and only if (a4, ¥,) = (£9, Fa) is Legendre curve whose the curvature

m%n% = (Fn,Fm)
*dt’*dt _:F7q: )

or, if the frontal« is a great circle (i.em = 0)on S? andf : I — R — {2kn | k€ Z}is

. . . . _ in2 — H
a differentiable function thefry,,d,) = [ cos 09 + sin g, 21 pgin 09 _msinfcos by
m2sin29+(9)
is a Legendre curve whose the curvature
o i} . .
gt dt O—————— msing § —vsing 6 —2mcosd 6 * — m>sin®0 cos
My — ny— =@ m2sin20+ 6 2, -
dt dt m2sin20 + 6

2

Proof. Assume thatx is a spherical frontal. Then, all remaining possible cases are valid
except for the conditioim, n) # 0 in Theorem 3.5. Hence, the proof is clear. O

3.1. Results and Some Examples for Orthogonal-Type Legendre Mates.

Corollary 3.1. Let a be the spherical front of a spherical Legendre immergiond).
Then, the evolute af is a second orthogonal-type Legendre mate of the spherical éeont

Corollary 3.2. Leta be the spherical frontal (or front) of a spherical Legendre curve (or
immersion) «, 9¥). Then, the involute ak is a third orthogonal-type Legendre mate of the
spherical frontal (or front).

Corollary 3.3. Let(a, ) and (o, d,) = (9, ) be spherical Legendre curves (or im-
mersions) oMA. Then, the frontal (or frontjx, is both first and second orthogonal-type
Legendre mate of the frontal (or frond).

Corollary 3.4. Let(a, ) and (o, 9,) = (u, \/m;‘jrnQa + \/m‘;‘+n219 be the spherical
Legendre immersions al. Then, the spherical front, is both first and third orthogonal-

type Legendre mate of the spherical frant

Corollary 3.5. Leta be a regular spherical front with the Frenet apparatitsn, b, , 7}
and the Legendre apparatysx, 9, u, m,n}. Then, the following statements are satisfied:
o If (a4, Y,) = (£t, —b), then the spherical front, is both first and third orthogonal-
type Legendre mate of the spherical frensuch thatr‘;—** =+T.
o If (a,,¥,) = (b, £t), then the spherical front, is second orthogonal-type Le-
gendre mate of the spherical frontsuch that?:: =FI.

Now, we give some examples of orthogonal-type Legendre mates of a spherical front or
frontal onS2.

Example 3.1. Let («, 9¥) be a spherical Legendre immersion drwhose the curvature

(m(t),n(t)) = (72\/écos t,2\/651nt) ,
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Figure 1: The spherical frontx which is a spherical helix.

(@) (b) (©

Figure 2: The first, second and third orthogonal-type Legendre mates afspectively.

where the spherical fronk is a spherical helix (see Figure 1) which is given by
at) = (%(—3 cos 4t — 2 cos 6t), %(—3 sin 4t — 2sin 6t), %\/gsint>
and its duahy is also a spherical helix which is given by

1 1 2
J(t) = <g(2sin6t — 3sindt), g(3cos4t — 2cos 6t), g\/gcost> .

Then,

e the spherical Legendre immerside,, 9.) = (9, a) is the first orthogonal-type
Legendre mate dic, ¥) whose the curvature

(M (1), nu (1)) = (—2\/Esint,2\/6 cost) :

It is also second orthogonal-type Legendre matéaafd) by Corollary 3.3. and
the spherical fronty, is also a spherical helix (see Figure 2A).
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e the spherical Legendre immersion

(a 0)—( oy )

* *x) /—]’112_"_1’12 m2+n2 I l'l’

is the second orthogonal-type Legendre matéogf) whose the curvature
(m, (1), n, () = (1,2\/6) .

The spherical front, is also evolute of the fronk by Corollary 3.1. and it is a
circle (see Figure 2B).
e the sphericaé Legendre curveZ

VA Z
(ax,94) = cos mdt « — sin mdt p, sin mdt « + cos mdt p

is the third orthogonal-type Legendre mate(of, 1) whose the curvature
(M (t), 0 (1)) = <2\/ésin (2\/6 sin t) sint , 2v/6cos (2\/6 sin t) sin t)

The spherical frontaby, is also involute of the frontak by Corollary 3.2. and it
is a spherical slant helix (see Figure 2C).
Example 3.2. Let («, ) be a spherical Legendre curve dnwhose the curvature
(m(t),n(t)) = (— cos(sint) sint, — sin(sin t) sint) ,
where the spherical frontak is a spherical slant helix which is given by
© % —2sin /2t sin(sint)cost +v/2cos /2t sin(sint)sint —v/2cos /2t cos(sint)
a(t) = % % V2sin /2t sin(sint)sint 4+ 2cos /2t sin(sint)cost —v/2sin /2t cos(sint)
—% (sin(sint) sint + cos(sint))
(see Figure 3)

Figure 3: The spherical frontabx which is a spherical slant helix

and its duakd is also spherical slant helix which is given by

% 2sin /2t cos(sint)cost —+/2cos /2t sin(sint) —+/2cos V2t cos(sint)sint

1
I(t) = —% cos(sint) +/2sin /2t sint+4 2cos /2t cost++/2sin /2t tan(sint) §
% (cos(sint) sint — sin(sint))
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(@) (b)

Figure 4: The first and second orthogonal-type Legendre mate, aéspectively.

Thus,u is a spherical helix which is given by

( % (—\/§cos (\/ﬁt) cost — 2sin (\/ﬁt) sin t) )

p(t) =

1 (2cos (V2t) sint —t\/isin (V2t) cost)

cos

V2
Then,

e the spherical Legendre curyex,,d,) = (9, «) is both first and second orthogonal-
type Legendre mate ¢éx, ¥) whose the curvature

(my(t),n4(t)) = (sin(sint) sin t, cos(sin t) sin t)

by Corollary 3.3 (see Figure 4A).
e for f(t) = cost, the spherical Legendre curyex,,d,) = (cosf a + sin0 9, u)
is second orthogonal-type Legendre maté®f?) whose the curvature

(my(t),n4(t)) = (—sint, — cos(sint + cost) sint) ,
by Theorem 3.2 (see Figure 4B).

Example 3.3. Let («, ) be a spherical Legendre curve dnwhose the curvature

(m(t),n(t)) = (_ t3V/t10 4 25¢2 + 16 204/t10 + ¢8 + 1) |

O +¢8+1 71042512416
where the spherical frontak is given by
1
a(t) = ————— (1,t4,89),
0= Zmm
(see Figure 5) and its dua? is given by

1

() =
V0 +25¢2 + 16

(t°,—5t,4) .
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Thus,u is given by

1 4 2 10 8
t) = tt (5t +4), -4+t —t (2 +5)).
) \/(t10+25t2+16)(t10+t8+1)( (58" +4), 4+ (#+5))

Then,

e the spherical Legendre curyex,,d,) = (9, «) is both first and second orthogonal-
type Legendre mate ¢éx, ) whose the curvature

042524167 044841

20Vt10 + 8 + 1 ¢3/t10 4+ 25¢2 + 16
(M (t),ni(2)) = ( ,

by Corollary 3.3 (see Figure 6a).
e for6(t) = arctant, the spherical Legendre curyex,,9,) = (cosf a +sin6 9, u)
is second orthogonal-type Legendre matéwfd) whose the curvature

(m,(8), ni(t)) = (

1 —t t10 1 2512 + 16t2  20v/t10 +¢8 + 1
24+1 V21 t0+8+1 t10 + 252 + 16 ’

by Theorem 3.2 (see Figure 6b).

Figure 5:The spherical frontady
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@) (b)

Figure 6:The first and second orthogonal-type Legendre mate, s€spectively.

4. PARALLEL-TYPE LEGENDREMATES

In this section, we introduce three kinds of parallel type Legendre mates of spherical
Legendre curve by using Legendre frame along its spherical front&f oBut, we show
that there is no parallel-type spherical Legendre mates.

Definition 4.1. We say that spherical Legendre curyes ) and(a, 9, ) are first parallel-
type Legendre mates,df and «,, are parallel at the correspondence points of the curves.

Moreover, we call that the front (or frontady, is parallel-type Legendre mate of the
front (or frontal) e, if (¢, ) and (e, 9¥,) are parallel-type Legendre mates.

Theorem 4.1. Let «x be the spherical frontal of a spherical Legendre cufee ). Then,
there exist no first parallel-type Legendre mate of the spherical framtal

Proof. Assume that the spherical fronted, be first parallel-type Legendre mate of the
spherical frontakx. Then,a, anda are parallel at the correspondence points of the curves.
So, there exists a hon-zero constarsuch that

o (1) = da(t), (4.1)
for all ¢,t, € I. By taking the inner product of both sides dt1), we get
A= +1,

sincea, anda are spherical. Thugy, = +«. Consequently, we proof that there exist no
first parallel-type Legendre mate of the spherical frontal a

Definition 4.2. We say that spherical Legendre curves, ¢) and (., 9,) are second
parallel-type Legendre mates ¥ and+, are parallel at the correspondence points of the
curves.

Theorem 4.2. Let a be the spherical frontal of a spherical Legendre cufee ). Then,
there exist no second parallel-type Legendre mate of the spherical fiantal
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Proof. Assume that the spherical frontal. be second parallel-type Legendre mate of the
spherical frontakx. Then, ¥, andd are parallel at the correspondence points of the curves.
So, there exists a differentiable functién I — R such that

o, (ty) = cos (t) a (t) +sinf (¢) 9 (t), (4.2)
for all t,¢, € I. By taking the derivative 0i4.2) with respect to parameteérand using
Legendre Frenet type formule.8), we get
dt.
dt
Moreover, we have

my—p, = — (9Sin9) a+ (écosﬁ>ﬂ+(mcose+nsin9)u (4.3)
19* =+ (44)

sinced, and¥ are spherical and parallel from hypothesis. Then, by taking the inner
product of both sides oH#(3) by the vecton?, we obtain

6 cosd = 0.
Also, by usingl4.2), (4.4) and @.5), we get
(s, ¥y) = sind,
d dt /.
<dt*(a*),'l9*> = dit* (0C050> =0.

However, sincda,,d,) is a Legendre curve, it must B 6 = 0 and socos = +1.
Thus, we obtain thaty, = +a by using 4.2). As a result, we proof that there exist no
second parallel-type Legendre mate of the spherical freatal d

Definition 4.3. We say that spherical Legendre curv@s,¥) and (a,,9,) are third
parallel-type Legendre mates, jf and , are parallel at the correspondence points of
the curves.

Theorem 4.3. Let « be the spherical frontal of a spherical Legendre cufee ). Then,
there exist no third parallel-type Legendre mate of the spherical framtal

Proof. Assume that the spherical frontal, be third parallel-type Legendre mate of the
spherical frontatx. Then,u, andy are parallel at the correspondence points of the curves.
So, there exists a differentiable functién I — R such that

ay (ty) =cosf (t) a (t) +sin b (t) p (¢) (4.5)

for all t,t, € I. By taking the derivative 0i4.5) with respect to parameteérand using
Legendre Frenet type formule.8), we get

di, . , . :
m*ﬁu*——sm0<m+9>a—n51n019+0059<m+9) . (4.6)
After taking the vector product of both sides dt€) by o, and then using4.5), we have
dt, . : .
m*ﬁﬁ* = (—nsin®0) a + (m + 9) 9 + (nsinf cos ) w. 4.7

Moreover, we have
p,=*tp (4.8)
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since u, and p are spherical and parallel from hypothesis. Then, by taking the inner
product of both sides o#(7) by the vecto, we obtain

nsinf cosd = 0. (4.9)
Then, we consider the following three cases:

Case 1.If n=0in (4.9, then we have

m, 3 +6
dt
from (4.6) and @.7) without lost of generality. So,
u, = —sinfa+ cosfpu, (4.10)
9, = 9. (4.11)

Hence, by using4.8) and 4.10), it must becos# = +1 and sasin 8 = 0. Thus, we obtain
thata, = +a by using @.5). Consequently, this is a contradiction with assumption.

Case 2.If sinf = 0 in (4.9) thencos® = +1. Thus, we obtain that, = +« by using
(4.5). Consequently, this is a contradiction with assumption.

Case 3.If cosf = 0in (4.9) thensin§ = £1. So, by using4.5), we get

o, = =+, (4.12)

However, by taking the inner product of both sides4filg) with the vectoru, , we obtain
that

(o) = 0.
Thus, this is a contradiction with the assumption. As a result, we proof that there exist no
third parallel-type Legendre mate of the spherical frontal d

5. CONCLUSION

At the singular points of curves in three-dimensional Euclidean space, the curvature and
torsion functions are undefined and the Frenet frame is not well defined. This naturally
applies to spherical curves with singular points on the unit sphere. That is, the geodesic
curvature function at the singular point of a spherical curve is undefined. However, it is
possible to obtain a well-defined moving frame at singular points along the spherical curve.
This frame is the Legendre frame defined along the spherical frontal (or spherical front) of
a spherical Legendre curve (or Legendre immersion). In this sense, as regular or singular
spherical curves, to define and examine to spherical frontal or spherical fronts is the first
problem that comes to mind.

In this paper, inspired by the curve pairs of regular curves (involute-evolute, Bertrand,
Mannheim, etc.) in classical differential geometry, we introduce that orthogonal-type and
parallel-type Legendre mates (partner curves) of a spherical Legendre curve according to
the Legendre frame along the front or frontal in the unit sphere as singular spherical curves.
In particular, characterizations of orthogonal-type Lengendre mates according to Legendre
curvature are obtained. It is proved that parallel-type Lengendre curve pairs do not exist.
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By using similar technique in this paper, it can be easily applied to singular curves
on two-dimensional hyperbolic space or de-Sitter space. Moreover, to define generalized
orthogonal-type Legendre curve pairs in high-dimensional spaces and to examine their geo-
metric properties will be a separate research topic.
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