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Abstract
Due to growing interest to predict and design new potential Heusler alloys by using theoretical calculations and highly func-
tional software, research on Heusler alloys has taken great attention. From this point of view, this study considers investigation 
of  X2MgAl (X = Sc, Ti and Y) alloys by adopting first principles calculations for the first time. A thorough investigation has 
been carried out to reveal these alloys’ mechanical, electronic, vibrational and thermodynamic properties. It is seen that all 
alloys have negative formation energies as − 0.278 eV/atom for  Sc2MgAl, − 0.058 eV/atom for  Ti2MgAl and − 0.304 eV/
atom for  Y2MgAl which indicates synthesisability and thermodynamic stability. Mechanical stability investigations based on 
the elastic constants of alloys have revealed that all alloys are mechanically stable. The electronic band structures of alloys 
demonstrate that  X2MgAl (X = Sc, Ti and Y) alloys are metallic since there is no energy gap near the Fermi level. Cauchy’s 
pressures of alloys are found as − 17.791 GPa for  Sc2MgAl, 31.404 GPa for  Ti2MgAl and − 11.759 GPa for  Y2MgAl which 
displays that  Sc2MgAl and  Y2MgAl are brittle and  Ti2MgAl is ductile. The phonon dispersion curves are calculated along 
the lines of high symmetry within the first Brillouin region. Phonon frequencies are completely positive in the full Brillouin 
region, which proves the dynamic stability of the  L21 phases of these alloys. Several thermodynamic properties such as 
Debye entropy, temperature and vibrational free energy are also computed and analysed. Debye entropies of alloys follow 
 Ti2MgAl >  Y2MgAl >  Sc2MgAl relationship.
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Introduction

One of the interesting classes of materials is discovered by 
the German Engineer Fritz Heusler, which has a composi-
tion of  Cu2MnAl [1, 2]. Whilst  Cu2MnAl is ferromagnetic, 
none of its elements is; this fact brought a great deal of atten-
tion to the subject. Moreover, it has been proven that fer-
romagnetic alloys can be designed using non-ferromagnetic 
elements. [3]. This group of ternary intermetallic alloys has 
a stoichiometric composition of  X2YZ where X and Y are 
transition metals and Z is either III or IV group element. 

Heusler alloys have shown excellent magnetic properties 
for wide ranges of applications such as spin-gapless semi-
conductors, spintronic applications, super conductivity and 
magnetic field–induced shape memory effect [4, 5]. Also, 
half-metallic property with a band gap at the Fermi level 
and the insulating property with opposite spin polarisations 
make them very worthy to reveal their structural, mechani-
cal, electronic and dynamic properties [5–7].

Most studies so far have focused on Fe-based Heusler 
alloys and their electronic properties which vary from half-
metallic to metallic [8, 9]. For instance, pressure-induced 
phase transitions and thermoelectric properties of  Fe2ZrSi 
were investigated by Sofi et al. [10]. The structural and 
mechanical properties of  Fe2TaAl and  Fe2TaGa were stud-
ied by Khandy et al. [11].  Fe2 AlTi [12],  Fe2TiAl [13] and 
 Fe2CrSi [14] have been investigated in terms of their elec-
tronic and magnetic properties. Al et al. [3] studied elastic, 
electronic and thermodynamic properties of full Heusler 
 X2TiAl (X = Au, Ru and Zr) alloys.
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The growing interest to predict and design new poten-
tial Heusler alloys by using theoretical calculations and 
highly functional software without the need for setting up 
expensive experimental set up has led us to investigate these 
alloys thoroughly. The density functional theory is adopted 
to reveal structural, mechanical, electronic, dynamic and 
some thermodynamic properties of  Sc2MgAl,  Ti2MgAl and 
 Y2MgAl full Heusler alloys. To the best of our knowledge, 
there is no detailed study on these alloys in the literature. 
This study will reveal the various properties of these alloys 
and will contribute to the further development of Heusler 
alloys. For example, elastic constants characterise material’s 
response to the external macroscopic stress [15] which are 
also related to the mechanical stability, bonding character-
istics, ductility and brittleness. A series of important param-
eters such as bulk, shear and Young’s modulus, Cauchy’s 
pressures, Poisson’s ratios and lattice constants are calcu-
lated and discussed thoroughly. Electronic, dynamic and 
thermodynamic properties are also obtained and evaluated. 
Phonon properties which are critical in order to examine lat-
tice dynamics in microscopic scale are calculated. This kind 
of knowledge can provide information about phase transi-
tion, thermodynamic stability, defect transport and thermal 
properties.

Method of calculation

X2MgAl alloys with 4 atoms in the unit cell crystallise in the 
 L21 crystal structure in the Fm-3 m space group as shown 
in Fig. 1. The computations were carried out based on the 
ab initio density functional theory (DFT) [16, 17] by using 
the Quantum Espresso software package [18]. Perdew-Burke-
Ernzerhof generalised gradient approximation (PBE-GGA) 

was used for the exchange correlation potential [19]. The elec-
tronic wave functions were extended to a plane wave set up to 
a kinetic cut-off of 40 Ry and an electronic charge density of 
400 Ry. For calculations in the Brillouin region, k-point clus-
ters were chosen as 8 × 8 × 8. In order to select the appropri-
ate values in cut-off energy and k-point selections, necessary 
convergences were made by obtaining the total energies cor-
responding to different cut-off energies and k-point values. To 
get precise results, convergence threshold was taken as  10−9 
Ry with mixing beta of 0.7. Energy convergence of 1 mRy per 
atom has been satisfied for sampling of the Brillouin zone. 
Fermi surface integration was performed using the Methfessel-
Paxton smearing technique with σ = 0.01 Ry smearing param-
eter [20]. In order to obtain self-fit solutions of Kohn–Sham 
equations, lattice dynamics properties were calculated within 
the framework of Density Functional Perturbation Theory 
(DFPT) [21]. Eight dynamic matrices were calculated over a 
set of 4 × 4 × 4 q-points to obtain phonon dispersion curves and 
state densities along all symmetry directions. These dynamic 
matrices in arbitrary wave vectors were evaluated for these 
clusters using the inverse Fourier transform. The elastic and 
thermodynamics properties were calculated using thermo-pw 
package [22].

In order to calculate elastic constants, stress was calculated 
for a given strain and interval coordinates were obtained as the 
unit cell was fixed. There were three shear and three tensile 
components for stress and strain, providing six in total. Thus, 
a 6 × 6 matrix was obtained as σi = CijEi for small stress σ and 
strain E. For a cubic system, C11, C12 and C44 comprise the 
complete set of three independent elastic constants which can 
be obtained by calculating the total energy as a function of 
the volume-conserving strains that break the cubic symmetry.

For a cubic structure, other parameters were obtained as 
follows:

Bulk modulus, B:

Shear modulus, G, was computed from the following 
equations where G

V
 is the Voigt modulus and G

R
 is the Reuss 

modulus;

Young’s modulus,E:
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C11 + 2C12
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Fig. 1  Crystal structure representative of  X2MgAl (X = Sc, Ti and Y)
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The Poisson’s ratio, �:

Results and discussion

Structural and mechanical properties

X2MgAl (X = Sc, Ti and Y) is in the  L21 crystal structure 
with the space group Fm-3 m (No. 225) which contains 2 X 
atoms, 1 Mg atom and 1 Al atom in the unit cell. The crystal 
structure representative of  X2MgAl is plotted and shown in 
Fig. 1. The predicted lattice constants, formation energies, 
bulk modulus and elastic constants are listed in Table 1. The 
predicted lattice constants of  X2MgAl are in good agree-
ment with the literature [23, 24]. The formation energy is an 
indication of relative forces amongst atoms which can help 
to predict thermodynamic stability. A higher negative value 
of formation energy indicates better stability. It is clear from 
Table 1 that all alloys have negative formation energy values 
which implies they are thermodynamically stable.

The elastic constants can give information about physical 
properties and mechanical stability. For a cubic structure, 
there are three independent elastic constants that exist due to 

(5)E =
9BG

3B + G

(6)� =
1

2

(

1 −
E

3B

)

symmetry (C11, C12, C44). For a stable material, these elastic 
constants should satisfy the Born stability criteria [25, 26];

Equation 7 is also deducted as follows:

The predicted elastic constants of alloys satisfy the 
Born stability criteria and suggest mechanical stability 
for all three alloys based on Eqs. 7 and 8. The C11 value 
is higher than the C44 value for all alloys, suggesting that 
resistance towards the unidirectional compression is higher 
than that of pure shear deformation. In addition, the large 
bulk modulus B describes larger deformation resistance 
against the change in volume under external pressure. Thus, 
the deformation resistance of alloys can be classified as 
 Ti2MgAl >  Sc2MgAl >  Y2MgAl.

By using elastic constants, shear modulus, Young’s mod-
ulus, Cauchy’s pressures and Poisson’s ratios of alloys are 
computed and presented in Table 2. The evaluation of brit-
tleness and ductility of materials can be performed based on 
the B/G ratios. In the case of the higher B/G ratio than 1.75, 
the alloy is classified as ductile. If B/G ratio is lower than 
1.75, the alloys is classified as brittle [27]. According to data 
given in Table 2,  Ti2MgAl is ductile whereas  Sc2MgAl and 
 Y2MgAl alloys are brittle materials. This is consistent with 
the previously reported result for  Sc2MgAl; unfortunately, no 

(7)(C11 − C12) > 0,C11 > 0,C44 > 0, (C11 + 2C12) > 0

(8)C12 < B < C11

Table 1  The calculated lattice 
constants (a, Å), formation 
energies (ΔHf, eV/atom), bulk 
modulus (B, GPa) and elastic 
constants (C11, C12, C44, GPa) 
of  X2MgAl (X = Sc, Ti and Y)

Alloys References a0 ΔHf B C11 C12 C44

Sc2MgAl This work 6.923  − 0.287 63.395 80.307 54.939 72.73
Saal et al. [24] 6.913  − 0.288
Jong et al. [23] 6.922  − 0.284 65 89 53 73

Ti2MgAl This work 6.490  − 0.058 125.431 135.850 120.222 88.818
Saal et al. [24] 6.499  − 0.087

Y2MgAl This work 7.354  − 0.304 57.768 74.415 46.009 57.768
Saat et al. [24] 7.359  − 0.303
Jong et al. [23] 7.368  − 0.299 55 79 43 59

Table 2  The calculated bulk modulus (B, GPa), shear modulus (G, GPa), B/G ratios, Cauchy’s pressures (CP), Poisson’s ratios (σ), Young’s 
modulus (E, GPa), anisotropy factor (A), Vickers hardness (GPa) and Debye temperatures (ϴ, K) of  X2MgAl (X = Sc, Ti and Y)

Alloys o References B G B/G Cp (C12–C44) σ E A Hv ϴ

Sc2MgAl This work 63.395 36.923 1.716  − 17.791 0.239 91.470 5.73 5.774 408.779
Saal et al. [24]
Jong et al. [23] 65 42 1.547 0.23 103.670

Ti2MgAl This work 88.818 36.837 3.405 31.404 0.335 98.343 11.366 0.933 378.503
Y2MgAl This work 57.478 33.141 1.673  − 11.759 0.243 82.271 4.067 5.484 320.426

Saal et al. [24]
Jong et al. [23] 55 36 1.522 0.23 88.656
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data is found for  Ti2MgAl and  Y2MgAl in literature. Subse-
quently, Cauchy’s pressures of alloys are estimated. A nega-
tive Cauchy pressure implies brittleness. As can be noticed 
from Table 2,  Y2MgAl and  Sc2MgAl alloys have negative 
Cauchy pressures, suggesting that both alloys are brittle. The 
Cauchy pressure of  Ti2MgAl is positive, which is an indica-
tion of ductility which also confirms analysis of B/G ratios.

Poisson’s ratios of alloys are used to predict bonding 
properties and stability against shear stress. It is known that 
if Poisson’s ratio is around 0.25, the material illustrates ionic 
behaviour. If it is around 0.33, the material shows metallic 
behaviour [28]. Based on that, it is found that  Sc2MgAl and 
 Y2MgAl show ionic behaviour whilst  Ti2MgAl demonstrates 
metallic behaviour.

Hardness (Hv) is one of the important parameters which 
defines the ability of a material to resist localised defor-
mation [29]. Also, defects, grain sizes and boundaries have 
an impact on hardness. The calculated Vickers hardness 
are 5.774 GPa, 0.933 GPa and 5.484 GPa for  Sc2MgAl, 

 Ti2MgAl and  Y2MgAl, respectively.  Sc2MgAl and  Y2MgAl 
seem to display similar resistance, whereas  Ti2MgAl shows 
less resistance to localised deformation compared to 
them. Another thermodynamic property, Debye tempera-
ture (Ɵ), is also calculated. The Debye temperatures are 
 Sc2MgAl >  Ti2MgAl >  Y2MgAl, suggesting that  Sc2MgAl 
has better thermodynamic properties than the other two 
alloys. Moreover, the Young modulus of alloys is obtained 
and it is seen that  Ti2MgAl is the stiffest alloy amongst them 
due to having higher value of the Young modulus.

The anisotropy factor is defined as = 2C44∕(C11 − C12 ) 
for cubic materials. This value is important in terms of 
determining micro-cracks, precipitation, anisotropic plas-
tic deformation and so on [30, 31]. If this value is A = 1 , 
a complete isotropy is seen; any deviation from this value 
indicates anisotropy. From Table 2, it is seen that all alloys 
display anisotropy. Hence, 2D directional changes for Pois-
son’s ratio and the shear and Young modulus are obtained. 
The results are presented in Figs. 2, 3 and 4. As these figures 

Fig. 2  2D curves of the Young modulus of  X2MgAl (X = Sc, Ti and Y)
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illustrate, Poisson’s ratio and the shear and Young modulus 
are anisotropic at all directions for all alloys.

Electronic properties

The electronic band structures of  X2MgAl (X = Sc, Ti 
and Y) alloys in the  L21 crystal structure with the space 
group Fm-3 m along the high symmetry directions Γ, 
K, X, L and W in the Brillouin zone are computed and 
presented in Fig. 5 using GGA. Fermi surface is a criti-
cal parameter which allows to predict electronic struc-
tures of materials and presents surface constant energy 
in k-space [32]. Fermi level is shown as dashed lines 
and set to zero energy in this study. The calculated elec-
tronic band structures of alloys are similar to each other. 
It is seen that  X2MgAl (X = Sc, Ti and Y) alloys show 

metallic behaviour since there is no energy gap near the 
Fermi level.

To better understand the elemental contribution of 
alloys, the total (TDOS) and partial (PDOS) state density 
for alloys are obtained and presented in Fig. 6. For all 
three alloys, the sharp peak above the Fermi level is due to 
the Sc 3d state for  Sc2MgAl, the Ti 3d state for  Ti2MgAl 
and the Y 4d state for  Y2MgAl. As Fig. 6 shows, the main 
contribution to the Fermi level for the three alloys comes 
from the states Sc 3d, Ti 3d and Y 4d. The hybridization 
between the d states of Sc (Ti and Y) and Mg can be seen 
above the EF from Fig. 6. The d states of Sc (Ti and Y) and 
Mg atoms can be discerned around − 4.0 eV for all alloys. 
Generally, the stability of an alloy is associated with low 
density states (DOS) in the Fermi energy EF. Hence, the 
density of N(EF) states is calculated at the Fermi level. 

Fig. 3  2D curves of the shear modulus of  X2MgAl (X = Sc, Ti and Y)
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Fermi level N(EF) state density for  X2MgAl (X = Sc, Ti 
and Y) is 3.06 states/eV, 4.71 states/eV and 2.75 states/
eV, respectively. It can be said that  Y2MgAl has the lowest 
N(EF) value, confirming that  Y2MgAl is the more stable 
alloy amongst the alloys. There are no experimental or 
theoretical results that exist in literature to compare the 
electronic properties of  X2MgAl alloys in the  L21 Heusler 
phase. Thus, the electronic properties of these alloys are 
presented for the first time in this study to the best of our 
knowledge.

Thermodynamic properties

Figure  7 demonstrates thermodynamic properties of 
 X2MgAl (X = Sc, Ti and Y) within the temperature range 

of 0 to 800 K. Vibrational and vibrational free energy are 
significant properties which provide information about 
oscillations around equilibrium in the system. Vibrational 
energy defines the amount of energy available internally 
for external interactions [33], whereas vibrational free 
energy defines the heat energy that can be absorbed from 
an outside source. As can be seen from Fig. 7, vibra-
tional energy increases with temperature and vibrational 
free energy decreases after 100 K for all alloys. At low 
temperatures, vibrational energy is low due to the fact 
that atoms vibrate less because of low thermal energy. 
As temperature increases, thermal energy increases, and 
so as vibrational energy. At zero temperature, vibra-
tional energy and vibrational free energy are expected to 
become equal, but not zero due to zero-point vibrations.

Fig. 4  2D curves of Poisson’s ratios of  X2MgAl (X = Sc, Ti and Y)
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The temperature dependence of heat capacity at con-
stant volume with temperature for alloys is also com-
puted. It is clear that the heat capacity approaches the 
Dulong-Petit limit [34] at high temperatures. The heat 
capacity is lowest for  Sc2MgAl and highest for  Ti2MgAl 
amongst the three alloys. The Debye entropies of alloys 
increase as temperature increases. The entropy of a 

material is an indication of disorder at the atomic level 
and a significant thermodynamic property. The entro-
pies of alloys follow  Ti2MgAl >  Y2MgAl >  Sc2MgAl 
relationship.

Fig. 5  Electronic band structures of  X2MgAl (X = Sc, Ti and Y)

Fig. 6  Total and partial density of states of  X2MgAl (X = Sc, Ti and 
Y)
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Vibrational properties

The phonon dispersion curves are calculated along the 
lines of high symmetry within the first Brillouin region 
(BZ) and illustrated in Fig. 8, and the phonon density 
of state of the corresponding states is shown in Fig. 9. 
The unit cell of  X2MgAl has four atoms in its unit cell, 
and therefore, at any chosen q-point, there are 12 vibra-
tional modes, three of which are acoustic branches (two 
transverse—TA1 and TA2, and one longitudinal—LA) 
and nine other optical branches. Low frequency branches 
are generally known as acoustic branches. Two acoustic 
branches, one longitudinal acoustic (LA) and the other 
transverse acoustic (TA), are observed in regions out-
side the Γ-X high symmetry points. In fact, two acoustic 
branches are observed since some phonon branches are 
reduced because of high symmetry. Similarly, the high 
frequency region consists of optical phonon branches, 
many of which are transverse optical phonon modes 

(ωTO). As can be seen in Fig. 8, there is a phonon band 
gap between the acoustic and optical phonon branches 
due to the mass differences between Mg and Al atoms 
and X (X = Sc, Ti and Y) atoms. These phonon band gap 
values are calculated as 0.23 THz for  Sc2MgAl, 1.61 
THz for  Ti2MgAl and 1.13 THz for  Y2MgAl. In order to 
examine these band gaps in more detail, we examine the 
phonon state density in Fig. 9. The phonon density of 
state shows two optical phonon branches separated from 
the optical phonon branches of lower frequencies (acous-
tic modes). The phonon density of state curves (PDOS) 
depicts that X (X = Sc, T and Y) atoms of  X2MgAl 
vibrate in the acoustic region (0–6.2, 0–6.15 and 0–4.6 
THz regions for  Sc2MgAl,  Ti2MgAl and  Y2MgAl, 
respectively), and Mg and Al atoms vibrate only in the 
optical region (above 5.8 THz). Due to the light mass 
of Mg and Al atoms, they vibrate at the high frequency 
region and very close to each other. X (= Sc, Ti and Y) 
atoms vibrate at low frequency region as they are heavy 

Fig. 7  Debye vibration energy, entropy, heat capacity and free energy of  X2MgAl (X = Sc, Ti and Y)
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atoms in the alloy. Zone centre phonon modes for all 
three alloys were determined as 6.41, 7.32 and 8.22 THz 
for  Sc2MgAl, 5.75, 8.32 and 9.21 THz for  Ti2MgAl and 
4.61, 6.62 and 6.84 THz for  Y2MgAl.

Another important point we observed is that both 
Fig. 8 and Fig. 9 show positive phonon frequencies in 
the full Brillouin region, which proves the dynamic 
stability of the  L21 phase of these alloys. Moreover, 
 X2MgAl alloys demonstrate phonon band gaps. Phonon 

Fig. 8  Phonon dispersion curves of  X2MgAl (X = Sc, Ti and Y) Fig. 9  Phonon density of states of  X2MgAl (X = Sc, Ti and Y)
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band gaps are desirable for various applications such as 
sound filters and mirrors since the gap does not allow 
sound to spread and only a reflection at the surface can 
be seen [35, 36]. This gap makes these kinds of materi-
als suitable for insulators and mirrors. Unfortunately, 
there is no experimental or theoretical data available in 
the literature that we can compare with the full Heusler 
 X2MgAl alloys.

Conclusion

Several properties of  X2MgAl (X = Sc, Ti and Y) alloys 
are investigated for the first time in this study by means 
of density functional theory. Firstly, formation energies 
of alloys have been computed and it has been found that 
all alloys have negative values of formation energy. This 
indicates that it is possible to synthesise these alloys 
and they have thermodynamic stability. The mechanical 
stability evaluation is carried out by using elastic con-
stants and Born stability criteria. These Heusler alloys 
are found to be mechanically stable which make them 
interesting for various applications. According to B/G 
ratios and Cauchy’s pressures of alloys,  Ti2MgAl is duc-
tile, whereas  Sc2MgAl and  Y2MgAl alloys are brittle. 
The anisotropy analysis shows that Poisson’s ratio and 
shear and Young’s modulus are anisotropic at all direc-
tions for all alloys. Electronic band structures suggest 
that these alloys are metallic since there is no band gap 
between valence and conduction band. Phonon and ther-
modynamic properties indicate thermodynamic stabil-
ity. Phonon modes of alloys are at the positive region. 
Unfortunately, there is no available data for comparison 
of alloys. Thus, this study will serve as a reference data 
for future studies.
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