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Abstract

In this paper, via invertible radial differential operators, we characterize the closures of
the Bergman—Besov spaces in the weighted Bloch spaces on the unit ball. The results
of this paper generalize some previous results of Wen Xu and Ruhan Zhao. We first
show on the way that the Bergman—Besov space is contained in the weighted little
Bloch space.

Mathematics Subject Classification 30H30 - 30J05 - 46E15

1 Introduction

LetB, = {z : |z| < 1} be the open unitball in C* and letS,, = {z : |z| = 1} be the unit
sphere in C". Let H(B,,) and H denote the spaces of all and bounded holomorphic
functions on B,,, respectively.

Let v be the normalized Lebesgue measure on B,. Whenn = 1, dv(z) = dA(z) =
%dxdy = %rdrd@ is the normalized area measure on the unit disc By = D.

For g € R, we define the following measures on B,,:

dvg(z) = (1 = [z])7dv(z).
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For0 < p < oo, the Lebesgue classes with respect to v, will be denoted by Lf] .By
Proposition 2.3 [7] we know that Lebesgue classes of essentially bounded functions
on B, with respect to v, are same for any ¢ € R, and we will denote it by L. Let
m be a nonnegative integer such that ¢ + pm > —1. Then the Bergman—Besov space
B,f consists of all f € H(B,) for which

0" f

1_ sz—
(=1 dz) ..oz

)4
el

for every multi-index y = (yy, ..., y») with |y| = m.

The spaces Bg are reproducing kernel Hilbert spces whose kernels play an important
role in the study of all Bergman—Besov spaces B}; . Hence we follow Kaptanoglu
[7] and use invertible radial differential operators D! : H(B,) — H(B,) of order
t € R for any s € R which are compatible with the kernels. Also consider the linear
transformation I! defined by

I f(z) = (1|21 DL f(2),

where f € H(B,).
Forg e Rand 0 < p < oo, the Bergman—Besov space B; is

BY ={f e HB,) : I/ f(z) € L} for some s, € R satisfy ¢ + pt > —1}.

Then ||f||35 = ||I;f||Lg for such s, ¢ defines a norm on B,f for p > 1, and
quasinorm for 0 < p < 1.

It is known that each B,f space contains all polynomials, see [9]. If ¢ > —1,
then one can take r = 0 to get that the Bergman—Besov spaces B(f are the weighted
Bergman spaces A; = LI N H(B,). Also B?, is the Hardy space H2, B2, is the
Drury—Arveson space and B> (n+1) is the Dirichlet space.

For o € R, the weighted Bloch space B, is the class of all functions f € H(B),)
such that

Ifllg, = sup (1 — |zI))*|I} f ()| < oo,

zeB,

for some s, t € R satisfying & +¢ > 0. Then ||| 5, defines a norm for any such s, ¢.
The weighted little Bloch space By consists of functions f € By such that

lim (1 — |z[)*|I{ f(2)| =0,

|z]—>1

where s, t € R satisfies o + ¢ > 0.

It is known that By is the closure of the set of polynomials in By, see [8]. If « = 0,
then the spaces By and Byg are the usual Bloch and little Bloch spaces. Also from
definitions we have that B, C Bgo C Bg for a < f, see [8].



Closures of Bergman—Besov Spaces... Page3of13 100

It is also known that the above definitions are independent of s, # € R under the
conditions o + ¢t > 0 and g + pt > —1 (see [10]). Furthermore these definitions
are also independent of the particular type of the derivative. Namely one can use the
holomorphic gradient and the usual radial derivative in place of D!, see [10,18].

In [10], Kaptanoglu and Ureyen gave the precise inclusion relations among
Bergman—Besov spaces and weighted Bloch spaces on the unit ball of C". They showed
thatif « € R, then B(f p—(14m) C B, and B, cannot be replaced by a smaller weighted
Bloch space. Hovewer, the inclusion relation between Bergman—Besov spaces and
weighted little Bloch spaces was not clear from their result. In the case of unit disc,
n = 1, it is well known that Besov spaces are contained in the little Bloch space
for 1 < p < oo. In this direction our first result is an extension of the above well
known fact. We would like to thank A. E. Ureyen for providing us with a proof of the
following theorem.

p

Theorem 1.1 Leta € Rand 0 < p < oo. Then the Bergman—Besov space Bap—(n+1)

is strictly contained in the weighted little Bloch space Byg.

In [2], Anderson, Clunie and Pommerenke asked the closure of the space of all
bounded analytic functions H* in the Bloch norm. This problem is still an open
problem. The motivation for this type of work is a result of Peter Jones that gives a
description of the closure of BMOA in the Bloch space 5 (see Theorem 9 of [1] and [6]
for proof). There has been many results on this topic, namely to determine the closure
of various subspaces of the Bloch space in the Bloch norm, see [3-5,11,14-16].

If X is a subspace of the weighted Bloch space By, then Cp, (X) will denote the
closure of X in the By-norm, and the distance from f € B, to the subspace X in the
B,-norm will be denoted by distp, (f, X).

Lete € Rand € > 0.If f € H(B,), we define the level set Q%'(f) by

Q) ={ze€By: (1 — 2P f()] = €},

where s,t € Rwitha +¢ > 0.
For the closure problem, our result is the following theorem.

Theorem 1.2 Let1 < p <oo, @ € R, g <ap — (n+ 1) and choose t € R such that
0 <o+t If f € By, then the following conditions are equivalent:

(i) f € Bao.
(ii) f € Cg,(BY).
(iii) For every € > 0,
(1 =121~ Dav(z) < oo.
Q')

The holomorphic Besov spaces B, (IB,,) defined by Zhu in [18] are our Bergman-—
Besov spaces Bf(n_H) for p > 1 (see [7] p.~392). In [15] Xu gave distance estimates
for Besov spaces B,,. In our case, if @ = 0, then we have the usual Bloch space By,
and Besov spaces B? (+1) for p > 1. Hence Theorem 1.2 includes Xu results (see

Theorem 3 of [15]). Further, if we are in the unit disc, i.e. n = 1, then sz are Besov
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spaces on the unit disc. These spaces are denoted by B}, by Zhao in [16]. Theorem 1.2
generalizes Theorem 8 of [16] to higher dimensions.

If g > ap — (n+ 1), then there is no inclusion relation between B; and B,, hence,
we consider the closure of B}; N By in the weighted Bloch norm. By Kaptanoglu and
Ureyen’s result, if ¢ > ap — 1, then the closure of B(f N By in the weighted Bloch
norm is trivial. It remains to consider the case ap — (n + 1) < ¢ < ap — 1. In this
case, we have the following result.

Theorem 1.3 Letl < p<oo,a e R ap—(n+1) <qg <ap—1andchooset € R
such thata +t > 0. If f € By, then the following conditions are equivalent:

(i) f € Cp,(Bf NBy).
(ii) There exists ty > t with o + to > n and q + pty > —1 such that for every ¢ > 0,

/ (1= 12197 *Pdv(z) < oo.
Q)

The paper is organized as follows. In Sect. 2, we give some background on
Bergman—Besov spaces. In Sect. 3 we will give some required lemmas and in Sect. 4,
we prove Theorem 1.1 as Theorem 4.1. In the final section we prove Theorem 1.2 as
Theorem 5.1.

Throughout this paper, we will write f < g if there exists a constant C such that
f < Cg. Also, the symbol f ~ g means that f < g < f.

2 Background on Bergman-Besov Spaces
For an n-tuple of nonnegative integers y = (y1, ..., ¥»), we willl write y! = []7_, y;!

and |y| = Z?:l y;. If we are given a point 7 = (z1, ..., 2) € C", then we will write
2V = [1¢_, z/". With this notation, for every f € H(B,), we can find coefficients

f(y) € C such that

f@=) f»,
14

where the sum is taken over all n-tuple of nonnegative integers. Furhermore, fork € N,
we can write

h@ =Y fin

lyl=k

and hence we get

f@ =) k.
k=0

This is called homogeneous expansion of f.
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The spaces Bg are reproducing kernel Hilbert spaces whose kernels play a big role
in the study of all B .

Definition 2.1 For ¢ € R and z, w € B,;, the Bergman—Besov kernels are

1 I+n+
K. (0w o | T = Do Tt w)t g ()
A = |

2L 1= (4 q); (2 w) = X% ot g = —(1+n)

[(a+b)
I'(a)

where 5 F is the usual hypergeometric function and (a), = is the Pochhammer

symbol.
The kernel K is the reproducing kernel of the Hilbert space qu.

Definition 2.2 For any s, ¢ € R the radial differential operator D’ defined on H (B,)
by

D@ = Y dets et = Y D f,
k=0

k=0
where ¢ (s) is the coefficient of (z, w)¥ in K, (z, w) (see [10]).

With this definition, it is known that

po=1, DY, D! = DIt (D)~ =D,

N

for any s, ¢, u.
A nice property for the radial differential operator DY is the identity

DLKq(z,w) = Kgii(z, w)

for any ¢, t, where differentiation is performed on the variable z (see [10]).

In [10], Kaptanoglu and Ureyen gave the precise inclusion relations among
Bergman—Besov spaces and Bloch-type spaces on the unit ball of C". Namely, they
proved the following theorems.

Theorem 2.3 (Theorem 1.5 of [10]) Given BL, we have the inclusions
B<1+Tq C Bé’ C BI+Z+q,

where the symbol B _1+q denotes any one of the spaces By with b < 1%.

P
An equivalent statement of Theorem 2.3 is the following: Given By, the inclusions

P P
B, (14n) C Ba C BZ,,_; hold.

Theorem 2.4 (Theorem 1.6 of [10]) Let BY be given.
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(i) If p < P, then B} C Bg if and only if

1+n+gq - 1+n+0
p - P

(ii) If P < p, then Bé’ C Bg if and only if

3 Some Lemmas

In this section, we will give some known lemmas that we need in order to prove
Theorem 1.2. First, we begin with the following integral estimate of Rudin.

Lemma 3.1 (Proposition 1.4.10 of [13]) Suppose ¢ > O andt > —1. Then

/' (1= Jw dv(w) 1
B

: 1 — (z, w)|n+1+t+c ~ (1- |Z|2)c'

We will also use the following Minkowski integral inequality which exchanges the
order of integration.

Lemma 3.2 (Theorem 3.3.5 of [12]) Let (X, A, w) and (Y, BB, 1) be o -finite measure
spaces and let f(x,y) be an A x B measurable function. If 1 < p < oo, then

P 1/p 1/p
(/ (/ If(x,y)ldM(X)> d/\(y)> 5/ </ If(x,y)lpdk(y)) dp(x).
Yy \Jx x \Jy

4 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1. We first give an example of a function
that is in the weighted little Bloch space B, but not in the Bergman—Besov space
B(f (1) for « € R. Our candidate is a function constructed by Kaptanoglu and
Ureyen(see Example 3.4. of [10]).

Recall that a sequence {ny} of positive integers has Hadamard gaps if there exists
¢ > 1 such that ngyy > cny forall k > 1.

Let0 < p <ocoandsetqg :=ap — (n+ 1). Define

Ggp(2) = sz(l+q)/pwzk (2),z € By,
X

where W, are the Ryll-Wojtaszczyk polynomials with the properties

Wil =1 and [Wullre) 21, 0 < p < oo.
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Here o is the normalized Lebesgue measure on S,,.
Then

Z(Zk)f(wq) sz(lJrq)/pwzk(Z)HP > Z(Zk)f(l+q)2k(]+q) — 00
k Lr(o) ™ P

Thus by Theorem 3.3 of [10], G4, ¢ B; . On the other hand

sup@) ™ |20y = sup@ RO W )] e,
k L (o) k
= sup 2H(+0)/p=e) _ o
k
I+g

since - <o Hence by Theorem 3.3 of [10], G, € B, . Furthermore

lim (2F)~
k—o00

1+
KA+ Py, (2) H — Jim 2¢C5' Z o,
L>®(0)

k— 00
since 1% —o = —%. Hence by Proposition 63 of [17], G, € Bao.
Theorem 4.1 Leta € Rand 0 < p < oo. Then the Bergman—Besov space ng—(n+1)
is strictly contained in the weighted little Bloch space Byy.
Proof By Theorem 2.3 of [10], it is enough to show that B(fp—(n—H) C By fora = 0.

Let f € BY 1) Then for any real number s, DS1 f() € le;—(n+1)‘ It follows from
Corollary 6.5 of [9] that

lim (1—[z)|D] f(z)| =0.

|z]—>1

Thus f € By and B” i1y S Boo. The above function Gy (2) € Bao \ BP, where
q = ap — (n + 1). That finishes the proof. O

5 Proof of Theorem 1.2

Recall that, given o € R, we know from Theorem 2.3 that BD’Z p—nt1) C B,. Thus we
can study Cp, (ng_(n+1)), the closure of ng—(n+l) in the weighted Bloch space 5,,.

Further let f € By and € > 0. Recall that the level set Q‘;"t( f) for fis
QX (f)={zeB,: (1 — 2D f(2)] = €},

where 5,t € R witho +1¢ > 0. Let X2 (f) be the characteristic function of the set
Q&' (f). With this notation, Theorem 1.2 repeated is the following.

Theorem5.1 Let1 < p <oo, ¢ € R, g <ap — (n+ 1) and choose t € R such that
0 <a+t. If f € By, then the following conditions are equivalent:
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(i) f € Bgo.
(i) f € Cg,(BY).
(iii) For every € > 0,

/ (1= 1z~ Pdv(z) < 0. (1)
()

Proof Theorem 2.4 implies that By C B > (u11) Whenever g < ap —(n+1). Hence
it is enough to prove theorem only for ¢ := ap — (n + 1). Since B,f contains all

polynomials, and it is known that the closure of the set of polynomials in the weighted
Bloch space By is just the weighted little Bloch space 3,0, we obtain that the closure
of Bé’ in B, contains Bo. On the other hand, by Theorem 1.1, Bé’ C Bgyo. Itis clear
that the closure of Bf; in By is contained in Byg. Thus By equals to the closure of B;
in By, and so statement (i) is equivalent to statement (ii).

(i) — (iii): Let f € Cp,(B}) and € > 0. Then there exists a function g € Bj such
that || f —gllg, < % for some s, 11 € R satisfying & 4+ #; > 0. By our assumption
o +1t >0, wecantake t; = ¢. Given such ¢t € R, let pp > p be such that pg > OZLM
Setgo = apo—(n+1). Then go+ pot > —1 and by Theorem 2.4, we have B(f C B(foo.
Also for such s, € R witha 4+t > 0, let z € B,,. Then since

(1= 1z @] < (1= 2D @) — g@)] + (1= [z g(2)],
we have that

Q) € QL (e).

Hence, since ¢ € B  BL°, we have
8 q 90

00 > / ! g(2)|PO(1 — |z1)Pdv(z)
By

> / [(1— 1zH¥ | g() 170 (1 — |z])0~*POdu(z)
Q‘%"(g)

€\ Po g —
> (= 1— q0—apo g
> (3) /gﬁ(g)( 2Py~ dv(2)
2

€\ Po
> (= 1 — |z[?)40—@Po g )
= (3) /quf)( 2"y 2)

Thus, foer (1= 11~ "D dv(z) < oo.
(iii) — (1i): Fix € > 0 and let f € B, satisfy (1). Since o + ¢ > 0, choose s € R
suchthata < s+ 1. Then by (4) in [8] for f € B,, we have the integral representation

| \
Fo) = % /B Kyow)(1— [wP Dl fwydv(w). ()
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Let f(z) := f1(z) + f2(2), where

1 n
fiw =0 [ = Py DL fw)dvw)
n: Q)
and
ﬁ@%ZQii;Qﬁf K, (2. w)(1 — [w[2)+ Dt f(w)dv(w).
n By \QE (/)

The proof will be done once we show that || f2|, S eand f] € Bé’ . Under the

condition & + ¢ > 0, the norms on B, are equivalent. So we can take s, ¢ for which
(2) holds. Then, since D! K(z, w) = Ks4(z, w), we obtain

I+s+10) '
|D; f2(2)| = ‘#/ D{K(z, w)(1 — lez)”’Déf(w)dv(w)‘
n: B\ Q' (f)

(14541
_ ‘—' / Kyi (2 w)(1 — [Py D! f (w>dv<w>‘
n B, \ Q& (f)

< dHs+ D

f |Ks0(z, w)| (1 — [w]*)* " *dv(w).

B,

n!

By our choice of s, t, notice that s +¢ > o+ — 1 > —1 > —(1 4 n). Hence by the
definition of the reproducing kernel,

1
(1 _ (Z, w))]+n+s+t :

KS-’rt (Z7 w) -

Therefore,

(14+s+1), (1 — |w|?)s@
t
D! fa(o)] = e /B e dvw)
(1 +s+1), 1
< e ,
~ n! (1 — |z|>)ett

where the second inequality follows from Lemma 3.1 withs —o > —land o +¢ > O.
This implies that f>(z) € By and || f — fillg, = Ifolg, < €. This also
implies that f| € B,.

Now we are going to show that f|(z) € B}?. Let#; € Rbesuchthatg + pt; > —1.
Since s does not appear in this condition we can take s € R for which (2) holds.

D fi(2) = w f D Ky (z, w)(1 = [w[*)*™* DY f (w)dv(w)
n: Qe

k). f Kosn, (2 w)(1 = w2 D! f(w)dv(w)
n! QX (f)
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So,

/|(1—|z|2)“D§1f1<z)|”<1—|z|2>‘fdv<z>=f DY 12| (1 = [P du ()
B, B,

(I+s+0,1° )
= [—. / / Koty (2, w)[P(1 = [P+
n: Q') \IB,

I/p P
|D f(w)|P(1 — |z|2>q+f”ldv<z>) dv(w)}

(I4+s+0,7°
< [—,”} ||f||f§ / | K41, (z, w)|?
n. “LJe'(nH \ B,

1/p p
(1 — [w[H)PEo) (1 — |z|2>qﬂ”'dv(z)> dv(w)]

1 217

= [&} ”f”ga |:/ 1 - |w|2)s—a
" Q' (f)

(/Bn 1—(z, w)|[’(1+n+s+t1)d"'(z)) dv(w)] ,

where the first inequality follows from Lemma 3.2 and the second one follows from the
factthat f € B,. Above the last equation follows from the definition of the reproducing
kernel since 1] > 2 — o implies thats +7; > o — 1+ % —a=-1 —i—% >—(m+1).
In order to apply Lemma 3.1 to the integral

1 — |z]|?)atpn
/B “_( 2I%) o,

<Z, w)|p(l+n+s+t1)

wewrite p(1+n+s+t)=1+n+qg+pt1 + p(l+n-+s)—1—n—q. Now recall
thatg = ap— (1+n).Hence p(1+n+s+t)) =l4+n+qg+pt1i +p(l+n+s—oa).
Since 1 +n+s —a > n > 1, we can apply Lemma 3.1 withc = p(1 +n + s — «).

Thus
=z !
b, 1= (zwy e & S Gy

Therefore,
/ |(1 = 1z D fi)|[P (A = 21P)9dv(z)
(I+s+0.7" (1 —[w?)* P
L 14
N|: n! i| ”f”Bvl |:/Qg,t(f) (1 - |w|2)1+n+s—a du(w)]

P P
= [w] ”f”ga [/ 1 - |w|2)—(n+1)dv(w)]
n Q')

which is finite by (1). So fi € BJ. This finishes the proof.
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We obtain the following corollaries from Theorem 5.1.

Corollary5.2 Let1 < p <oo, ¢ € R, g <ap — (n+ 1) and choose t € R such that
0 <a+t. If f € By, then the following quantities are equivalent in the sense of = :

(l) diStBDt (fv BaO)a
(ii) distg, (f. BY),
ey . XQ“”(;‘)(Z) . .
(iii) infle : de(z) is a finite measure}.

Corollary 5.3 Let 1 < p; < pa < 0o. Then

distg, (f, By, _(uy1) = dists, (fs BYy, _(i1)-

Next we prove Theorem 1.3. Since the proof of this theorem is similar to the proof
of Theorem 5.1, we will only give the skecth of the proof. The novelty here is that one
needs sufficiently higher order derivatives.

Theorem5.4 Letl < p <oo,x e R ap—(n+1) <q <ap—1andchooset € R
such that o +t > 0. If f € By, then the following conditions are equivalent:

(i) f € Cp,(Bj NBy).
(ii) There exists ty > t with o + to > n and q + pto > —1 such that for every € > 0,

/a, (1= 1z1)97*Pdv(z) < oo.
Q)

Proof To show first direction, suppose f € C Ba(B(f N By) and € > 0. Then there
exists a function g € B; N B, such that || f — gllp, < % for some s, 1y € R such that
o + 19 > 0. In particular, we can take 7o > t + % Then for such #, as before one can

show that Q¥ (f) € Q%™ (g). Note that ¢ + pto > ap — (n+ 1) + pt +n > —1.
2

Now, similar to the proof of Theorem 5.1, since g € B; one can also show that
f (1 —[z/H77Pdv(z) < oo.
Qe
To prove other direction, fix € > 0 and let f € B, satisfy
/ (1= [z)97*Pdv(z) < oo,
Qe

for some ty > ¢, where o + 9 > n and g + ptp > —1 hold. Since o + 19 > 0,
choose s € R such that « < s + 1. Then f can be written as in (2). Following the
procedure of Theorem 5.1, we can write f(z) = f1(z) + f2(z). Now it is easy to see
that || 21l 5, < € which also imples that f| € By. Proof will be done once we show
that f1 € B,f, i.e. we need to show that

/ |1stofl(Z)|p(1 - Ile)qdv(z) < 00.
B,
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One can show this by using the facts f, f; € By, and Fubini Theorem, and Lemma
3.1. m]

Corollary5.5 If 1 < p < o0, ¢ € Randap — (n+1) < g < ap — 1, then
Bao G Cr3, (BY N Ba).

Proof There exists a function f, € B,f N By \Bgo (cf. [10, Example 3.2]). O
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