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a b s t r a c t   

The present study reports the mechanical and elastic characteristics of Bi12GeO20 (BGO) compound by 
experimental nanoindentation measurements and density functional theory (DFT) calculations. X-ray dif-
fraction pattern of BGO was plotted and revealed diffraction peaks were associated with Miller indices of 
cubic crystalline structure with lattice constant of a = 10.304 Å. Two- and three-dimensional representa-
tions of Young’s modulus, linear compressibility, shear modulus and Poisson’s ratio were presented ac-
cording to DFT calculations. The calculated elastic constants pointed out the mechanically stable and 
anisotropic behavior of the BGO. The hardness and Young’s modulus ranges of the BGO calculated from DFT 
studies were found as 3.7–6.3 GPa and 61.7–98.9 GPa, respectively. Hardness and Young’s modulus of BGO 
single crystal were also obtained by analyzing force-dependent nanoindentation experimental data. It was 
observed that hardness and Young’s modulus decrease with increase of load in the low applied loads and 
then reaches saturation in the high applied loads. This behavior is known as indentation size effect. True 
hardness value was determined from proportional specimen resistance model as 4.1 GPa. The force in-
dependent region presented the Young’s modulus as 114 GPa. 

© 2021 Elsevier B.V. All rights reserved.    

1. Introduction 

Bi12GeO20 (abbreviated as BGO) belongs to the family of sillenite 
compounds formulated as Bi12XO20 (X: Ge, Si, Ti). The members of 
this group take significant attention due to their attractive char-
acteristics utilized in photocatalytic, electro-optical, optical data 
processing, optical detectors, holography, nonlinear optical device 
and solar energy applications [1–6]. BGO have important role in 
these applications and also known as Faraday rotator crystal due to 
its large magneto-optical quality [7]. The heterostructures formed 
with BGO have been also investigated in recent years from the 
standpoint of device applications [8–10]. 

The basic structural, optical and electrical characteristics of BGO 
were reported from both theoretical and experimental studies. The 
BGO compound crystallizes in cubic form having lattice constant of 
a = 10.416 Å [11]. In its cubic structure, GeO4 tetrahedra occupies the 
corners of the cube and Bi-atoms are surrounded by O-atoms in the 

cube center. BGO having band gap energy of ~3.2 eV belongs to the 
wide band gap semiconductor family. This wide band gap makes 
BGO a potential compound in optoelectronic devices operating at 
ultraviolet light. There are lots of papers reporting band gap energy 
of BGO around 2.6 eV [12–14]. Sillenites are known as defective 
compounds and reported lower band gap energy of 2.6 eV than ac-
cepted energy of 3.2 eV was associated with transition taking place 
between defect center and conduction/valence bands [15,16]. The 
analyses of spectroscopic ellipsometry data revealed the presence of 
four strong absorptions within the band structure at energies around 
3.49, 4.11, 4.67 and 5.51 eV [12]. Relative permittivity, resonant fre-
quency and quality factor parameters were found as 37.0, 
−32.8 ppm/°C and 3137 GHz, respectively [17]. 

Theoretical and experimental studies have been extensively fo-
cused on structural, optical and electrical characterization of BGO. 
However, determination of mechanical and elastic characteristics of 
BGO has not been given in detail to the best of our knowledge. In Ref.  
[18], mechanical and elastic properties of BGO were given as limited 
from density functional theory (DFT) studies. The aim of the present 
paper is to investigate mechanical and elastic properties of BGO by 
performing experimental nanoindentation measurements and 
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theoretical DFT calculations. The nanoindentation experiments have 
not been carried out up to now and the present study gives the 
hardness and Young’s modulus of the BGO single crystals for the first 
time as a result of analyses of force-dependent nanoindentation 
measurements. The various elastic constants and corresponding 
mechanical parameters (Young’s modulus, bulk modulus, shear 
modulus, Poisson’s ratio) were determined from the DFT calcula-
tions. The reported mechanical and elastic characteristics would be 
remarkable interest of subject in device application field of the BGO 
compound. 

2. Calculation and experimental details 

DFT calculations of the BGO compound were accomplished using 
the Vienna Ab-initio Simulation Package (VASP) [19]. The general-
ized gradient approximation (GGA) with the Perdew-Burke-Ern-
zerhof (PBE) [20] exchange correlation functional was considered for 
the electron-electron interactions. The electron and ion interactions 
were studied using the Projector Augmented Wave (PAW) method  
[21,22]. The cut-off energy for the wave functions were taken as 
520 eV and the k-points were sampled as 4 × 4 × 4 with a gamma 
centered grid. The structural optimization for BGO was carried out 
until an energy convergence criterion of 10−11 eV per unit cell and a 
force convergence criterion of 10−10 eV/Å. The elastic parameters 
were calculated considering stress-strain method implemented in 
VASP. Also, the ionic contribution is included in the calculation of the 
elastic parameters. The directional-dependent elastic characteristics 
and sound wave velocities were revealed by ELATE software and 
Christoffel tool, respectively [23,24]. Nanoindentation experiments 
were performed on BGO single crystals grown by Czochralski 
method. The BGO crystal growth processes were detailed in Ref. [25]. 
Nanoindentation measurements were applied on BGO single crystal 
on which experiments were carried out on polished surfaces parallel 
to the (110) plane. CSM instrument nanoindentation system with a 
diamond Berkovich tip was used for experiments. The approach 
speed and load/unload rate were 2000 nm/min and 14 mN/min, 
respectively. 

3. Results and discussions 

3.1. Structural, mechanical and elastic properties from DFT calculations 

The crystalline structure of the BGO was investigated by calcu-
lating the diffraction pattern which is represented in Fig. 1. BGO 
belongs to the I23 space group and its crystal structure was reported 

as cubic. The lattice constant of the cubic structure was obtained as 
a = 10.304 Å. The Miller indices given on the peaks in the XRD 
pattern with the corresponding diffraction peaks were determined 
from DFT calculations. The calculated lattice constant and revealed 
Miller indices are in good agreement with reported standard XRD 
pattern of BGO (JCPDS No: 34-0096). 

The elastic constants (Cij) of BGO were calculated considering 
stress-strain method using VASP. The calculated elastic parameters 
of C11, C12 and C44 related to cubic crystal structure are given in  
Table 1. The elastic constants may be utilized to test the mechanical 
stability of the BGO. For that purpose, the following Born stability 
criteria was considered [26]. 

> > > + >C C C C C C0, 0, 0, 2 011 44 11 12 11 12 (1)  

The calculated elastic parameters satisfied Born stability criteria 
and thus BGO compound is classified as mechanically stable. In ad-
dition, the calculated elastic constants are consistent with the ex-
perimental measurements in Refs. [27,28]. However, these constants 
are lower than the calculated ones in Ref. [18]. These lower values 
are due to the consideration of the ionic contribution in the present 
calculations. If the elastic constants are calculated for rigid ions 
without ionic contribution, the determined values will be 
214.15 GPa, 75.19 GPa and 63.18 GPa for C11, C12 and C44, respectively. 
These values are consistent with the Ref. [18]. However, the elastic 
constants calculated with the ionic contribution are considered due 
to the more consistency with the experiments in this study. The 
elastic parameters were also used to get mechanical characteristics 
of bulk modulus (B), shear modulus (G), Young’s modulus (E) and 
Poisson’s ratio (v) by applying Voight-Reuss-Hill approximation  
[29–31]. The calculated mechanical parameters were presented in  
Table 1. The higher value of Young’s modulus than shear and bulk 
moduli indicates that BGO remarkably resists to the length change 
when a push or pull was applied. The Poisson’s ratio is the length 
change in the perpendicular direction of a material when a push or 
pull applied and if it is around 0.1 and 0.25 for covalent and ionic 
bonding characteristics, respectively [32]. The calculated v = 0.26 
value of BGO points out the dominantly ionic bonding characteristic 
of the compound. Pugh’s modulus given as G/B ratio is also taken 
into account to get information about bonding characteristics. It was 
reported that G/B is around 0.6 and 1.1 for dominant ionic and 
covalent bonding, respectively [32]. The calculated G/B = 0.575 ratio 
supports the presence of dominantly ionic bonding in the com-
pound. These listed values in Table 1 could be compared with the 
literature and it is found that these results are lower than Ref. [18]. 
These differences result from the ionic contribution in the calcula-
tion of the elastic constants. Because the elastic constants calculated 
for rigid ions are higher than the ones with ionic contribution. 
Therefore, the results in Ref. [18] is higher than the present study. 
Bi12SiO20 (BSO) is another attractive member of sillenite family and 
exhibits very similar structural, optical, electrical and mechanical 
characteristics with BGO. There are few papers on mechanical in-
vestigation of BSO. It would be more informative to compare re-
ported mechanical parameters of BSO with revealed values of BGO in 
the present paper. The bulk modulus values were reported as 
63.4 GPa from theoretical calculations [33], 63.1 GPa from ultrasonic 
measurements [33], 63.9 GPa from resonant ultrasound spectro-
scopy [34], 63.1 GPa from Brillouin spectroscopy [34] and 76.5 GPa 
from DFT studies [34]. As seen from the reported values, there exist a 
consistency around 63 GPa. The calculated bulk modulus of 51.6 GPa 
of BGO is considered as consistent with ~63 GPa. Fig. 2 represents 
the directional dependencies of Young’s modulus, linear compres-
sibility, shear modulus and Poisson’s ratio in 2D and 3D. In the 
figure, the blue shapes and curves correspond to the maximum va-
lues of this parameter while the green ones correspond to the 
minimum values. As seen from the plots, linear compressibility is 
independent of direction (isotropic) while other parameters are Fig. 1. XRD pattern of Bi12GeO20 from DFT calculations.  
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anisotropic. The maximum values are obtained in the x, y and z di-
rections for the Young’s modulus while the ones are obtained in the 
45° between the x, y and z axes for the shear modulus and Poisson’s 
ratio. The Vickers hardness can be calculated using the expres-
sion [35]. 

=H k G2( ) 3v
2 0.585 (2) 

where k = G/B. According to Eq. (2), shear modulus significantly af-
fects the hardness calculation. Since BGO exhibits anisotropic be-
havior, the maximum and minimum values of shear modulus given 

in Table 2 may be used to get the range of hardness. Under the light 
of Eq. (2), the hardness values were found as 3.7 and 6.3 GPa using 
Gmin and Gmax, respectively. The usage of G = 29.7 GPa reported in  
Table 1 gives the hardness value as 4.6 GPa which presents an 
average value for BGO compound. 

The calculated elastic parameters are also utilized to get in-
formation about the anisotropic behavior of the BGO compound. A 
solid crystal exhibiting cubic symmetry has shear anisotropy factors 
of A and A for (100) and (110) directions, respectively [36]. The 
shear anisotropic factors are calculated using the following relations 

Table 1 
Elastic constants (Cij in GPa) and mechanical properties (Bulk modulus (B in GPa), Shear modulus (G in GPa), Young’s modulus (E in GPa), Poisson’s ratio (ν), G/B ratio, B/G ratio and 
hardness (H in GPa) of Bi12GeO20.             

Reference C11 C12 C44 B G E ν G/B B/G H  

This study  107.5  23.7  23.7  51.6  29.7  74.7  0.26  0.575  1.74  8.63 
Ref. [27]a  128.0  30.5  25.5        
Ref. [28]a  120.0  39.0  25.0        
Ref. [18]b  206.69  73.57  61.19  117.9  63.3  161.1  0.27   1.86   

a Experimental studies.  
b DFT study.  

Fig. 2. Two- and three-dimensional representations of (a) Young’s modulus, (b) linear compressibility, (c) shear modulus and (d) Poisson’s ratio.  
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where = + +C C C C( )/2L 44 11 12 . The elastic constants of isotropic 
materials satisfy the =C C C2 ( )44 11 12 condition and giving 1 for 
anisotropy factors. The anisotropy factors were obtained from these 
relations as 0.566 for (100) and 0.640 for (110). These calculated 
factors indicate the anisotropic nature of the BGO compound. 

Fig. 3 shows the directional dependencies of group and phase 
velocities, polarization of sound waves and power flow angle of BGO 
in three (3D) dimensions. Transverse wave velocities (VTA) are in-
dicated by slow and fast secondary spheres while the longitudinal 
velocity (VLA) is presented by primary sphere in the Fig. 3. The fol-
lowing expressions relate the wave velocities to elastic constants 
and mass density (ρ) [37].  

VLA[100] = (C11/ρ)1/2                                                                     

VTA1[010] = VTA2[001] = (C44/ρ)1/2                                                    

VLA[110] = ((C11 + C12; + 2C44)/2ρ)1/2                                              

=V [11̄0] ((C C )/ )TA1 11 12
1/2 (4)   

VLA[111] = ((C11 + 2C12 + 4C44)/3ρ)1/2                                              

= +V [112̄] V [112̄]((C C C )/3 )TA1 TA2 11 12 44
1/2

Taking into consideration the elastic parameters given in Table 1 
and above-given expressions, it may be said that the longitudinal 
wave velocity along [100] direction is higher than the transverse 
wave velocities along [010] and [001] directions. Moreover, the 
longitudinal wave velocity along [110] and [111] directions are 
higher than the transverse wave velocity along [11̄010], [001], [112̄] 
directions. The 3D plots given in Fig. 3a point out that the group 
velocity gets the highest values for the primary mode in all axis. On 
the other hand, the slow and fast secondary modes are slow along 
the x, y, and z axis and take higher velocities in the other planes. The 
similar direction-velocity behavior was also observed for the phase 
velocity as indicated in Fig. 3b. The directional dependent polariza-
tion of the sound waves represented in Fig. 3c signs that the primary 
mode presents the pseudo-longitudinal polarization whereas the 
secondary mode exhibits the pseudo-transverse polarization. The 
directional dependent power flow angle indicated in Fig. 3d exhibits 
different behavior for all modes due to presence of differences in the 
group and phase velocities. 

3.2. Mechanical properties from nanoindentation measurements 

Nanoindentation is an effective experimental method used to 
obtain mechanical parameters of different type of compounds like 
single crystals, ceramics, thin films and nanostructures. The hard-
ness and Young’s modulus of the BGO single crystal were also de-
termined by carrying out the nanoindentation experiments at 

Table 2 
Minimum and maximum values of Young’s modulus (E in GPa), hardness (H in GPa), linear compressibility (β), shear modulus (G) and Poisson’s ratio (ν).              

Young’s modulus Hardness Linear compressibility Shear modulus Poisson’s ratio  

Emin Emax Hmin Hmax βmin βmax Gmin Gmax νmin νmax  

Bi12GeO20  61.7  98.9  3.7  6.3  6.46  6.46  23.7  41.9  0.12  0.44 

Fig. 3. (a) Group velocity, (b) phase velocity, (c) polarization of sound waves, (d) power flow angle for Bi12GeO20.  
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different loads between 3 and 20 mN. The load was applied on the 
crystal surface corresponding to (001) plane. The measured load (F) 
vs. penetration depth (h) plots are shown in Fig. 4. Each plot exhibits 
loading (plastic) and unloading (elastic) regions. 

Hardness (H) and Young’s modulus (E) of the BGO single crystal 
were obtained from software equipped on the used tester experi-
mental device. The calculations accomplished by the software are 
briefly given as follows: Hardness is related to indenter maximum 
load (Fmax) and projected contact area (A) as [38]. 

=H
F

A
max

(5) 

where =A h24.56 c
2 for perfect Berkovich indenter and true contact 

depth (hc) is determined from the initial part of the unloading curve. 
The slope (dF/dh) of this portion and intersection point of the linear 
fitted line on the indentation depth axis are equal to stiffness (S) and 
hc, respectively. Oliver-Pharr analyses present the following ex-
pressions [39]. 

=S E
A

2 r (6)  

= +
E

v

E
v

E
1 1 1

r

f i

i

2 2

(7) 

where Er = 1141 GPa is the elastic modulus of the diamond used as 
tip in indenter, β = 1.034 for Berkovich indenter, Poisson’s ratios vf 

and vi of used crystal and indenter, respectively, are vi = 0.07 and vf = 
0.26. The load-dependent hardness plot is shown in Fig. 5. As seen 
from the figure, there exist two behaviors in the plot; remarkable 
load-dependent region (up to ~7 mN) and nearly load-independent 
region (above 7 mN). This behavior is known as indentation size 
effect (ISE) [40] and previously observed for different compounds 
like B6O [41], SiAlON [42] and silica [43]. 

True hardness value of the compound may be determined from 
proportional specimen resistance (PSR) model which was previously 
applied on different compounds like Ho3+:BaY2F8 [44], Sn [45], 
AlMgB14 [46] and LiTaO3 [47]. In this model, Fmax and hc are re-
lated as 

= +F
h

hmax

c
c1 2

(8) 

where δ1 and δ2 are constants which were determined from the 
linear fit analyses of the Fmax/ hc vs. hc plot shown in Fig. 6. Utilizing 
the slope and intersection point of the fitted line on vertical 
axis, these constants were found as δ1 = 0.01653 mN/nm and 

δ2 = 9.9 × 10−5 mN/nm2. In the PSR model, two hardness values are 
defined as [44,48]. 

=H
F h

h24.5
max c

c
1

1
2 (9)  

=H
24.52

2

(10)  

H1 and H2 represent the true hardness and load-independent 
hardness. Using the determined δ1 and δ2 constants, H1 and H2 values 
were calculated for each load and load-dependent plots of these 
hardness values are given in Fig. 5. As seen, these two hardness 
values are consistent with each other and true hardness of the BGO 
was determined from the applied model around 4.1 GPa. This ex-
perimentally determined hardness value is in the range of 
3.7–6.3 GPa revealed from DFT calculations. The ISE behavior is also 
indicated by Meyer’s law expressed as [49]. 

=F Ahmax c
n (11) 

where A is constant and n symbolize for Meyer’s index. The load- 
independent hardness behavior gives the n = 2 while n ≤ 2 shows the 
presence of ISE behavior. The n value was obtained as 1.52 from the 
slope of ln (Fmax) vs. ln (hc) plot shown in the inset of Fig. 6. This 

Fig. 4. Load vs. penetration depth plots for Bi12GeO20 single crystals.  Fig. 5. Load dependencies of nanoindentation hardness (H), true hardness (H )1
and H( )2 . 

Fig. 6. The plot of ln(Fmax) vs. ln(hc). Inset indicates the plot of ln(Fmax) vs. ln(hc). Solid 
lines show linear fits. 
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value also supports the existence of ISE behavior in the BGO com-
pound. 

Young’s modulus of the BGO single crystals was found under the 
light of Eq. (6). Fig. 7 shows the load-dependent Young’s modulus 
plot. The plot exhibits remarkable decrease of Young’s modulus with 
load at low loads and then reaches saturation. The load-independent 
Young’s modulus is determined from this saturation region as 
114 GPa. When experimentally determined indentation modulus 
was compared with calculated range of 61.7–98.9 GPa presented in  
Table 1, it is seen that indentation modulus is out of calculated 
range. The similar remarkable difference between calculated and 
experimentally obtained values was also reported in many papers 
like Refs. [35,50,51]. This difference was associated with several 
factors. Some of these factors are given as follows: (i) BGO is de-
fective compound, but DFT calculations were accomplished for 
perfect crystalline structure. (ii) BGO compound may present grain 
boundaries which affect the experimental nanoindentation mea-
surements. The grain boundaries are ignored in DFT calculations. (iii) 
The anisotropic behavior of BGO may lead to significant differences 
between calculated and experimentally determined values. (iv) The 
over-binding problems, binding energy and bond length differences 
used in theoretical calculations and utilized in nanoindentation ex-
periments may affect the results of associated analyses. 

4. Conclusion 

The mechanical and elastic properties of Bi12GeO20 compound 
were investigated using density functional theory (DFT) calculations 
and experimental nanoindentation measurements. DFT calculations 
presented the XRD pattern of the BGO crystallizing in cubic structure 
with lattice constant of a = 10.304 Å. The elastic constants of the BGO 
were found as C11 = 107.5 GPa, C12 = 23.7 GPa and C44 = 23.7 GPa. BGO 
compound was classified as mechanically stable since calculated 
elastic constants satisfied Born stability criteria. The mechanical 
characteristics of bulk modulus (B = 51.6 GPa), shear modulus 
(G = 29.7 GPa), Young’s modulus (E = 74.7 GPa), hardness 
(H = 4.6 GPa) and Poisson’s ratio (v = 0.26) were calculated con-
sidering the elastic constants. The hardness and Young’s modulus 
ranges of the BGO were calculated as 3.7–6.3 GPa and 61.7–98.9 GPa, 
respectively. The directional dependencies of group and phase ve-
locities, polarization of sound waves and power flow angle of BGO in 
three (3D) dimensions were also presented in the present paper. The 
hardness and Young’s modulus of BGO single crystals grown by 
Czochralski method were also determined by performing force-de-
pendent nanoindentation measurements. The analyses indicated 
that hardness and Young’s modulus decrease with increase of force 

in the low applied force and then reaches saturation in the high 
force. This force-dependent behavior of the BGO single crystal is 
known as indentation size effect. True hardness was found by ap-
plying proportional specimen resistance model as 4.1 GPa. The force- 
independent region indicated the Young’s modulus as 114 GPa. 
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